Acta Math. Univ. Comenianae Vol. LXXXII, 1 (2013), pp. 119–123 119

APPROXIMATE FIXED POINT OF REICH OPERATOR

D. DEY and M. SAHA

Abstract. In the present paper, we study the existence of approximate fixed point for Reich operator together with the property that the ε-fixed points are concentrated in a set with the diameter tends to zero if ε → 0.

1. Introduction

Fixed point theory has been an important tool for solving various problems in nonlinear functional analysis and as well as useful for proving the existence theorems for nonlinear differential and integral equations. However, in many practical situations, the conditions in the fixed point theorems are too strong, and so the existence of a fixed point is not guaranteed. In that situation, one can content with nearly fixed points what we call approximate fixed points. By an approximate fixed point x of a function f, we mean that f(x) is ‘near to’ x. The study of approximate fixed point theorems is as interesting as the study of fixed point theorems. Motivated by the article of S. Tijs, A. Torre and R. Brǎnzei [9], M. Berinde [1] established some fundamental approximate fixed point theorems in metric space. We investigate the approximate fixed point theorems for Reich operator [7] which in turn generalize the results of Berinde [1] showing that the existence of approximate fixed point for Reich operator is still guaranteed in spite of the completeness of the underlying space is withdrawn.

2. Some preliminary ideas and definitions

Definition 2.1. Let (X, d) be a metric spce and f : X → X, ε > 0, x_0 ∈ X. Then x_0 is an ε-fixed point (approximate fixed point) of f if d(f(x_0), x_0) < ε.

Throughout the paper, we will denote the set of all ε-fixed points of f for a given ε, by F_ε(f) = {x ∈ X| d(f(x), x) < ε}.

Definition 2.2. Let f : X → X. Then f has the approximate fixed point property if for all ε > 0 F_ε(f) ≠ ϕ.

Received June 7, 2012.

2010 Mathematics Subject Classification. Primary 47H10, 54H25. Key words and phrases. Reich operator; approximate fixed point; metric space.

120 D. DEY and M. SAHA

Remark 2.3. The following result (see [5]) gives conditions under which the existence of fixed points for a given mapping is equivalent to that of approximate fixed points.

Proposition 2.4. Let A be a closed subset of a metric space (X, d) and f : A→X a compact map. Then f has a fixed point if and only if it has the approximate fixed point property.

Now an important lemma by Berinde [1] regarding the existence of ε-fixed point of an operator is being recalled here.

Lemma 2.5 ([1]). Let (X, d) be a metric space, f : X → X such that f is asymptotic regular, i.e., d(f^n(x), f^{n+1}(x)) → 0 as n → ∞ for all x ∈ X.

Then f has the approximate fixed point property i.e. ∀ε > 0, F_ε(f) ≠ ϕ.

We also assume that δ(A) as the diameter of a set A ≠ ϕ, in otherwords, δ(A) = sup {d(x, y) | x, y ∈ A} .

Another important lemma [1] will be needed to establish our result. So we recall this.

Lemma 2.6 ([1]). Let (X, d) be a metric space, f : X → X an operator and ε > 0. We assume that:

(i) F_ε(f) ≠ ϕ.

(ii) for all η > 0, there exists ψ(η) > 0 such that

d(x, y) − d(f(x), f(y)) ≤ η ⇒ d(x, y) ≤ ψ(η), for all x, y ∈ F_ε(f). Then δ(F_ε(f)) ≤ ψ(2ε).

Definition 2.7. A mapping f : X → X is a Reich operator [7] if there exist a, b, c ≥ 0 with 0 ≤ a + b + c < 1 such that

d(f(x), f(y)) ≤ ad(x, y) + bd(x, f(x)) + cd(y, f(y)) for all x, y ∈ X. 3. Main Results In this section, we present two important results—one is qualitative and the other one is quantitative concerning approximate fixed point theorems for Reich operator.

Theorem 3.1. Let (X, d) be a metric space and f : X → X be a Reich operator. Then F_ε(f) ≠ ϕ for all ε > 0.

APPROXIMATE FIXED POINT OF REICH OPERATOR 121

Proof. Let ε > 0 and x ∈ X. Then

d(f^n(x), f^{n+1}(x)) = d(f(f^{n−1}(x)), f(f^n(x))) ≤ ad(f^{n−1}(x), f^n(x)) + bd(f^{n−1}(x), f(f^{n−1}(x))) + cd(f^n(x), f(f^n(x))) = ad(f^{n−1}(x), f^n(x)) + bd(f^{n−1}(x), f^n(x)) + cd(f^n(x), f^{n+1}(x)) implies that

d(f^n(x), f^{n+1}(x)) ≤ ( a + b 1 − c ) d(f^{n−1}(x), f^n(x)).

Put h =

(_{a+b} 1−c ) , so that 0 < h < 1 as a + b + c < 1, and so d(f^n(x), f^{n+1}(x)) ≤ hd(f^{n−1}(x), f^n(x)) ≤ . . . ≤ h^nd(x, f(x)) which implies that d(f^n(x), f^{n+1}(x)) → 0 as n → ∞, ∀x ∈ X.

Then by Lemma 2.5, it follows that F_ε(f) ≠ ϕ for all ε > 0. □ Theorem 3.2. Let (X, d) be a metric space and f : X → X be a Reich operator.

Then δ(F_ε(f)) ≤ ( 2 + b + c 1 − a ) ε. Proof. Let ε > 0. Then the condition (i) of Lemma 2.6 is satisfied immediately from Theorem 3.1. Now we shall show that the condition (ii) of Lemma 2.6 is also satisfied. In order to do that let, η > 0 and x, y ∈ F_ε(f). We also assume that d(x, y) − d(f(x), f(y)) ≤ η. We will show that there ψ(η) > 0 exist. Now we have d(x, y) ≤ η + d(f(x), f(y)) ≤ η + ad(x, y) + bd(x, f(x)) + cd(y, f(y)) ≤ η + ad(x, y) + bε + cε as x, y ∈ X, d(x, f(x)) < ε and d(y, f(y)) < ε, which implies that

d(x, y) ≤ η + (b + c)ε 1 − a . So for all η >0, there exists ψ(η) =^{η+(b+c)ε}_{1−a} >0 such that d(x, y) − d(f(x), f(y)) ≤ η. It implies d(x, y) ≤ ψ(η). So by Lemma 2.6, it follows that δ (F_ε(f)) ≤ ψ(2ε) for all ε > 0, which means δ(F_ε(f)) ≤ ( 2 + b + c 1 − a ) ε. □

122 D. DEY and M. SAHA

Corollary 3.3. Suppose that the Reich operator in Theorem 3.1 posseses a fixed point x^∗. Then

(i) x^∗ is the unique fixed point of f, (ii) for each sequence x_1, x_2, x_3, . . . with the property that for each n ∈ N, the point x_n is an n^{−1} fixed point we have lim_n x_n = x^∗.

Proof. (i) is very clear.

For assertion (ii): It follows from the fact that x^∗ ∈ F_ε(f) for each ε > 0, then by Theorem 3.2,

d (x_n, x^∗) ≤ δ ( F^{−1}_n (f) ) ≤ ( 2 + b + c 1 − a ) n^{−1}.

Hence lim_n d (x_n, x^∗) = 0. □

Remark 3.4. In Reich operator, taking b = c = 0, we get Banach contraction and the Theorem 3.1 reduces to [1, Theorem 2.1] of Berinde as a special case.

Remark 3.5. b = c and a = 0 imply Kannan operator [6] and then the Theorem 3.1 reduces to [1, Theorem 2.2] of Berinde.

Remark 3.6. Theorem 3.1 is also a generalization of approximate fixed point theorem for Bianchini’s [3] and Sehgal’s [8] contraction mappings.

4. Example

Let f : [1, ∞) → [1, ∞) be defined by

f(x) = x + 1 x + 1 for all x ∈ [1, ∞) .

Then it is easy to check that f is a Reich operator. Take 0 < ε <^1_2 and select x_0 ∈ [1, ∞) such that x_0 >^{1−ε}_ε . Then

d(f(x_0), x_0) = |f(x_0) − x_0| = | | | 1 x_0 + 1 | | | < ε.

So f has an ε-fixed point which implies that F_ε(f) ≠ ϕ. On the contrary, there is no fixed point of f in [1, ∞).

5. Conclusions

Weakening the condition by removing the completeness of underlying space still guarantees the existence of ε-fixed points for such operators and the fact is that the diameter of the set containing ε-fixed points goes to zero when ε tends to zero. In the light of this note we hope that there is a potential area in which approximate fixed point theorems for various operators can be studied further. Also the study of approximate fixed point for multivalued mappings and well-posed fixed point problems could be interesting.

Acknowledgment. The authors are thankful to the referees for their valuable opinions.

APPROXIMATE FIXED POINT OF REICH OPERATOR 123

References

1. Berinde M., Approximate Fixed Point Theorems, Stud. Univ. “Babes-Bolayi”, Mathematica LI(1) (2006), 11–25.

2. Berinde V., On the approximation of fixed points of weak contractive mappings, Carpathian J. Math. 19(1) (2003), 7–22.

3. Bianchini R. M. T., Su un problema di S. Reich riguardante lsa deipunti fissi, Boll. Un.

Mat. Ital. 5 (1972), 103–108.

4. Chatterjea S.K., Fixed point theorems, C. R. Acad. Bulgare Sci. 25 (1972), 727–730. 5. Granas A. and Dugundji J., Fixed Point Theory, Springer-Verlag, New York, 2003. 6. Kannan R., Some results on fixed points, Bull. Cal. Math. Soc. 10 (1968), 71–76. 7. Reich S., Kannans fixed point theorem, Boll. Un. Math. Ital. 4 (1971), 1–11. 8. Sehgal V. M., On fixed and periodic points for a class of mappings, J. Lond. Math. Soc. 5 (1972), 571–576.

9. Tijs S.,Torre A. and Branzei R., Approximate Fixed Point Theorems, Libertas Mathematica 23 (2003), 35–39.

D. Dey, Koshigram Union Institution, Koshigram-713150, Burdwan, West Bengal, India, e-mail:

debashisdey@yahoo.com

M. Saha, Department of Mathematics, The University of Burdwan, Burdwan-713104, West Bengal, India, e-mail: mantusaha@yahoo.com