Acta Math. Univ. Comenianae Vol. LXXXI, 2 (2012), pp. 283–298 283

GENERALIZED WARPED PRODUCT MANIFOLDS AND BIHARMONIC MAPS

N. E. H. DJAA, A. BOULAL and A. ZAGANE

Abstract. In this paper, we present some new properties for biharmonic and conformal biharmonic maps between generalized warped product manifolds.

1. Introduction

Biharmonic maps are critical points of bi-energy functional defined on the space of smooth maps between Riemannian manifolds, introduced by Eells and Sampson in 1964, which is a generalization of harmonic maps [7]. If φ: (M, g) → (N, h) is a smooth map between Riemannian manifolds then the tension field of φ is defined as

τ(φ) = trace_g ∇dφ.

Then φ is called harmonic if the tension field vanishes. The equivalent definition is that φ is a critical point of the energy functional

E(φ) = � M e(φ)v_g ,

where e(φ) =^1_2 trace_g (φ^∗h) is called energy density of φ. If M is not compact then the energy E(φ) may be defined on its compact subsets.

Definition 1. A map φ: (M, g) → (N, h) between Riemannian manifolds is called biharmonic if it is a critical point of the bi-energy functional:

E_2(φ) = 1 2 � M |τ(φ)|^2v_g

(or over any compact subset K ⊂ M).

The Euler-Lagrange equation attached to bienergy is given by the vanishing of the bi-tension field

τ_2(φ) = −J_φ(τ(φ)) = − � Δ^φτ(φ) + trace_g R^N (τ(φ), dφ)dφ � , (1) Received March 16, 2012; revised May 18, 2012.

2010 Mathematics Subject Classification. Primary 53A45, 53C20, 58E20. Key words and phrases. Harmonic maps; biharmonic maps; generalized warped product manifolds.

Partially supported by the Algerian National Research Agency and LGACA laboratory.

284 N. E. H. DJAA, A. BOULAL and A. ZAGANE

where R^N is the curvature tensor field on N and J_φ is the Jacobi operator defined by J_φ : Γ(φ^{−1}(T N) → Γ(φ^{−1}(T N) V → Δ^φV + trace_g R^N (V, dφ)dφ. (2) (One can refer to [1] [5] [6] [9] [11] for more details)

2. Some results on generalized warped product manifolds In this section, we give the definition and some geometric properties of generalized warped product manifolds. For more detail see [3] [4] [8] [13].

Definition 2 ([4]). Let (M^m, g) and (N^n, h) be two Riemannian manifolds, and f : M ×N → R be a smooth positive function. The generalized warped metric on M ×_f N is defined by G_f = π^∗g + (f)^2η^∗h (3) where π : (x, y) ∈ M × N → x ∈ M and η : (x, y) ∈ M × N → y ∈ N are the canonical projections. For all X, Y ∈ T (M × N), we have G_f (X, Y ) = g(dπ(X), dπ(Y )) + (f)^2h(dη(X), dη(Y )).

By X ∧_{Gf 2} Y , we denote the linear map

Z ∈ H(M) × H(N) → � X ∧_{Gf 2} Y � Z = G_f 2 � Z, Y � X − G_f 2 � Z, X � Y. (4) Proposition 1 ([13]). Let (M^m, g) and (N^n, h) be two Riemannian manifolds.

If ∇ denotes the Levi-Civita connection and R the curvature tensor on (M ×_f N, G_f ), then for all X_1, Y_1 ∈ H(M) and X_2, Y_2 ∈ H(N), we have ∇_X Y − ∇_X Y = X(ln f)(0, Y_2) + Y (ln f)(0, X_2) − 1 2 h(X_2, Y_2)(grad_M f^2, 1 f^2 grad_N f^2) (5) and R(X, Y )Z − R(X, Y )Z = (∇^M_{Y1} grad_M ln f + Y_1(ln f) grad_M ln f, 0) ∧_{Gf} (0, X_2)Z −(∇^M_{X1} grad_M ln f +X_1(ln f) grad_M ln f, 0) ∧_{Gf}(0, Y_2)Z + 1 f^2 � (0, ∇^N_{Y2} grad_N ln f −Y_2(ln f)grad_N ln f)∧_{Gf}(0, X_2)

−(0, ∇^N_{X2} grad_N ln f −X_2(ln f)grad_N ln f)∧_{Gf} (0, Y_2)

−(f^2 |grad_M ln f |^2+|grad_N ln f |^2)(0, X_2)∧_{Gf} (0, Y_2) � Z + � X_1(Z_2(ln f)) + X_2(Z_1(ln f)) � (0, Y_2) − � Y_1(Z_2(ln f)) + Y_2(Z_1(ln f)) � (0, X_2)

(6)

BIHARMONIC MAPS 285

where X = (X_1, X_2), Y = (Y_1, Y_2), ∇_X Y = (∇^M_{X1} Y^1, ∇^N_{X2} Y^2) and R(X, Y )Z = (R^M (X_1, Y_1)Z_1, R^N (X_2, Y_2)Z_2).

Proposition 2 ([8]). Let (M^m, g) and (N^n, h) be two Riemannian manifolds and f : M × N → R be smooth positive function. The Ricci curvature of the generalized warped product manifolds (M ×_f N, G_f ) is given by the following formulas:

Ric((X_1, 0), (Y_1, 0))= Ric^M(X_1, Y_1)−ng(∇^M_{X1} grad_M ln f +X_1(ln f) grad_M ln f, Y_1) Ric((X_1, 0), (0, Y_2))= − nX_1(Y_2(ln f)) Ric((0, X_2), (Y_1, 0))= h(X_2, grad_N (Y_1(ln f))) − nX_2(Y_1(ln f)) Ric((0, X_2), (0, Y_2))= Ric^N (X_2, Y_2) + (2 − n)h(∇^N_{X2} grad_N ln f, Y_2) +(2−n) � h(X_2, Y_2) | grad_N ln f |^2 −X_2(ln f)h(grad_N ln f,Y_2) � +h(X_2, Y_2) � nf^2 | grad_M ln f |^2 −Δ_N (ln f)−f^2Δ_M (ln f) � for all X_1, Y_1 ∈ H(M) and X_2, Y_2 ∈ H(N).

Proposition 3 ([3]). If φ: P → M and ψ : P → N are regular maps. Then the tension field of ϕ: x ∈ (P^p, ℓ) −→ (ϕ(x) = (φ(x), ψ(x)) ∈ (M ×_f N, G_f ) is given by the following relation

τ(ϕ) = � τ(φ), τ(ψ) � + 2 � 0, dψ(grad_P (ln f ∘ ϕ)) �

− e(ψ) � grad_M f^2, 1 f^2 grad_N f^2 � . (7)

Corollary 1 ([3]). Let (M^m, g) be a Riemannian manifold and f : (x, y) ∈ M × M → f(x, y) ∈ R be smooth positive function. Then the tension field of the map ϕ: (M, g) −→ (M ×_f M, G_f ) x −→ (x, x) is given by

τ(ϕ) = � − m 2 (grad_x f^2, 0) + 2(0, grad_x ln f)

+ (2 − m)(0, grad_y ln f) � ∘ ϕ = {−m.f^2(grad_x ln f, 0) + 2(0, grad_x ln f) + (2 − m)(0, grad_y ln f)} ∘ ϕ. (8)

Proposition 4 ([3]). The tension field of ϕ: (M ×_f N, G_f ) −→ (P, k) is given by τ(ϕ) = τ(ϕ_M ) + ndϕ_M (grad_M ln f) + 1 f^2

{τ(ϕ_N ) + (n − 2)dϕ_N (grad_N ln f)} (9) where ϕ_M : x ∈ M → ϕ_M (x) = ϕ(x, y)∈P and ϕ_N : y ∈ N → ϕ_N (y) = ϕ(x, y)∈P .

286 N. E. H. DJAA, A. BOULAL and A. ZAGANE

Proposition 5 ([3]). If φ: M → M and ψ : N → N are harmonic maps, then the tension fields of ϕ: (M ×_f N, G_f ) −→ (M × N, G) (x, y) −→ (φ(x), ψ(y)) is given by the following formula

τ(ϕ) = n(dφ(grad_M ln f), 0) +

(n − 2) f^2

(0, dψ(grad_N ln f)).

(10)

3. Biharmonic maps on generalized warped product manifolds 3.1. Biharmonicity conditions of the inclusion ϕ̄ : (N, h)−→(M^m×_f N^n, G_f ) Theorem 1. Let (M^m, g) and (N^n, h) be two Riemannian manifolds and x_0 be an arbitrary point of M. Then the tension and the bitension fields of the inclusion ϕ̄ : (N, h) −→ (M ×_f N, G_f ) y −→ (x_0, y)

(11)

are given by:

i) τ(ϕ̄) = {−n e^{2γ} (grad_M γ, 0) + (2 − n)(0, grad_N γ)} ∘ ϕ̄.

ii) τ_2(ϕ̄) = � − n^2 e^{4γ} 2 (grad_M (| grad_M γ |^2), 0) + (n − 2)(0, grad_N (Δ_N (γ)) + 2 Ricci_N (grad_N γ)) − e^{2γ} � 2n^2 e^{2γ} | grad_M γ |^2 −4Δ_N γ � (grad_M γ, 0) − e^{2γ} � (n^2 − 4n − 4) | grad_N γ |^2 � (grad_M γ, 0) + � (2 − n)^2 | grad_N γ |^2 −2(2 − n)Δ_N γ � (0, grad_N γ) + � 2n(n − 4) e^{2γ} | grad_M γ |^2 � (0, grad_N γ) + n e^{2γ} � (0, grad_N (| grad_M γ |^2) + trace_N � (grad_M γ)(⋆(γ))(0, ⋆) �

+ (n − 2)(6 − n) 2 (0, grad_N (| grad_N γ |^2) � ∘ ϕ̄

(12)

where f(x, y) = e^{γ(x,y)}.

Proof. From Proposition 3, we obtain i) τ(ϕ̄) = {−n e^{2γ} (grad_M γ, 0) + (2 − n)(0, grad_N γ)} ∘ ϕ̄.

ii) Let y ∈ N and (F_i)_i be a local orthonormal frame on (N^n, h) such that (∇_{Fi} F_j )_y = 0 (1 ≤ i, j ≤ n).

Using the general formula of bitension field τ_2(ϕ̄) = − tr_h(∇^{ϕ̄})^2τ(ϕ̄) − tr_h R(τ(ϕ̄), dϕ̄)dϕ̄.

(13)

BIHARMONIC MAPS 287

and Proposition 1, we have:

• ∇^{ϕ̄}_{Fi} τ(ϕ̄)

= −n e^{2γ} � 2F_i(γ)(grad_M γ, 0)+ | grad_M γ |^2 (0, F_i) �

+ (2 − n) � (0, ∇^N_{Fi} grad_N γ)+ | grad_N γ |^2 (0, F_i) � − (2 − n) e^{2γ} F_i(γ)(grad_M γ, 0).

(14)

• tr_h(∇^{ϕ̄})^2τ(ϕ̄)

= −n e^{2γ} � (0, grad_N (| grad_M γ |^2) + (6 − n) | grad_M γ |^2 grad_N γ)

+ (2 − n) � 0, tr_h(∇^N )^2 grad_N γ + 2 grad_N (| grad_N γ |^2) � + (2 − n) � (2 − n) | grad_N γ |^2 − e^{2γ} | grad_M γ |^2 −Δ(γ) � (0, grad_N γ)

− e^{2γ} � 4Δ_N (γ) − n^2 e^{2γ} | grad_M γ |^2 −(n^2 − 4n − 4) | grad_N γ |^2 � .

(15)

• � i R((e^{2γ} grad_M γ, 0), (0, F_i))(0, F_i)

= −n e^{4γ} � 1 2 grad_M (| grad_M γ |^2)+ | grad_M γ |^2 grad_M γ, 0 �

+ e^{2γ} � i (grad_M γ)(F_i(γ))(0, F_i).

(16)

• � i R((0, grad_N γ), (0, F_i))(0, F_i)

= (0, Ricci_N (grad_N γ) +

2 − n 2 grad_N (| grad_N γ |^2)) + � (1 − n) e^{2γ} | grad_M γ |^2 −Δ_N (γ) � (0, grad_N γ).

(17)

Substituting (15), (16) and (17) in (13), we obtain the formula (12). □

Remarks.

1) If dim N = 2, then τ(ϕ̄) = −2 e^{2γ} (grad_M γ, 0) and τ_2(ϕ̄) = − 2 e^{4γ} (grad_M (| grad_M γ |^2), 0) + 8 e^{2γ} | grad_M γ |^2 (0, grad_N γ)

− e^{2γ} � 8 e^{2γ} | grad_M γ |^2 −4Δ_N (γ) − 8 | grad_N γ |^2 � (grad_M γ, 0)

+ 2 e^{2γ} (0, grad_N (| grad_M γ |^2)).

2) If γ ∈ C^∞(M), � γ(x, y) = γ(x), ∀(x, y) ∈ M × N � , then τ(ϕ̄) = −n e^{2γ} (grad_M γ, 0)

288 N. E. H. DJAA, A. BOULAL and A. ZAGANE and τ_2(ϕ̄) = − 2 e^{4γ} � grad_M (| grad_M γ |^2) − 4 | grad_M γ |^2 (grad_M γ, 0).

The results coincide with the formulas obtained in [1]. 3) If γ ∈ C^∞(N), � γ(x, y) = γ(y), ∀(x, y) ∈ M × N � , then τ(ϕ̄) = (2 − n)(0, grad_N ln f) and τ_2(ϕ̄) = (n − 2) � 0, grad_N (Δ(γ)) + 2 Ricci(grad_N γ � + (n − 2) � (2 − n) | grad_N γ |^2 −2Δ_N (γ) � (0, grad_N γ) + (n − 2)(6 − n) 2 (0, grad_N (| grad_N γ |^2))

3.2. Biharmonicity conditions of ϕ: (M^m ×_f N^n, G_f ) −→ (P^p, k) Lemma 1. Let λ ∈ C^∞(M × N) be a smooth function and σ ∈ Γ(ϕ^{−1}T P ).

Then

J_ϕ(λσ) = λJ_{ϕM} (σ) + Δ_M (λ)σ + 2∇^{ϕM}_{gradM λ}σ + n � (grad_M γ)(λ)σ + λ∇^{ϕM}_{gradM γ} σ �

+ e^{−2γ} � λJ_{ϕN} (σ) + Δ_N (λ)σ + 2∇^{ϕN}_{gradN λ}σ �

+ (n − 2) e^{−2γ} � (grad_N γ)(λ)σ + λ∇^{ϕN}_{gradN γ} σ � (18)

where f(x, y) = e^{γ(x,y)} .

Proof. Let (E_i)^m_{i=1} and (F_j )^n_{j=1} be a local orthonormal frame on M and N, respectively. From the expression of Jacobi operator (formula (2)), we have J_ϕ(λσ) = trace_{Gf} (∇^ϕ)^2(λσ) + trace_{Gf} R^p(λσ, dϕ)dϕ.

(19) By calculating each term, we obtain:

trace_{Gf} (∇^ϕ)^2(λσ) = m� i=1 � ∇^ϕ_{(Ei,0)}∇^ϕ_{(Ei,0)}λσ − ∇^ϕ_{∇(Ei,0) (Ei,0)}λσ �

+ n� j=1 � 1 f ∇^ϕ_{(0,Fj )} 1 f ∇^ϕ_{(0,Fj )}λσ − ∇^ϕ_{∇ 1f (0,Fj ) 1f (0,Fj )}λσ � , (20)

m� i=1 ∇^ϕ_{(Ei,0)}∇^ϕ_{(Ei,0)}λσ = Δ_M (λ)σ + 2∇^{ϕM}_{gradM λ}σ + λ∇^{ϕM}_{Ei} ∇^{ϕM}_{Ei} σ, (21)

(22)_n � j=1 1 f ∇^ϕ_{(0,Fj )} 1 f ∇^ϕ_{(0,Fj )}λσ = 1 f^2 � Δ_N (ln f)σ − (grad_N ln f)(λ)σ

− λ∇^{ϕN}_{gradN ln f} σ + 2∇^{ϕN}_{gradN λ}σ + λ∇^{ϕN}_{Fj} ∇^{ϕN}_{Fj} σ � ,

BIHARMONIC MAPS 289 n� j=1 ∇ 1_{f (0,Fj )} 1 f (0, F_j ) =

1 − n f^2

(0, grad_N ln f) − n(grad_M ln f, 0),

(23)

(24) − n� j=1 ∇^ϕ_{∇ 1f (0,Fj ) 1f (0,Fj )}λσ = n − 1 f^2 � (grad_N ln f)(λ)σ + λ∇^{ϕN}_{gradN ln f} σ �

+ n � (grad_M ln f)(λ)σ + λ∇^{ϕM}_{gradM ln f} σ � , trace_{Gf} R^p(λσ, dϕ)dϕ

= λ trace_g R^p(σ, dϕ_M )dϕ_M + λ f^2 trace_h R^p(σ, dϕ_N )dϕ_N .

(25)

Substuting (21), (22) and (24) in (20), and summing with (25), we obtain the formula (18). □

Theorem 2. Let (M^m, g), (N^n, h) and (P^p, k) be Riemannian manifolds and f : M × N → R be a smooth positive function. Then the bitension fields of ϕ: (M^m ×_f N^n, G_f ) −→ (P^p, k) is given by the following

τ_2(ϕ) = τ_2(ϕ_M ) − nJ_{ϕM} (dϕ_M (grad_M γ)) − n∇^{ϕM}_{gradM γ} V

+ e^{−4γ} � τ_2(ϕ_N ) − (n − 2)J_{ϕN} (dϕ_N (grad_N γ)) − (n − 6)∇^{ϕN}_{gradN γ} W − � 2(4 − n) | grad_N γ |^2 −2Δ_N (γ) � W �

− e^{−2γ} � J_{ϕN} (V ) + (n − 2)∇^{ϕN}_{gradN γ} V + J_{ϕM} (W ) + (n − 4)∇^{ϕM}_{gradM γ} W + � 2(2 − n) | grad_M γ |^2 −2Δ_M (γ) � W � (26)

where V = τ(ϕ_M ) + ndϕ_M (grad_M γ), W = τ(ϕ_N ) + (n − 2)dϕ_N (grad_N γ) and f = e^γ .

Proof. From formulas (1) and (2), we have

J_ϕ(V ) = τ_2(ϕ_M ) + nJ_{ϕM} (dϕ_M (grad_M γ)) − n∇^{ϕM}_{gradM γ} V

+ e^{−2γ} J_{ϕN} (V ) − (n − 2) e^{−2γ} ∇^{ϕN}_{gradN γ} V.

(27)

From Lemma 18, we obtain

J_ϕ(e^{−2γ} W ) = e^{−4γ} � τ_2(ϕ_N ) + (n − 2)J_{ϕN} (dϕ_N (grad_N γ))

− (n − 6)∇^{ϕN}_{gradN γ} W − 2 � (4 − n) | grad_N γ |^2 −Δ_N (γ) � W �

+ e^{−2γ} � J_{ϕM} (W ) − (n − 4)∇^{ϕM}_{gradM γ} W �

− 2 e^{−2γ} � (2 − n) | grad_M γ |^2 −Δ_M (γ) � W

(28)

using Proposition 4 and summing the formulas (27) and (28), Theorem 2 follows. □

290 N. E. H. DJAA, A. BOULAL and A. ZAGANE

Particular cases

• If f ∈ C^∞(M), then

τ_2(ϕ) = τ_2(ϕ_M ) + e^{−4γ} τ_2(ϕ_N ) − nJ_{ϕM} (dϕ_M (grad_M γ)) − n∇^{ϕM}_{gradM γ} V

− (n − 4) e^{−2γ} ∇^{ϕM}_{gradM γ} τ(ϕ_N ) + 4 e^{−2γ} Δ_M (γ)τ(ϕ_N )

− e^{−2γ} � J_{ϕN} (V ) + J_{ϕM} (τ(ϕ_N )) + 2(2 − n) | grad_M γ |^2 τ(ϕ_N ) �

• If f ∈ C^∞(M) and ϕ: (x, y) ∈ M × N → x ∈ M is the first projection, then V = n · grad(γ) and τ_2(ϕ) = −n � J_{ϕM} (grad(γ)) + n 2 grad(| grad γ|^2 � ∘ ϕ, we find the result obtained in [1] • If f ∈ C^∞(N), then

τ_2(ϕ) = τ_2(ϕ_M ) − e^{−2γ} � J_{ϕM} (W ) + J_{ϕN} (τ(ϕ_M )) + (n − 2)∇^{ϕN}_{gradN γ} τ(ϕ_M ) �

+ e^{−4γ} � τ_2(ϕ_N ) − (n − 2)J_{ϕN} (dϕ_N (grad_N γ)) − (n − 6)∇^{ϕN}_{gradN γ} W

− (2(4 − n) | grad_N γ |^2 −2Δ_N (γ))W � . • If φ: (M, g) −→ (P, k) be regular map and ϕ(x, y) = φ(x), then τ_2(ϕ) = τ_2(φ) − nJ_φ(dφ(grad_M γ)) − n∇^φ_{gradM γ} V.

(29)

From Proposition 4 and Lemma 1, we deduce the following.

Theorem 3. Let φ: (M, g) −→ (P, ℓ) be a conformal map with dilation λ. Then the bitension field of ϕ: (x, y) ∈ (M ×_f N, G_f ) −→ ϕ(x, y) = φ(x) ∈ (P, ℓ), is given by

τ_2(ϕ) = −J_φ(dφ(grad_M ln(μ))) − n∇^φ_{gradM ln f} dφ(grad_M ln(μ))

(30)

where μ = λ^{2−m}f^n.

Theorem 4. Let f ∈ C^∞(M), thus the domain of ϕ is a warped product, and φ: (M^m, g) −→ (P^m, ℓ) (m ≥ 3) be a conformal map with dilation λ. Then ϕ: (x, y) ∈ (M ×_f N, G_f ) −→ ϕ(x, y) = φ(x) ∈ (P, ℓ) is biharmonic map if and only if the following equation is verified

(31)

0 = grad(Δ ln λ^{2−m}f^n) + 2 Ricci^M (grad ln λ^{2−m}f^n) + 2n(2 − m)∇_{grad ln f} grad ln λ + 4n∇_{grad ln λ} grad ln f + n^2 2 grad(| grad ln f |^2) +

(6 − m)(2 − m) 2 grad(| grad ln λ |^2) + � (2 − m)^2 | grad ln λ |^2 −n^2 | grad ln f |^2 +2Δ(ln λ^{2−m}f^n) � grad ln λ + 2n � (2 − m) | grad ln λ |^2 +nd ln f(grad ln λ) � grad ln f where grad, Δ and ∇ are evaluated on M.

BIHARMONIC MAPS 291

For the proof of Theorem 4, we need the following two lemmas. Lemma 2. Let φ: (M, g) −→ (P, ℓ) be a conformal map with dilation λ and f ∈ C^∞(M). Then for any vector field X, Y ∈ Γ(T M), we have

(32) ℓ(∇_X dφ(grad f), dφ(Y )) = λ^2df(grad ln λ)g(X, Y ) + λ^2g(∇_X grad f, Y ) + λ^2[X(ln λ)Y (f) − X(f)Y (ln λ)].

Proof.

ℓ(∇_X dφ(grad f), dφ(Y )) − ℓ(∇_Y dφ(grad f), dφ(X)) = X(λ^2g(grad f, Y )) − ℓ(dφ(grad f), ∇_X dφ(Y )) − Y (λ^2g(grad f, X)) + ℓ(dφ(grad f), ∇_Y dφ(X)) = X(λ^2)g(grad f,Y )+λ^2g(∇_X grad f,Y )+λ^2g(grad f, ∇_X Y )−Y (λ^2)g(grad f,X) − λ^2g(∇_Y grad f, X) − λ^2g(grad f, ∇_Y X) − λ^2g(grad f, [X, Y ]) from which we have (33) ℓ(∇_X dφ(grad f), dφ(Y )) = ℓ(∇_Y dφ(grad f), dφ(X)) + 2λ^2[X(ln λ)Y (f) − Y (ln λ)X(f)] On the other hand,

ℓ(∇_Y dφ(grad f), dφ(X)) = ℓ(∇dφ(grad f, Y ), dφ(X)) + λ^2g(∇_Y grad f, X) = ℓ(∇_{grad f} dφ(Y ), dφ(X)) − λ^2g(∇_{grad f} Y, X) + λ^2g(∇_Y grad f, X) = grad f(λ^2g(X, Y )) − ℓ(dφ(Y ), ∇_{grad f} dφ(X)) − λ^2g(∇_{grad f} Y, X) + λ^2g(∇_Y grad f, X) = 2λ^2df(grad λ)g(X, Y ) + λ^2g(∇_{grad f} X, Y ) + λ^2g(∇_Y grad f, X) − ℓ(dφ(Y ), ∇dφ(X, grad f)) − λ^2g(Y, ∇_{grad f} X)

(34) ℓ(∇_Y dφ(grad f),dφ(X)) = 2λ^2df(grad λ)g(X, Y ) + 2λ^2g(∇_Y grad f, X) − ℓ(dφ(Y ), ∇_X dφ(grad f)) Substituting (34) in (33) we obtain

h(∇_X dφ(grad f), dφ(Y )) = λ^2df(grad ln λ)g(X, Y ) + λ^2g(∇_X grad f, Y ) + λ^2[X(ln λ)Y (f) − X(f)Y (ln λ)] □ Lemma 3. Let φ: (M, g) −→ (P, ℓ) be conformal map with dilation λ and f ∈ C^∞(M). Then for any vector field X ∈ Γ(T M), we have

(35) h(⟨∇dφ, ∇df⟩, dφ(X)) = 2λ^2g(∇_{grad ln λ} grad f, X) − λ^2Δ(f)g(grad ln λ, X)

292 N. E. H. DJAA, A. BOULAL and A. ZAGANE

where

⟨∇dφ, ∇df⟩ = trace_g ∇dφ(∗, ∇_∗ grad f)) = � i ∇dφ(e_i, ∇_{ei} grad f))

(e_i)^m_{i=1} is a local orthonormal frame on M.

Proof. For any vector field X ∈ Γ(T M), summing over the index i, we obtain h(⟨∇dφ,∇df⟩, dφ(X))

= h(∇_{ei} dφ(∇_{ei} grad f), dφ(X)) − h(dφ(∇_{ei} ∇_{ei} grad f), dφ(X)) = e_i(λ^2g(∇_{ei} grad f, X)) − λ^2g(∇_{ei} ∇_{ei} grad f, X)

− h(dφ(∇_{ei} grad f), ∇_{ei} dφ(X)) = 2λ^2g(∇_{grad ln λ} grad f, X) + λ^2g(∇_{ei} ∇_{ei} grad f, X)

+ λ^2g(∇_{ei} grad f, ∇_{ei} X) − h(dφ(∇_{ei} grad f), ∇dφ(e_i, X)) − λ^2g(∇_{ei} grad f, ∇_{ei} X) − λ^2g(∇_{ei} ∇_{ei} grad f, X) = 2λ^2g(∇_{grad ln λ} grad f, X) + h(∇_X dφ(∇_{ei} grad f), dφ(e_i)) − X(λ^2Δ(f)) = 2λ^2g(∇_{grad ln λ} grad f, X) + h(∇dφ(X, ∇_{ei} grad f), dφ(e_i)) − X(λ^2Δ(f)) + λ^2g(∇_X ∇_{ei} grad f, e_i) = 2λ^2g(∇_{grad ln λ} grad f, X) − X(λ^2Δ(f)) + λ^2g(∇_X ∇_{ei} grad f, e_i) + h(∇_{∇ei grad f} dφ(X), dφ(e_i)) − λ^2g(∇_{∇ei grad f} X, e_i) = 2λ^2g(∇_{grad ln λ} grad f, X) − X(λ^2Δ(f)) + λ^2g(∇_X ∇_{ei} grad f, e_i) + ∇_{ei} grad f(λ^2g(X, e_i)) − h(dφ(X), ∇_{∇ei grad f} dφ(e_i)) − λ^2g(∇_{∇ei grad f} X, e_i) = 2λ^2g(∇_{grad ln λ} grad f, X) − X(λ^2Δ(f)) + λ^2g(∇_X ∇_{ei} grad f, e_i) − h(dφ(X), ∇dφ(e_i, ∇_{ei} grad f)) + ∇_{ei} grad f(λ^2)g(X, e_i) from which

2h(⟨∇dφ, ∇df⟩, dφ(X)) = 4λ^2g(∇_{grad ln λ} grad f, X) − 2λ^2Δ(f)g(grad ln λ, X) □ Proof of Theorem 4. From formula (30), the bitension field of ϕ is given by τ_2(ϕ) = −J_φ(dφ(grad_M ln(μ))) − n∇^φ_{gradM ln f} dφ(grad_M ln(μ)) where μ = λ^{2−m}f^n. Then ϕ is a biharmonic map if and only if ℓ(τ_2(ϕ), dϕ(X)) = 0 for each X ∈ Γ(T (M × N)). We have

J_φ(dφ(grad_M ln(μ))) = dφ(grad_M Δ_M (ln μ)) + 2dφ(Ricci^M (grad_M ln μ)) + ∇^M_{gradM ln μ}τ(φ) + 2⟨∇^M dφ, ∇(d^M ln μ)⟩

BIHARMONIC MAPS 293

(see [12, formula (2.47)]), hence

(36) ℓ(τ_2(ϕ),dϕ(X))

= ℓ(dφ(grad Δ(ln μ)), dϕ(X))

� � �

T_1

+2 ℓ(dφ(Ricci^M (grad ln μ)), dϕ(X)) � � �

T_2

+ ℓ(∇_{grad ln μ}τ(φ), dϕ(X))

� � �

T_3

+ 2ℓ(⟨∇dφ, ∇d ln μ⟩, dϕ(X))

� � �

T_4

+ n.ℓ(∇^φ_{gradM ln f} dφ(grad_M ln(μ)), dϕ(X))

� � �

T_5 .

Calculating each term of the above equation, we get T_1 = λ^2g(grad Δ(ln μ), X_1) = λ^2g(grad Δ(ln λ^{2−m}f^n), X_1) T_2 = 2λ^2g(Ricci^M (grad ln λ^{2−m}f^n), X_1).

From formula (32) of Lemma 2, we obtain T_3 = ℓ(∇_{grad ln μ}τ(φ), dϕ(X))

= (2 − m)ℓ(∇_{grad ln μ}dφ(grad ln λ), dϕ(X)) = λ^2(2 − m) | grad ln λ |^2 g(grad ln μ, X_1)

+ n(2 − m)g(∇_{grad ln f} grad ln λ) + (2 − m)^2 2 g(grad(| grad ln λ |^2), X_1) and T_5 = λ^2 � n[(2 − m) | grad ln λ |^2 +2d^M ln f(grad ln λ)]g(grad ln f, X_1) + n^2 2 g(grad(| grad ln f |^2), X_1) + n(2 − m)g(∇_{grad ln f} grad ln λ, X_1) − n^2 | grad ln f |^2 g(grad ln λ, X_1), using formula (35) of Lemma 3, we deduce T_4 = 2ℓ(⟨∇dφ, ∇d ln μ⟩, dϕ(X))

= 4nλ^2g(∇_{grad ln λ} grad ln f, X_1) + 2(2 − m)λ^2g(grad(| grad ln λ |^2), X_1) − 2λ^2Δ(ln μ)g(grad ln λ, X_1) Substituting T_1, T_2, T_3, T_4 and T_5 in (36), we obtain 0 = grad(Δ ln λ^{2−m}f^n) + 2 Ricci^M (grad ln λ^{2−m}f^n) + 2n(2 − m)∇_{grad ln f} grad ln λ + 4n∇_{grad ln λ} grad ln f + n^2 2 grad(| grad ln f |^2) +

(6 − m)(2 − m) 2 grad(| grad ln λ |^2) + � (2 − m)^2 | grad ln λ |^2 −n^2 | grad ln f |^2 +2Δ(ln λ^{2−m}f^n) � grad ln λ + 2n � (2 − m) | grad ln λ |^2 +nd^M ln f(grad ln λ) � grad ln f

294 N. E. H. DJAA, A. BOULAL and A. ZAGANE □ From Theorem 4, we deduce the following corollary.

Corollary 2. Let φ: (M^m, g) −→ (P^m, ℓ) (m ≥ 3) be a conformal map with dilation λ. If φ is a biharmonic, not harmonic map, then ϕ: (x, y) ∈ (M ×_f N, G_f ) −→ ϕ(x, y) = φ(x) ∈ (P, ℓ) is biharmonic if and only if the following equation

0 = grad(Δ ln f) + 2 Ricci^M (grad ln f) + 2(2 − m)∇_{grad ln f} grad ln λ + 2(2 − m) | grad ln λ |^2 grad ln f − 2Δ(ln f) grad ln λ + 2nd ln f(grad ln λ) grad ln f − n | grad ln f |^2 grad ln λ + 4∇_{grad ln λ} grad ln f + n 2 grad(| grad ln f |^2) is verified.

Example 1. We consider the inversion map φ: R^m −{0} −→ R^m −{0} defined by φ(x) = x | x |^2 φ is a conformal map with the dilation λ(x) = 1 | x |^2 = 1 r^2 . φ is biharmonic not harmonic map if and only if m = 4 (see [12]). Let ϕ: (R^4 − {0}) ×_f N^n −→ (R^4 − {0}) (x, y) −→ x | x |^2 and f = e^{α(r)}, where r = |x| and α ∈ C^∞([0, +∞[, R). We have:

grad ln f = α^′ ∂ ∂r | grad ln f |^2 = (α^′)^2 grad(| grad ln f |^2) = 2α^′α^{′′} ∂ ∂r Δ ln f = α^{′′} + 3 r α^′

grad(Δ ln f) = � α^{′′′} + 3 r α^{′′} − 3 r^2 α^′ � ∂ ∂r . Let ln λ = β(r). So ϕ is biharmonic if and only if α satisfies the following ordinary differential equation α^{′′′} + nα^′α^{′′} − 1 r α^{′′} − 15 r^2 α^′ − 2n r (α^′)^2 = 0.

(37)

BIHARMONIC MAPS 295

From which we obtain f(x) = |x|^{− 4n} .

From Theorem 2, we deduce the following theorem.

Theorem 5. Let ψ : (N, h) −→ (P, ℓ) be a regular map and f : M × N → R be a smooth positive function, then the bitension field of

ϕ: (x, y) ∈ (M ×_f N, G_f ) −→ ϕ(x, y) = ψ(y) ∈ (P, ℓ)

is given by

τ_2(ϕ) = + 1 f^4 � τ_2(ψ) − (n − 2)J_ψ(dψ(grad_N ln f)) − (n − 6)∇^ψ_{gradN ln f} W − � 2(4 − n) | grad_N ln f |^2 −2Δ_N (ln f) � W �

− 2 f^2 � (2 − n) | grad_M ln f |^2 −Δ_M (ln f) � W. Corollary 3. If ψ is a conformal map with dilation μ, then

τ_2(ϕ) = − n − 2 f^4 � J_ψ � dψ � grad_N � ln f μ �

+ (n − 6)∇^{ϕN}_{gradN ln f} dψ � grad_N � ln f μ �

+ � 2(4 − n) | grad_N ln f |^2 −2Δ_N (ln f) � dψ � grad_N � ln f μ �

− 2(n − 2)

f^2 � (2 − n) | grad_M ln f |^2 −Δ_M (ln f) � dψ � grad_N � ln f μ � . Corollary 4. The tension and bitension fields of the second projection η are given by the following formulae

τ(η) = n − 2 f^2 grad_N ln f and τ_2(η) = − n − 2 f^4 � grad_N (Δ_N (ln f)) + 2 Ricci(grad_N ) ln f + n − 6 2 grad_N (| grad_N ln f |^2) + � (4 − n) | grad_N ln f |^2 �

+ n − 2 f^4

Δ_N (ln f) � grad_N ln f +

2(n − 2)^2 f^2

| grad_M ln f |^2 + 2(n − 2)

f^2

Δ_M (ln f) grad_N ln f.

Theorem 6. Let ψ : N → N be a harmonic map, then the bitension field of ϕ: (x, y) ∈ (M ×_f N, G_f ) −→ (x, ψ(y)) ∈ (M × N, G) is given by the following

296 N. E. H. DJAA, A. BOULAL and A. ZAGANE

formula (38)

τ_2(ϕ) = − � n. grad_M (Δ(ln f)) + 2n Ricci^M (grad_M ln f), 0 �

− n^2 2 � grad_M (| grad_M ln f |^2), 0 �

+ n − 2 f^4 � 0, J_ψ(dψ(grad_N ln f)) − (n − 6)∇^ψ_{gradN ln f} dψ(grad_N ln f) �

+ 2(n − 2)

f^4 � Δ_N (ln f) + f^2Δ_M (ln f) + (n − 4) | grad_N ln f |^2

+ (n − 2) | grad_M ln f |^2 � (0, dψ(grad_N ln f))

Proof. From Proposition 5, we obtain

τ(ϕ) = n(grad_M ln f, 0) + n − 2 f^2

(0, dψ(grad_N ln f)).

(39) trace_{Gf} (∇^ϕ)^2(τ(ϕ))

= n. trace_g (∇^M )^2 � grad_M ln f, 0 �

+ n^2 2 � grad_M (| grad_M ln f |^2), 0 �

+ n − 2 f^4 � 0, trace_h(∇^ψ )^2dψ(grad_N ln f) �

+ (n − 2)(n − 6)

f^4 � 0, ∇^ψ_{gradN ln f} dψ(grad_N ln f) �

− 2(n − 2)

f^4 � Δ_N (ln f) + (n − 4) | grad_N ln f |^2

+ f^2Δ_M (ln f)+(n−2) | grad_M ln f |^2 � (0, dψ(grad_N ln f)) and trG_f ~R(τ(ϕ), dϕ)dϕ = n(Ricci^M (grad_M ln f), 0) + n − 2 f^4

(0, tr_hR^N (dψ(grad_N ln f))).

(40)

Substituting (39) and (40) in Jacobi formula

J_ϕ(τ(ϕ)) = − trace_{Gf} (∇^ϕ)^2(τ(ϕ)) − trace G_f ~R(τ(ϕ), dϕ)dϕ,

we deduce formula (5). □

Corollary 5. If N is a surface of dimension 2 (dim N = 2 ), then the bitension field of ϕ is given by

τ_2(ϕ) = −2 � grad_M (Δ_M (ln f))+2 Ricci^M (grad_M ln f)+grad_M (| grad_M ln f |^2), 0 � .

BIHARMONIC MAPS 297

Example 2. Let M = R^n − {0}, dim N = 2 and ψ : N → N be a harmonic map. Then the tension and the bitension fields of ϕ: R^n − {0} ×_f N −→ R^n − {0} × N (x, y) −→ (x, ψ(y)) are given by the following equations: τ(ϕ) = 2(grad_M ln f, 0) τ_2(ϕ) = 2(grad_M (Δ_M (ln f)) + grad_M (| grad_M ln f |^2)), hence ϕ is biharmonic not harmonic if and only if � Δ_M (ln f)+ | grad_M ln f |^2= β(y) (independent of x), grad_M ln f ≠ 0 .

If f ∈ C^∞(R^n − {0}), thus the domain of ϕ is a warped product, such as ln f is a radial function (ln f = α(|x|), then ϕ is biharmonic not harmonic if and only if

f(x) = k|x|^{(2−n)}, (k ≠ 0)

where |x| = � x^2_1 + . . . + x^2_n

References

1. Balmus A., Montaldo S. and Onicius C., Biharmonic maps between warped product manifolds, J.Geom.Phys. 57(2)(2007), 449–466.

2. Baird P., Fardoun A. and Ouakkas S., Conformal and semi-conformal biharmonic maps, Annals of global analysis and geometry, 34 (2008), 403–414.

3. Boulal A., Djaa N. E. H., Djaa M. and Ouakkas S., Harmonic maps on generalized warped product manifolds, Bulletin of Mathematical Analysis and Applications, 4(1) (2012), 1256–165.

4. Chen B. Y., Geometry of submanifolds and its applications. Science University of Tokyo, Tokyo, 1981.

5. Djaa M., Elhendi M. and Ouakkas S., On the Biharmonic Vector Fields. Turkish Journal of Mathematics (to appear) 2012.

6. Djaa N. E. H., Ouakkas S. and Djaa M., Harmonic sections on tangent bundle of order two.

Annales Mathematicae et Informaticae 38 (2011), 5–25.

7. Eells J. and Sampson J. H., Harmonic mappings of Riemannian manifolds. Amer. J. Maths.

86 (1964), 109–160.

8. Fernández-López M., García-Río E., D.N. Kupeli and B.Ünal. A curvature condition for twisted product to be warped product. Manuscripta math. 106(2) (2001), 213–217.

9. Jiang G. Y., Harmonic maps and their first and second variational formulas. Chinese Ann.

Math. Ser. A. 7, (1986), 389–402.

10. Ouakkas S., Biharmonic maps, conformal deformations and the Hopf maps. Differential Geometry and its Applications 26(5), (2008), 495–502.

11. Ouakkas S., Nasri R. and Djaa M., On the f-harmonic and f-biharmonic maps, JP Journal of Geometry and Topology 10(1) (2010),11–27.

12. Ouakkas S., Applications biharmoniques, déformations conformes et théorèmes de Liouville.

Thèse de Doctorat Université de Bretagne Occidentale, France 2008.

13. Ponge R. and Reckziegel H., Twisted products in pseudo-Riemannian geometry. Geom.

Dedicata 48(1) (1993), 15–25.

298 N. E. H. DJAA, A. BOULAL and A. ZAGANE

N. E. H. Djaa, Department of Mathematics University of Relizane, current address: Bormadia Relizane 48000 Algeria, e-mail: Djaanor@hotmail.fr

A. Boulal, Department of Mathematics University of Tiaret, BP 14000 Algeria, e-mail: Boulal2000@hotmail.fr

A. Zagane, Department of Mathematics University of Relizane, Bormadia Relizane 48000 Algeria, e-mail: Lgaca Saida2009@hotmail.com