Acta Math. Univ. Comenianae Vol. LXXXI, 2 (2012), pp. 255–264 255

VARIATIONS ON BROWDER’S THEOREM

H. ZARIOUH and H. ZGUITTI

Abstract. In this note we introduce and study the new spectral properties (Bb), (Bab) and (Baw) as continuation of [7, 8, 12] which are variants of the classical Browder’s theorem.

1. Introduction and terminology

This paper is a continuation of previous papers of the first author and Berkani [7, 8] and the paper [12], where the generalization of Weyl’s theorem and Browder’s theorem is studied. The purpose of this paper is to introduce and study the new properties (Bb), (Bab) and (Baw) (see later for definitions) in connection with known Weyl type theorems and properties ([3, 5, 7, 8, 12, 13]), which play roles analogous to Browder’s theorem and Weyl’s theorem, respectively.

To introduce all these concepts, we begin with some preliminary definitions and results. Let L(X) denote the Banach algebra of all bounded linear operators acting on a complex infinite-dimensional Banach space X. For T ∈ L(X), let T^∗, N(T ), R(T ), σ(T ) and σ_a(T ) denote the dual, the null space, the range, the spectrum and the approximate point spectrum of T , respectively If R(T ) is closed and α(T ) := dim N(T ) < ∞ (resp. β(T ) := codim R(T ) < ∞), then T is called an upper (resp. a lower) semi-Fredholm operator. If T is either an upper or a lower semi-Fredholm operator, then T is called a semi-Fredholm operator, and the index of T is defined by ind(T ) = α(T ) − β(T ). If both α(T ) and β(T ) are finite, then T is called a Fredholm operator. If T is Fredholm operator of index zero, then T is said to be a Weyl operator. The Weyl spectrum of T is defined by σ_W (T ) = {λ ∈ C : T − λI is not Weyl} and the Weyl essential approximate point spectrum is defined by σ_{SF} −_+ (T ) = {λ ∈ C : T −λI is not an upper semi-Fredholm with ind(T −λI) ≤ 0}.

Following [10], we say that Weyl’s theorem holds for T ∈ L(X) if σ(T ) \ σ_W (T ) = E^0(T ), where E^0(T ) = {λ ∈ iso σ(T ) : 0 < α(T − λI) < ∞}. Here and elsewhere in this paper, for A ⊂ C, iso A is the set of all isolated points of A. According to Rakočević [17], an operator T ∈ L(X) is said to satisfy a-Weyl’s theorem if σ_a(T )\σ_{SF} −_+ (T ) = E^0_a (T ), where E^0_a(T ) = {λ ∈ iso σ_a(T ) : 0 < α(T −λI) < ∞}.

Received February 18, 2012.

2010 Mathematics Subject Classification. Primary 47A53, 47A10, 47A11. Key words and phrases. B-Fredholm operator, Browder’s theorem, Weyl’s theorem.

256 H. ZARIOUH and H. ZGUITTI

It is known [17] that an operator satisfying a-Weyl’s theorem satisfies Weyl’s theorem, but the converse does not hold in general.

For T ∈ L(X) and a nonnegative integer n, define T_{[n]} to be the restriction of T to R(T^n) viewed as a map from R(T^n) into R(T^n) (in particular, T_{[0]} = T ). If for some integer n, the range space R(T^n) is closed and T_{[n]} is an upper (resp. a lower) semi-Fredholm operator, then T is called an upper (resp. a lower) semi- B-Fredholm operator. In this case the index of T is defined as the index of the semi-Fredholm operator T_{[n]}, see [6]. Moreover, if T_{[n]} is a Fredholm operator, then T is called a B-Fredholm operator, see [4]. A semi-B-Fredholm operator is an upper or a lower semi-B-Fredholm operator. An operator T is said to be a B- Weyl operator if it is a B-Fredholm operator of index zero. The B-Weyl spectrum σ_{BW} (T ) of T is defined by σ_{BW} (T ) = {λ ∈ C : T − λI is not a B-Weyl operator}.

Following [5], an operator T ∈ L(X) is said to satisfy generalized Weyl’s theorem if σ(T ) \ σ_{BW} (T ) = E(T ), where E(T ) = {λ ∈ iso σ(T ) : α(T − λI) > 0} is the set of all isolated eigenvalues of T . It is proven in [5, Theorem 3.9] that an operator satisfying generalized Weyl’s theorem satisfies also Weyl’s theorem, but the converse does not hold in general.

Recall that the ascent a(T ) of an operator T is defined by a(T ) = inf{n ∈ N : N(T^n) = N(T^{n+1})} and the descent δ(T ) of T is defined by δ(T ) = inf{n ∈ N : R(T^n) = R(T^{n+1})} with inf ∅ = ∞. Let Π_a(T ) denote the set of all left poles of T defined by Π_a(T ) = {λ ∈ C : a(T −λI) < ∞ and R((T −λI)^{a(T −λI)+1}) is closed}; and let Π^0_a(T ) denote the set of all left poles of T of finite rank, that is Π^0_a(T ) = {λ ∈ Π_a(T ) : α(T −λI) < ∞}. According to [11], we say that a-Browder’s theorem holds for T ∈ L(X) if σ_a(T ) \ σ_{SF} −_+ (T ) = Π^0_a(T ).

Let Π(T ) be the set of all poles of the resolvent of T and let Π^0(T ) be the set of all poles of the resolvent of T of finite rank, that is Π^0(T ) = {λ ∈ Π(T ) : α(T −λI) < ∞}. According to [14], a complex number λ is a pole of the resolvent of T if and only if 0 < max (a(T −λI), δ(T −λI)) < ∞. Moreover, if this is true, then a(T − λI) = δ(T − λI). Also according to [14], the space R((T − λI)^{a(T −λI)+1}) is closed for each λ ∈ Π(T ). Hence we have always Π(T )⊂Π_a(T ) and Π^0(T )⊂Π^0_a(T ). We say that Browder’s theorem holds for T ∈ L(X) if σ(T ) \ σ_W (T ) = Π^0(T ), and generalized Browder’s theorem holds for T ∈ L(X) if σ(T ) \ σ_{BW} (T ) = Π(T ). It is proven in [1, Theorem 2.1] that generalized Browder’s theorem is equivalent to Browder’s theorem.

An approximate point spectrum variant of Weyl’s theorem was introduced by Rakočević [16], property (w). Recall that T ∈ L(X) possesses property (w) if σ_a(T ) \ σ_{SF} −_+ (T ) = E^0(T ). It is proven in [16, Corollary 2.3] that property (w) implies Weyl’s theorem, but not conversely.

Following [12], an operator T ∈ L(X) is said to possess property (Bw) if σ(T ) \ σ_{BW} (T ) = E^0(T ). It is shown [12, Theorem 2.4] that an operator possessing property (Bw) satisfies generalized Browder’s theorem. According to [8], an operator T ∈ L(X) is said to possess property (gaw) if σ(T )\σ_{BW} (T ) = E_a(T ), where E_a(T ) = {λ ∈ iso σ_a(T ) : α(T − λI) > 0} and is said to possess property

VARIATIONS ON BROWDER’S THEOREM 257

(gab) if σ(T ) \ σ_{BW} (T ) = Π_a(T ). It is proven in [8, Theorem 3.5] that property (gaw) implies property (gab) but not conversely. The two last properties are extensions to the context of B-Fredholm theory, of properties (aw) and (ab), respectively, see [8]. Recall [8] that an operator T ∈ L(X) is said to possess property (aw) if σ(T ) \ σ_W (T ) = E^0_a (T ) and is said to possess property (ab) if σ(T ) \ σ_W (T ) = Π^0_a(T ).

An operator T ∈ L(X) is said to have the single valued extension property at λ_0 ∈ C (abbreviated SVEP at λ_0) if for every open neighborhood U of λ_0, the only analytic function f : U −→ X which satisfies the equation (T − λI)f(λ) = 0 for all λ ∈ U, is the function f ≡ 0. An operator T ∈ L(X) is said to have the SVEP if T has this property at every λ ∈ C (see [15]). Trivially, every operator T has the SVEP at λ ∈ iso σ(T ).

2. Property (Bb)

In this section we investigate a new variant of Browder’s theorem. We introduce the property (Bb) which is intermediate between property (Bw) and Browder’s theorem. We also give characterizations of operators possessing property (Bb). Before that we start by some remarks about property (Bw).

Remark 2.1.

1. The property (Bw) is not intermediate between Weyl’s theorem and generalized Weyl’s theorem (resp. a-Weyl’s theorem). Indeed, the operator U defined below as in Example 2.5 satisfies a-Weyl’s theorem and as E(U) = {0, 1}, then U satisfies also generalized Weyl’s theorem, but it does not possess property (Bw). Now let T = 0 ⊕ S be defined on the Banach space ℓ^2(N) ⊕ ℓ^2(N), where S is defined on ℓ^2(N) by S(x_1, x_2, x_3, . . .) = (0,^1_2 x_1,^1_3 x_2, . . .). Then σ(T ) = σ_{BW} (T ) = {0} and E(T ) = {0}. So σ(T ) \ σ_{BW} (T ) ≠ E(T ), i.e. T does not satisfy generalized Weyl’s theorem. But since E^0(T ) = ∅, then σ(T ) \ σ_{BW} (T ) = E^0(T ), i.e. T possesses property (Bw). On the other hand, the operator T = R ⊕ S where R is the unilateral right shift operator defined on ℓ^2(N) and S is defined on ℓ^2(N) by S(x_1, x_2, x_3, x_4, . . .) = (^1_2 x_2,^1_3 x_3,^1_4 x_4, . . .). Then σ(T ) = σ_{BW} (T ) = D(0, 1) which is the closed unit disc in C, σ_a(T ) = C(0, 1) ∪ {0} where C(0, 1) is the unit circle of C and E^0(T ) = Π^0_a(T ) = ∅. This implies that σ(T ) \ σ_{BW} (T ) = E^0(T ), i.e. T possesses property (Bw), but it does not satisfy a-Weyl’s theorem because σ_a(T ) = σ_{SF} −_+ (T ) = C(0, 1) ∪ {0} and E^0_a (T ) = {0}, so that σ_a(T ) \ σ_{SF} −_+ (T ) ≠ E^0_a(T ).

2. The property (Bw) is not transmitted from an operator to its dual. To see this, if we consider the operator S defined as in part 1), then S possesses property (Bw) since σ(S) = σ_{BW} (S) = {0} and E^0(S) = ∅. But its adjoint which is defined on ℓ^2(N) by S^∗(x_1, x_2, x_3, . . .) = (^1_2 x_2,^1_3 x_3, . . .) does not possess this property, since σ(S^∗) = σ_{BW} (S^∗) = {0} and E^0(S^∗) = {0}.

It is signaled in [12] (precisely after Definition 2.11) that if T ∈ L(X) is an operator possessing property (Bw) and satisfying the condition isoσ(T ) = ∅, then

258 H. ZARIOUH and H. ZGUITTI

T satisfies Weyl’s theorem. But the following theorem gives a stronger version of this remark.

Theorem 2.2. Let T ∈ L(X). T possesses property (Bw) if and only if T satisfies Weyl’s theorem and σ_{BW} (T ) = σ_W (T ).

Proof. Suppose that T possesses property (Bw), that is σ(T ) \ σ_{BW} (T ) = E^0(T ). Let λ ∈ σ(T ) \ σ_W (T ), as σ(T ) \ σ_W (T ) ⊂ σ(T ) \ σ_{BW} (T ) then λ ∈ σ(T ) \ σ_{BW} (T ). Thus λ ∈ E^0(T ) and σ(T ) \ σ_W (T ) ⊂ E^0(T ). Now let us consider λ ∈ E^0(T ). As σ(T ) \ σ_{BW} (T ) = E^0(T ), then T − λI is a B-Weyl operator. Since α(T − λI) < ∞, by virtue of [7, Lemma 2.2], we deduce that T − λI is a Weyl operator. It follows that λ ∈ σ(T ) \ σ_W (T ), and hence σ(T ) \ σ_W (T ) = E^0(T ), i.e. T satisfies Weyl’s theorem. Then we have σ_{BW} (T ) = σ(T ) \ E^0(T ) and σ_W (T ) = σ(T ) \ E^0(T ). So σ_{BW} (T ) = σ_W (T ).

Conversely, the condition σ_{BW} (T ) = σ_W (T ) entails that σ(T ) \ σ_{BW} (T ) = σ(T ) \ σ_W (T ). Weyl’s theorem for T implies that σ(T ) \ σ_{BW} (T ) = E^0(T ) and T possesses property (Bw). □

Definition 2.3. A bounded linear operator T ∈ L(X) is said to possess property (Bb) if σ(T ) \ σ_{BW} (T ) = Π^0(T ).

The property (Bb) is not intermediate between Browder’s theorem and a- Browder’s theorem. Indeed, let R and L denote the unilateral right shift operator and the unilateral left shift operator, respectively on the Hilbert space ℓ^2(N) and we consider the operator T defined by T = L ⊕ R ⊕ R. Then α(T ) = 1, β(T ) = 2 and so 0 ∉ σ_{SF} −_+ (T ). Since a(T ) = ∞, then T does not have the SVEP at 0. Hence T does not satisfy a-Browder’s theorem. Since σ(T ) = σ_{BW} (T ) = D(0, 1) and Π^0(T ) = ∅, then T possesses property (Bb). On the other hand, it is easily seen that the operator T defined by T (x_1, x_2, x_3, . . .) = (0,^1_2 x_1, 0, 0, . . .) satisfies a-Browder’s theorem. But it does not possess property (Bb), since σ(T ) = {0} and σ_{BW} (T ) = Π^0(T ) = ∅.

However, we have the following characterizations of operators possessing property (Bb).

Theorem 2.4. Let T ∈ L(X). Then the following assertions are equivalent: (i) T possesses property (Bb).

(ii) T satisfies Browder’s theorem and Π(T ) = Π^0(T ). (iii) T satisfies Browder’s theorem and σ_{BW} (T ) = σ_W (T )

Proof. (i)=⇒(ii) Assume that T possesses property (Bb), that is σ(T )\σ_{BW} (T ) = Π^0(T ) and let λ ∉ σ_{BW} (T ) be arbitrary. If λ ∈ σ(T ), then λ ∈ σ(T )\σ_{BW} (T ) = Π^0(T ). Consequently, λ ∈ isoσ(T ) which implies that T has the SVEP at λ. If λ ∉ σ(T ), then obviously T has the SVEP at λ. In the two cases, we have T has the SVEP at λ, and this is equivalent [2, Proposition 2.2] to the saying that T satisfies generalized Browder’s theorem and then Browder’s theorem. Thus Π(T ) = Π^0(T ).

(ii)=⇒ (iii) Assume that T satisfies Browder’s theorem and Π(T ) = Π^0(T ). Since Browder’s theorem is equivalent to generalized Browder’s theorem, then σ_{BW} (T ) = σ(T ) \ Π(T ) = σ(T ) \ Π^0(T ) = σ_W (T ).

(iii)=⇒(i) Obvious. □

VARIATIONS ON BROWDER’S THEOREM 259

The following example shows that in general Weyl’s theorem or Browder’s theorem do not imply property (Bw) or property (Bb), respectively.

Example 2.5. Let U ∈L(ℓ^2(N)) be defined by U(x_1, x_2, x_3, . . .)=(0, x_2, x_3, . . .), ∀(x) = (x_i) ∈ ℓ^2(N). Then σ_a(U) = σ(U) = {0, 1}, σ_{SF} −_+ (U) = σ_W (U) = {1} and E^0_a(U) = E^0(U) = {0}. Thus σ_a(U) \ σ_{SF} −_+ (U) = E^0_a(U) and σ(U) \ σ_W (U) = E^0(U), i.e. U satisfies a-Weyl’s theorem and Weyl’s theorem. On the other hand, Π(U) = {0, 1} and Π^0(U) = Π^0_a(U) = {0}, and consequently σ_a(U) \ σ_{SF} −_+ (U) = Π^0_a(U) and σ(U) \ σ_W (U) = Π^0(U), so that U satisfies a-Browder’s theorem and Browder’s theorem. Moreover, σ_{BW} (U) = ∅. Hence σ(U) \ σ_{BW} (U) ≠ E^0(U) and σ(U) \ σ_{BW} (U) ≠ Π^0(U), i.e. U does not possess either property (Bw) no property (Bb). Here Π(U) ≠ Π^0(U).

From Theorem 2.2 and Theorem 2.4 we deduce that property (Bw) implies property (Bb). But the converse is not true in general as shown by the following example.

Example 2.6. Let T ∈ L(ℓ^2(N)) be defined by T (x_1, x_2, x_3, . . .) = (^1_2 x_2,^1_3 x_3, 1 4 x_4, . . .). Then T possesses (Bb) because σ(T ) = σ_{BW} (T ) = {0} and Π^0(T ) = ∅, while T does not possess property (Bw) because E^0(T ) = {0}. Note that Π(T ) = ∅.

Moreover, we give conditions for the equivalence of property (Bw) and property (Bb) in the next theorem.

Theorem 2.7. Let T ∈ L(X). Then the following assertions are equivalent: (i) T possesses property (Bw).

(ii) T possesses property (Bb) and E^0(T ) = Π^0(T ). (iii) T possesses property (Bb) and E^0(T ) = Π(T ).

In particular, if T is polaroid (i.e. iso σ(T ) = Π(T )), then the properties (Bw) and (Bb) are equivalent.

Proof. (i) =⇒ (ii) Assume that T possesses property (Bw). Then from Theorem 2.2, T satisfies Weyl’s theorem, which implies from [3, Corollary 5] that E^0(T ) = Π^0(T ). Thus σ(T ) \ σ_{BW} (T ) = Π^0(T ), i.e. T possesses property (Bb) and E^0(T ) = Π^0(T ).

(ii) =⇒ (iii) Follows directly from Theorem 2.4.

(iii) =⇒ (i) Assume that T possesses property (Bb) and E^0(T ) = Π(T ). Again by Theorem 2.4, σ(T ) \ σ_{BW} (T ) = Π(T ) and as E^0(T ) = Π(T ), then σ(T ) \ σ_{BW} (T ) = E^0(T ) and T possesses property (Bw).

In the special case when T is polaroid, the condition E^0(T ) = Π^0(T ) is always satisfied. Therefore the two properties (Bw) and (Bb) are equivalent. □

3. Properties (Baw) and (Bab)

In this section we investigate a new variant of property (aw) (resp. property (ab)). We introduce the property (Baw) which is intermediate between property (Bw) and property (aw). We also introduce the property (Bab) which is intermediate

260 H. ZARIOUH and H. ZGUITTI

between property (Bb) and property (ab). Furthermore, we shows that property (Bab) is a week version of property (Baw).

Definition 3.1. A bounded linear operator T ∈ L(X) is said to possess property (Baw) if σ(T ) \ σ_{BW} (T ) = E^0_a(T ), and is said to possess property (Bab) if σ(T ) \ σ_{BW} (T ) = Π^0_a(T ).

Theorem 3.2. Let T ∈ L(X). Then T possesses property (Baw) if and only if T possesses property (Bab) and E^0_a (T ) = Π^0_a(T ). In particular, if T is a-polaroid (i.e. iso σ_a(T ) = Π_a(T )), then the properties (Baw) and (Bab) are equivalent.

Proof. Suppose that T possesses property (Baw), that is σ(T ) \ σ_{BW} (T ) = E^0_a(T ). If λ ∈ σ(T ) \ σ_{BW} (T ), then λ ∈ E^0_a(T ) and so λ ∈ iso σ_a(T ). As λ ∉ σ_{BW} (T ), in particular, T − λI is an upper semi-B-Fredholm operator, then from [5, Theorem 2.8], we have λ ∈ Π_a(T ). Since α(T − λI) is finite, λ ∈ Π^0_a(T ). Therefore σ(T ) \ σ_{BW} (T ) ⊂ Π^0_a(T ). Now if λ ∈ Π^0_a(T ), as Π^0_a(T ) ⊂ E^0_a (T ) is always true, then λ ∈ E^0_a(T ) = σ(T ) \ σ_{BW} (T ). Hence σ(T ) \ σ_{BW} (T ) = Π^0_a(T ), i.e. T possesses property (Bab) and E^0_a(T ) = Π^0_a(T ). The converse is trivial.

Moreover, if T is an a-polaroid, then E^0_a(T ) = Π^0_a(T ), and hence, in this case the two properties (Baw) and (Bab) are equivalent. □

In the next theorem, we give a characterization of operators possessing property (Baw).

Theorem 3.3. Let T ∈ L(X). T possesses property (Baw) if and only if T possesses property (aw) and σ_{BW} (T ) = σ_W (T ).

Proof. Suppose that T possesses property (Baw) and let λ ∈ σ(T ) \ σ_W (T ). Then λ ∈ σ(T ) \ σ_{BW} (T ) = E^0_a(T ). Therefore σ(T ) \ σ_W (T ) ⊂ E^0_a(T ). Now if λ ∈ E^0_a (T ), then λ ∈ σ(T ) \ σ_{BW} (T ). This implies that λ ∉ σ_{BW} (T ), and since α(T − λI) is finite, then as it had been already mentioned, we have λ ∉ σ_W (T ), so that λ ∈ σ(T ) \ σ_W (T ). Hence σ(T ) \ σ_W (T ) = E^0_a(T ) and T possesses property (aw). Then we have σ_{BW} (T ) = σ(T ) \ E^0_a(T ) and σ_W (T ) = σ(T ) \ E^0_a(T ). So σ_{BW} (T ) = σ_W (T ).

Conversely, suppose that T possesses property (aw) and σ_{BW} (T ) = σ_W (T ). Then σ(T ) \ σ_W (T ) = E^0_a (T ) and σ_{BW} (T ) = σ_W (T ). Thus σ(T ) \ σ_{BW} (T ) = E^0_a(T ) and T possesses property (Baw). □

Remark 3.4.

1. From Theorem 3.3, if T ∈ L(X) possesses property (Baw), then T possesses property (aw). However, the converse is not true in general: for example, the operator U defined as in Example 2.5 possesses property (aw) because σ(U) \ σ_W (U) = E^0_a (U) = {0}, but it does not possess property (Baw) because σ(U) \ σ_{BW} (U) = {0, 1}.

2. Generally, the two properties (gaw) and (Baw) are independent. For this, it is easily seen that the operator T =0⊕S defined as in Remark 2.1 possesses property (Baw), but it does not possess property (gaw) and the operator defined as in Example 2.5 possesses property (gaw), but it does not possess property (Baw).

VARIATIONS ON BROWDER’S THEOREM 261

3. The property (Baw) as well as property (Bw), do not pass from an operator to its dual. Indeed, the operator S defined as in part 2) of Remark 2.1 possesses property (Baw) since E^0_a(S) = ∅. But its adjoint S^∗ does not possess this property since E^0_a(S^∗) = {0}. Similarly, property (Bab) is not transmitted from an operator to its dual. To see this, we consider the operator T defined by T (x_1, x_2, x_3, . . .) = (ϵx_1, 0, x_2, x_3, . . .) for fixed 0 < ϵ < 1 on the Hilbert space ℓ^2(N). Then σ(T ) = σ(T^∗) = D(0, 1), σ_{BW} (T ) = σ_{BW} (T^∗) = D(0, 1) and Π^0_a(T ) = ∅. This implies that T possesses property (Bab), but since Π^0_a(T^∗) = {ϵ}, then T^∗ does not possess property (Bab).

Corollary 3.5. Let T ∈ L(X). T possesses property (Baw) if and only if T possesses property (Bw) and E^0(T ) = E^0_a(T ).

Proof. Suppose that T possesses property (Baw), then by Theorem 3.3, T possesses property (aw) which implies by virtue of [9, Theorem 2.5] that E^0(T ) = E^0_a(T ). Since σ(T ) \ σ_{BW} (T ) = E^0_a(T ), then σ(T ) \ σ_{BW} (T ) = E^0(T ) and T possesses property (Bw). Conversely, suppose that T possesses property (Bw) and E^0(T ) = E^0_a(T ). Then σ(T ) \ σ_{BW} (T ) = E^0(T ) = E^0_a(T ) and hence T possesses property (Baw). □

From Theorem 3.2 and Corollary 3.5, we have if T ∈ L(X) possesses property (Baw), then T possesses property (Bab) and property (Bw). But the converses do not hold in general as shown by the following example. Let T = R ⊕ S be defined as in Remark 2.1. Then σ(T ) = σ_{BW} (T ) = D(0, 1), σ_a(T ) = C(0, 1) ∪ {0} and E^0(T )=Π^0_a(T )=∅. This implies that σ(T )\σ_{BW} (T )=E^0(T ) and σ(T )\σ_{BW} (T ) = Π^0_a(T ), i.e. T possesses property (Bw) and property (Bab). But it does not possess property (Baw) because E^0_a(T ) = {0}, so that σ(T ) \ σ_{BW} (T ) ≠ E^0_a(T ).

Now we give characterizations of operators possessing property (Bab) in the next theorem.

Theorem 3.6. Let T ∈ L(X). Then the following assertions are equivalent: (i) T possesses property (Bab).

(ii) T possesses property (ab) and σ_{BW} (T ) = σ_W (T ). (iii) T possesses property (ab) and Π(T ) = Π^0_a(T ).

Proof. (i)⇐⇒(iii) Suppose that T possesses property (Bab). If λ∈σ(T )\σ_W (T ), then λ ∈ σ(T ) \ σ_{BW} (T ) = Π^0_a(T ). Thus σ(T ) \ σ_W (T ) ⊂ Π^0_a(T ). If λ ∈ Π^0_a(T ), then λ ∈ σ(T )\σ_{BW} (T ) and T −λI is a B-Fredholm operator with ind(T −λI) = 0. As a(T − λI) < ∞, then a(T − λI) = δ(T − λI) < ∞ and λ ∈ Π^0(T ). Therefore α(T − λI) = β(T − λI) < ∞. Consequently, λ ∉ σ_W (T ) and σ(T ) \ σ_W (T ) ⊃ Π^0_a(T ). Hence σ(T ) \ σ_W (T ) = Π^0_a(T ) and T possesses property (ab). Moreover, we have that σ(T ) \ σ_W (T ) = Π^0(T ), i.e. T satisfies Browder’s theorem and then generalized Browder’s theorem. Thus Π(T ) = Π^0_a(T ). Conversely, suppose that T possesses property (ab) and Π(T ) = Π^0_a(T ). Then from [8, Theorem 2.4], T satisfies generalized Browder’s theorem σ(T ) \ σ_{BW} (T ) = Π(T ), and as Π(T ) = Π^0_a(T ), then σ(T ) \ σ_{BW} (T ) = Π^0_a(T ) and T possesses property (Bab).

(i) ⇐⇒ (ii) Suppose that T possesses property (Bab), then T possesses property (ab). Thus σ_{BW} (T ) = σ(T ) \ Π^0_a(T ) and σ_W (T ) = σ(T ) \ Π^0_a(T ). So

262 H. ZARIOUH and H. ZGUITTI

σ_{BW} (T ) = σ_W (T ). Conversely, suppose that T possesses property (ab) and σ_{BW} (T ) = σ_W (T ). Then σ(T ) \ σ_W (T ) = Π^0_a(T ) and σ_{BW} (T ) = σ_W (T ). Thus σ(T ) \ σ_{BW} (T ) = Π^0_a(T ) and T possesses property (Bab). □

Remark 3.7.

1. From Theorem 3.6, if T ∈ L(X) possesses property (Bab), then T possesses property (ab). But the converse is not true in general as shown by the following example. Let T the operator defined by T (x_1, x_2, x_3, . . .) = (0,^1_2 x_1, 0, 0, . . .) on the Hilbert space ℓ^2(N). Then σ(T ) = {0}, Π^0_a(T ) = ∅, σ_W (T ) = {0}. So T possesses property (ab). But it does not possess property (Bab), since σ_{BW} (T ) = ∅. Note that Π(T ) = Π_a(T ) = {0}.

2. The property (Bab) is not intermediate between property (gab) and property (ab). Indeed, the operator defined as in the first part of this remark possesses property (gab), but it does not possess property (Bab). On the other hand, if we consider the operator T = 0 ⊕ R defined on the Banach space ℓ^2(N) ⊕ ℓ^2(N), where R is the unilateral right shift operator, then T possesses property (Bab) because σ(T ) = σ_{BW} (T ) = D(0, 1) and Π^0_a(T ) = ∅, but it does not possess property (gab) because Π_a(T ) = {0}.

Corollary 3.8. Let T ∈ L(X). Then the following assertions are equivalent: (i) T possesses property (Bab).

(ii) T possesses property (Bb) and Π^0(T ) = Π^0_a(T ). (iii) T possesses property (Bb) and Π(T ) = Π^0_a(T ).

Proof. (i) ⇐⇒ (ii) Suppose that T possesses property (Bab), that is σ(T ) \ σ_{BW} (T ) = Π^0_a(T ). From Theorem 3.6, we deduce that T satisfies Browder’s theorem and σ_{BW} (T ) = σ_W (T ). Hence σ(T ) \ σ_{BW} (T ) = Π^0(T ), i.e. T possesses property (Bb) and Π^0(T ) = Π^0_a(T ). Conversely, suppose that T possesses property (Bb) and Π^0(T ) = Π^0_a(T ). Then σ(T ) \ σ_{BW} (T ) = Π^0(T ) and Π^0(T ) = Π^0_a(T ). So σ(T ) \ σ_{BW} (T ) = Π^0_a(T ) and T possesses property (Bab).

(ii) ⇐⇒ (iii) Follows directly from Theorem 2.4. □

From Corollary 3.8, if T ∈ L(X) possesses property (Bab), then T possesses property (Bb). However, the converse is not true in general as shown in the following example.

Example 3.9. Let T be defined on the Banach space ℓ^2(N) ⊕ ℓ^2(N) by T = R ⊕ U, where R is the unilateral right shift operator on ℓ^2(N) and U is defined as in Example 2.5. Then σ(T ) = σ_{BW} (T ) = D(0, 1), Π^0_a(T ) = {0} and Π(T ) = Π^0(T ) = ∅. This shows that T possesses property (Bb), but it does not possess property (Bab).

4. Summary of results

In this last part we give a summary of the results obtained in this paper. We use the abbreviations (Bw), (Baw), (gaw), (aw), (w), W , gW and aW to signify that an operator T ∈ L(X) obeys property (Bw), property (Baw), property (gaw),

VARIATIONS ON BROWDER’S THEOREM 263

property (aw), property (w), Weyl’s theorem, generalized Weyl’s theorem and a-Weyl’s theorem, respectively. Similarly, the abbreviations (Bb), (Bab), (gab), (ab), aB, B and gB have analogous meaning with respect to the properties introduced in this paper or to the properties introduced in [8] or to Browder’s theorems.

The following table summarizes the meaning of various theorems and properties.

(Bw) σ(T ) \ σ_{BW} (T ) = E^0(T ) (Bb) σ(T ) \ σ_{BW} (T ) = Π^0(T ) (Baw) σ(T ) \ σ_{BW} (T ) = E^0_a(T ) (Bab) σ(T ) \ σ_{BW} (T ) = Π^0_a(T ) (gaw) σ(T ) \ σ_{BW} (T ) = E_a(T ) (gab) σ(T ) \ σ_{BW} (T ) = Π_a(T ) (aw) σ(T ) \ σ_W (T ) = E^0_a(T ) (ab) σ(T ) \ σ_W (T ) = Π^0_a(T ) (w) σ_a(T ) \ σ_{SF} −_+ (T ) = E^0(T ) aB σ_a(T ) \ σ_{SF} −_+ (T ) = Π^0_a(T ) W σ(T ) \ σ_W (T ) = E^0(T ) B σ(T ) \ σ_W (T ) = Π^0(T ) gW σ(T ) \ σ_{BW} (T ) = E(T ) gB σ(T ) \ σ_{BW} (T ) = Π(T ) aW σ_a(T ) \ σ_{SF} −_+ (T ) = E^0_a(T )

In the following diagram arrows signify implications between Weyl’s theorems, Browder’s theorems, property (w), property (Bw), property (Bb), property (Baw) and property (Bab). The numbers near the arrows are references to the results in the present paper (numbers without brackets) or to the bibliography therein (the numbers in square brackets).

(w) (gaw)^{[9]}−−−−→ gW gW [^{16]}

[^{8]}

[^{5]} aW^{[17]}−−−−→ W^{[9]}←−−−− (aw)^{3.3}←−−−− (Baw)^{3.5}−−−−→ (Bw)^{2.2}−−−−→ W [^{5]}

[^{3]}

[^{8]} 3.2 2.7 [^{3]} aB −−−−→_{[11]} B ←−−−−_{[8]} (ab) ←−−−−_{3.6} (Bab) −−−−→_{3.8} (Bb) −−−−→_{2.4} B

[^{8]} ⇕ [1] (gab) ←−−−−_{[8]} (gaw) gB

References

1. M. Amouch and H. Zguitti, On the equivalence of Browder’s and generalized Browder’s theorem, Glasgow Math. J. 48 (2006), 179–185.

2. M. Amouch and H. Zguitti, A note on the Browder’s and Weyl’s Theorem, Acta Math.

Sinica, English Series, 24 (2008), 2015–2020.

264 H. ZARIOUH and H. ZGUITTI

3. B. A. Barnes, Riesz points and Weyl’s theorem, Integr. Equ. and Oper. Theory 34 (1999), 187–196.

4. M. Berkani, On a class of quasi-Fredholm operators, Integr. Equ. and Oper. Theory 34(2) (1999), 244–249.

5. M. Berkani and J. J. Koliha, Weyl type theorems for bounded linear operators, Acta Sci.

Math. (Szeged) 69 (2003), 359–376.

6. M. Berkani and M. Sarih, On semi B-Fredholm operators, Glasgow Math. J. 43 (2001), 457–465.

7. M. Berkani and H. Zariouh, Extended Weyl type theorems, Math. Bohemica 134 (2009), 369–378.

8. M. Berkani and H. Zariouh, New extended Weyl type theorems, Mat. Vesnik 62(2) (2010), 145–154.

9. M. Berkani and H. Zariouh, Perturbation results for Weyl type theorems, Acta Math. Univ.

Comenianae 80 (2011), 119–132.

10. L. A. Coburn, Weyl’s theorem for nonnormal operators, Michigan Math. J. 13 (1966), 285–288.

11. S. V. Djordjević and Y. M. Han, Browder’s theorems and spectral continuity, Glasgow Math.

J. 42 (2000), 479–486.

12. A. Gupta and N. Kashyap, Property (Bw) and Weyl type theorems, Bull. Math. Anal. Appl.

3(2) (2011), 1–7.

13. R. E. Harte and W. Y. Lee, Another note on Weyl’s theorem, Trans. Amer. Math. Soc.

349 (1997), 2115–2124.

14. H. Heuser, Functional Analysis, John Wiley & Sons Inc, New York, (1982). 15. K. B. Laursen and M. M. Neumann, An introduction to Local Spectral Theory, Clarendon Press Oxford, (2000).

16. V. Rakočević, On a class of operators, Mat. Vesnik 37 (1985), 423–426. 17. V. Rakočević, Operators obeying a-Weyl’s theorem, Rev. Roumaine Math. Pures Appl. 34 (1989), 915–919.

18. H. Weyl, Über beschränkte quadratische Formen, deren Differanz vollstetig ist, Rend. Circ.

Math. Palermo 27 (1909), 373–392.

H. Zariouh, Centre de formation des instituteurs (CFI)-Oujda, B.P 458, Oujda, Morocco, e-mail:

h.zariouh@yahoo.fr

H. Zguitti, Centre de formation des instituteurs (CFI)–Oujda, B.P 458, Oujda, Maroc et Equipe de la Théorie des Opérateurs, Université Mohammed Premier, Faculté des Sciences, Département de Mathématiques et Informatique, Maroc, e-mail: h.zguitti@ump.ma