Acta Math. Univ. Comenianae Vol. LXXXII, 1 (2013), pp. 69–103 69

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM

S. PERES

Abstract. We study the existence and multiplicity of positive solutions of a nonlinear second order ordinary differential equation with symmetric nonlinear boundary conditions where both of the nonlinearities are of power type.

1. Introduction

We deal with the existence and number of positive solutions of the following class of boundary value problems: (1) � u^{′′}(x) = au^p(x), x ∈ (−l, l), u^′(±l) = ±u^q(±l)

where p, q ∈ R a a, l > 0 are parameters.

Our principal reference is [5] where M. Chipot, M. Fila and P. Quittner studied also the N-dimensional version of (1): � � � Δu(x) = au^p(x), x ∈ Ω, ∂u ∂n (x) = u^q (x), x ∈ ∂Ω

where Ω ⊂ R^N is a bounded domain, n is the unit outer normal vector to ∂Ω, N ∈ N. First of all, they were interested in global existence and boundedness or blow-up of positive solutions of the corresponding parabolic problem

(2) � � � � � u_t = Δu − au^p in Ω × (0, ∞), ∂u ∂n = u^q in ∂Ω × (0, ∞),

u(·, 0) = u_0 in Ω

where u_0 : Ω → [0, ∞) but they restricted their investigation to p, q > 1. The same problem was independently studied in [12] for N = 1.

Received March 27, 2012; revised October 29, 2012. 2000 Mathematics Subject Classification. Primary 34B18.

Key words and phrases. nonlinear second order ordinary differential equation, existence and multiplicity of solutions, nonlinear boundary conditions.

This work was supported by the Slovak Research and Development Agency under the contract No. APVV-0134-10 and by the VEGA 1/0711/12 grant.

70 S. PERES

The results from [5] have been generalised in many directions. In [14], the behaviour of positive solutions of (2) was examined for all p, q > 1 while sign changing solutions were considered in [6] for p, q > 1—in that case, u^p and u^q are replaced by |u|^{p−1}u and |u|^{q−1}u, respectively. Positive solutions of the elliptic problem with −λu + u^p on the right-hand side of the equation were dealt with in [13] for λ ∈ R, p, q > 1 and later in [10] for λ ∈ R, p, q > 0, (p, q) /∈ (0, 1)^2. In [11] and [15], positive and sign changing solutions of the parabolic problem with more general nonlinearities f(u), g(u) instead of au^p, u^q have been studied while f(x, u), g(x, u) were considered in [2]. Further extensions of results from [5] can be found in [1, 3, 4, 7, 8, 9]. Finally we mention [16], which was devoted to elliptic problems with nonlinear boundary conditions.

In this paper, we focus only on (1) and we extend the results known for p, q > 1 to a larger set of parameters, namely to p > −1, q ≥ 0 and p = −1, q = 0. The main results are included in Theorems 2.6 (a nonexistence result), 4.1 (p = −1, q = 0), 5.4 (p > −1, q = 0), 6.6 (p > −1, 0 < q <^{p+1}_2 ), 7.1 (p > −1, q =^{p+1}_2 ) and 8.9 (p > −1, q >^{p+1}_2 ). However, in case of p > −1, q >^{p+1}_2 only symmetric solutions are concerned and some small questions are left open (see the text above Theorem 8.9). Our aim is to answer these questions in the future as well as to examine the number of nonsymmetric solutions for p > −1, q >^{p+1}_2 and the solvability of (1) for the values of p and q not considered in this paper.

We use the method included in Section 3 (dealing with the case N = 1) of [5]: After considering an appropriate initial value problem, we introduce a function L or functions L_1 and L_2, the so-called time maps, the graphs of which directly determine the number of solutions of (1), so we will need only the tools of real analysis. On the other hand, it is not so easy to examine the properties of L, L_1 and L_2 because they are given by a formula that contains an improper integral, with an upper limit, which is given only implicitly.

2. The initial value problem and the time maps

If u is a positive solution of (1), then u^′(−l) < 0 < u^′(l), therefore u has a stationary point x_0 ∈ (−l, l). So the function u(· + x_0) solves

(3) � � � u^{′′} = au^p, u(0) = m, u^′(0) = 0

for some m > 0. In the following theorem we summarise the facts known about the solvability of this problem. The proof for p, q > 1 can be found in [5], for other p, q it is done analogously.

Theorem 2.1 (for p, q > 1 see [5, pp. 53–54]). Suppose m, a > 0, p ∈ R. Then (3) has a unique maximal solution. We will denote it by u_{m,p,a} and its domain by (−Λ_{m,p,a}, Λ_{m,p,a}). Function u_{m,p,a} is even, strictly convex, unbounded from above

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 71

and fulfils

(4) |x| = m^{1−p2} √ 2a I_p � u_{m,p,a}(x) m � , x ∈ (−Λ_{m,p,a}, Λ_{m,p,a})

where I_p : [1, ∞) → [0, ∞) is given as

I_p(y) = � � � � �

�_y 1 � p + 1 V^{p+1} − 1 dV if p ≠ −1, �_y 1 dV √ ln V if p = −1 and (5) Λ_{m,p,a} = m^{1−p2} √ 2a lim_{y→∞} I_p(y)

� < ∞ if p > 1,

= ∞ if p ≤ 1.

Finally, for x ∈ (−Λ_{m,p,a}, Λ_{m,p,a}) we have:

(6) |u^′_{m,p,a}(x)| = � � � � �

� 2a p + 1 � u^{p+1}_{m,p,a}(x) − m^{p+1} � if p ≠ −1, � 2a � ln u_{m,p,a}(x) − ln m � if p = −1.

Definition 2.2. For given p, q ∈ R, a, l > 0 denote the set of all positive symmetric (i. e. even) and positive nonsymmetric solutions of (1) by S(l) = S(l; p, q, a) and N (l) = N (l; p, q, a), respectively.

Remark 2.3 ([5, pp. 53–54]). Assume p, q ∈ R, a, l > 0. Obviously, S(l) consists of all such functions u_{m,p,a}|_{[−l,l]} that 0 < l < Λ_{m,p,a} and u^′_{m,p,a}(l) = u^q_{m,p,a}(l). On the other hand, if l_1 ≠ l_2 are such numbers that 0 < l_i < Λ_{m,p,a}, u^′_{m,p,a}(l_i) = u^q_{m,p,a}(l_i) for i = 1, 2 and l_1 +l_2 = 2l, then u_{m,p,a}(·−(l_1 −l_2)/2)|_{[−l,l]} ∈ N (l).

Lemma 2.4 (for p, q > 1 see [5, pp. 54–55]). Let p, q ∈ R, a > 0. Then the following statements are equivalent for arbitrary m, l > 0:

(i) l < Λ_{m,p,a} and u^′_{m,p,a}(l) = u^q_{m,p,a}(l),

(ii) the equation

(7) 0 = F(m, x) := F_{p,q,a}(m, x) := � � � � x^{2q} 2a − x^{p+1} p + 1 + m^{p+1} p + 1 if p ≠ −1,

x^{2q} 2a − ln x + ln m if p = −1

with the unknown x > 0 has some solution R > m and l = m^{1−p2} √ 2a I_p � R m � . Proof. In order to derive (ii) from (i), it suffices to use (6), denote u_{m,p,a}(l) =:

R > m and realise (4) for x = l. The reversed implication is proved essentially in the same way. □

72 S. PERES

Function F(m, ·) has obviously different behaviour for p > −1, p = −1 and p < −1 as well as for q > 0, q = 0 and q < 0. It also matters which of the exponents 2q, p + 1 is greater. So we have to distinguish thirteen cases shown in Figure 1.

Figure 1. Cases I to XIII.

Lemma 2.5 (for p, q > 1 see [5, proofs of Lemma 3.1 and 3.2 with pp. 57–58]). Let p, q ∈ R, a, m > 0. Function F(m, ·) has at most two zeros and both lie in (m, ∞). We denote them R_{p,q,a}(m) =: R(m) if there is only one zero and R_{1;p,q,a}(m) =: R_1(m) and R_{2;p,q,a}(m) =: R_2(m) if there are two while R_1(m) < R_2(m).

Let us also introduce

M := M_{p,q,a} :=

� � � � � � � � � � �

� 2q − p − 1 2q � 1_{p+1} � a q � 1_{2q−p−1} if p ≠ −1, q > 0, q >^{p+1}_2 (V, VII), � a eq � 1_{2q} if p = −1, q > 0 (VI), � − p + 1 2a � 1_{p+1} if p < −1, q = 0 (VIII).

The following holds for the number of zeros:

(i) If q < 0 or q <^{p+1}_2 or p = −1, q = 0 (cases I–III, IX–XIII), then F(m, ·) has exactly one zero for arbitrary m > 0. Moreover, for p > −1, 0 < q < p+1 2 (case III) we have

(8) R(m) > � a q � 1_{2q−p−1} . (ii) If p > −1, q =^{p+1}_2 (case IV), then F(m, ·) has one zero for q < a and none for q ≥ a.

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 73

(iii) If p < −1, q = 0 (case VIII), then F(m, ·) has one zero for m < M and none for m ≥ M.

(iv) If q > 0 and q >^{p+1}_2 (cases V–VII), then F(m, ·) has two zeros for m < M, one for m = M and none for m > M. Meanwhile,

(9) R_1(m) < � a q � 1_{2q−p−1}

� � �

=R(M)

< R_2(m).

Moreover,

R(m) =

� � � � � � � � � e^{12a} m if p = −1, q = 0 (I), � m^{p+1} + p + 1 2a � 1_{p+1}

if p > −1, q = 0 (II) or p < −1, q = 0, m < M (VIII), � a a − q

� 1_{2q} m if p > −1, q =^{p+1}_2 < a (IV) or p < −1, q =^{p+1}_2 (X).

Proof. Investigating the behaviour of F(m, ·), we obtain the facts collected in Table 1. They are sufficient to determine the number of zeros of F(m, ·) in cases I–IV and VIII–XIII as well as to verify (8).

In cases V–VII, F(m, ·) has exactly one relative minimum, the value of which can be easily calculated. So there exist two zeros if and only if this minimum is negative, what happens just for m < M. Further, for m = M there is only one zero and for m > M there is none. The validity of (9) is apparent.

Now let us prove that each zero of F(m, ·) is greater than m. In cases I–IV and VIII–XIII it is guaranteed by the simple fact that F(m, m) = m^{2q}/2a > 0 for p, q ∈ R, a, m > 0. In cases V and VII for m ≤ M, we need to consider

m ≤ M < � a q � 1_{2q−p−1}

too, similarly in case VI.

Finally, equation (7) is linear in ln x and x^{p+1} in cases I and II, VIII, IV, X respectively, so explicit solutions can be found. □

Let us notice that the set of parameters p, q > 1, which was investigated in [5], forms only part of cases III–V and we will see that more complicated and interesting things happen outside it.

Although there is no difference in the properties of F(m, ·) summarised in Table 1 between cases IX, X and XI, it is not clear whether or not different results hold for (1) in these cases. For this reason we have not merged them into one case.

Now, as a simple consequence of Lemma 2.5, we formulate a nonexistence result related to (1), and afterwards we introduce the notion of the time map.

Theorem 2.6. Let p ∈ R, a > 0.

74 S. PERES

lim_{x→0} F(m, x) monotonicity on (0, ∞) lim_{x→∞} F(m, x)

I. p = −1, q = 0 ∞ decreases −∞ II. p > −1, q = 0^1_{2a} +^{mp+1}_{p+1} > 0

III. p > −1, 0 < q <^{p+1}_2

mp+1

p+1 > 0 increases on ` 0, (a/q)^{1/(2q−p−1)} ~ , decreases on ^ (a/q)^{1/(2q−p−1)} , ∞ ´

IV. p > −1, q =^{p+1}_2 decreases if q < a, is constant if q = a, increases if q > a

−∞ if q < a,

mp+1

p+1 > 0 if q = a, ∞ if q > a

V. p > −1, q >^{p+1}_2 decreases on ` 0, (a/q)^{1/(2q−p−1)} ~ , increases on ^ (a/q)^{1/(2q−p−1)} , ∞ ´ ∞ VI. p = −1, q > 0

∞

VII. p < −1, q > 0

VIII. p < −1, q = 0

decreases

1 2a +^{mp+1}_{p+1} > 0 if m > M, = 0 if m = M, < 0 if m < M

IX. p < −1,^{p+1}_2 < q < 0

mp+1

p+1 < 0

X. p < −1, q =^{p+1}_2

XI. p < −1, q <^{p+1}_2

XII. p = −1, q < 0 −∞ XIII. p > −1, q < 0

Table 1. The properties of F(m, ·).

(i) If q ≤ 0 or q ≤^{p+1}_2 (cases I–IV and VIII–XIII), then N (l) = ∅ for all l > 0.

(ii) If p > −1, q =^{p+1}_2 ≥ a (case IV), then S(l) = ∅ for all l > 0.

Definition 2.7. Let p, q ∈ R, a > 0 and

L(m) := L_{p,q,a}(m) := m^{1−p2} √ 2a I_p � R_{p,q,a}(m) m �

for all such m that R_{p,q,a}(m) is defined. We introduce L_{1;p,q,a}(m) =: L_1(m) and L_{2;p,q,a}(m) =: L_2(m) analogously. We call functions L, L_1 and L_2 time maps.

Using Lemmata 2.4 and 2.5, we can reformulate the statement of Remark 2.3 in the following way:

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 75

Lemma 2.8. For all p, q ∈ R, a, l > 0:

S(l) = � u_{m,p,a} � �_{[−l,l]} : L(m) = l or L_1(m) = l or L_2(m) = l � ,

N (l) = � � � �

� u_{m,p,a} � · ±^{L2(m)−L1(m)} 2 � �_{[−l,l]} : L1(m)+L2(m)=2l

� if q > 0 and q >^{p+1}_2 (V–VII), ∅ otherwise.

Thus, to determine the number of positive symmetric solutions of (1) for given p, q ∈ R, a, l > 0, we need to calculate the limits of functions L, L_1, L_2 at the endpoints of their domains, to find the intervals where the functions are monotone and finally to estimate their possible relative extrema. For nonsymmetric solutions we execute the same with L_1 + L_2 if q > 0 a q >^{p+1}_2 (cases V–VII). Therefore, we now derive formulae for the derivatives of the time map and other functions we will need in the rest of this article.

Lemma 2.9 (for p, q > 1 see [5, proofs of Theorem 3.1 and Lemma 3.5]). Assume p, q ∈ R, a > 0. Let R be one of the functions R, R_1, R_2 and suppose that its domain is an interval, denote it by I. Let L ∈ {L, L_1, L_2} be the corresponding time map. Then R, L ∈ C^∞(I) and the following formulae hold for m ∈ I:

R^′(m) = � m R(m)

�_p 1 1 −^q_a R^{2q−p−1}(m) , (10) � R(m) m �_′ = 2q − p − 1 2am^{p+2}

R^{2q} (m)R^′(m),

(11) � I_p � R(m) m �_′ = 2q − p − 1 √ 2a m^{p−32}

R^{q−p}(m) 1 −^q_a R^{2q−p−1}(m) , (12)

L^′(m) =

1 − p 2m L(m) +

2q − p − 1 2am^{p+1}

R^q (m)R^′(m),

(13)

L^{′′}(m) = − p + 1 2m L^′(m) +

2q − p − 1 2am^{2p+1} · � (q − 1) q a R^{2q−p−1}(m) + q − p � R^{p+q−1}(m)(R^′(m))^3.

(14)

Proof. The C^∞-smoothness of R and the formula for its derivative follows from the implicit function theorem due to Lemma 2.5. If R ∈ {R_1, R_2} (cases V–VII), then (9) is used as well. The other formulae can be derived from (10) in such a way as it is done in [5] for p > 1. □

Now we introduce some further functions, the relation of which to the time maps will be seen from the subsequent lemma. They will be used in the proofs of Lemmata 6.5 and 8.6.

Definition 2.10. Let p, q ∈ R, p ≠ 1, a > 0 and

K(m) := K_{p,q,a}(m) :=

2q − p − 1 (p − 1)a

R^{q−p}_{p,q,a}(m) 1 −^q_a R^{2q−p−1}

p,q,a (m)

76 S. PERES

for all such m that R_{p,q,a}(m) is defined. We introduce K_{1;p,q,a}(m) =: K_1(m) and K_{2;p,q,a}(m) =: K_2(m) analogously.

Lemma 2.11. Assume p, q ∈ R, p ≠ 1, a > 0. Let R be one of functions R, R_1, R_2 and suppose that its domain is an interval, denote it by I. Let L ∈ {L, L_1, L_2} and K ∈ {K, K_1, K_2} be the corresponding functions. Then K ∈ C^∞(I) and the following holds for all m ∈ I:

L^′(m) = 0 ⇐⇒ L(m) = K(m),

K^′(m) =

2q − p − 1 (p − 1)am^{2p} � (q − 1) q a R^{2q−p−1}(m) + q − p � R^{p+q−1}(m)(R^′(m))^3.

Proof. Both of the assertions can be proved using Lemma 2.9. □

Remark 2.12. Let p, q ∈ R, a > 0 and let R, L and I have the same meaning as in Lemma 2.11. It follows from (10) that R has no stationary point. So it can be seen from (13) that if p = 1 (the case not dealt with in Lemma 2.11), then either L^′ ≡ 0 (for q = 1) or L has no stationary point (for q ≠ 1).

In the subsequent sections we will look for extrema of L, among other things. So assume now only p ≠ 1. If m ∈ I is a stationary point of L, then L^{′′}(m) = 0 (the case when it is more difficult to determine whether there is an extremum) if and only if

(15) q = p + 1 2 or (q − 1)qR^{2q−p−1}(m) = (p − q)a.

Let us notice that it is also a necessary and sufficient condition under that K^′(m)=0 holds. Thus:

(i) If q =^{p+1}_2 or p = q = 0, then K^′ ≡ 0.

(ii) If q = 0, p ≠ 0, −1 or q = 1, then K has no stationary point.

(iii) If q ≠ 0, 1,^{p+1}_2 , then (15) is equivalent to

R^{2q−p−1}(m) =

(p − q)a (q − 1)q , which can hold for at most one m ∈ I due to the strict monotonicity of R. Therefore, if (p, q) does not belong to cases V–VII, then K = K has at most one stationary point, which will be denoted by m = m_{p,q,a} (see Lemma 6.5). On the other hand, if q > 0,^{p+1}_2 (cases V–VII), then R_1 and R_2 have disjoint ranges (due to (9)), so at most one of K_1 and K_2 can have a stationary point, which will be denoted by m = m_{p,q,a} as well (see Definition 8.2 and Lemmata 8.3 (ii), 8.6, 8.7).

3. Properties of function I_p

The first lemma introduces the first two terms of the asymptotic expansion of I_p(y) (see Theorem 2.1) for y → 1. In the next theorem we show explicit formulae of I_p for special values of p. However, the most important statement of this section is Lemma 3.4, which gives the asymptotic expansion of I_p(y) for y → ∞, p > −1.

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 77

It is essential for investigating the behaviour of the time maps in many cases but was not needed in [5] for p, q > 1. Afterwards we also derive the corresponding asymptotic expansion for p = −1.

We will use standard asymptotic notations: If f, g are functions defined in some punctured neighbourhood of a point a ∈ R ∪ {±∞}, then

f(x) ∼ g(x), x → a means lim_{x→a} f(x) g(x)

= 1,

f(x) = o(g(x)), x → a means lim_{x→a} f(x) g(x)

= 0,

f(x) = O(g(x)), x → a means lim sup_{x→a} � � �f(x) g(x) � � � < ∞.

Lemma 3.1. For arbitrary p ∈ R we have

I_p(y) = 2 � y − 1 � 1 − p 12 (y − 1) + o(y − 1) � , y → 1.

Proof. Suppose p ≠ −1. Then

I_p(y) =

�_{y−1} 0 f_p(x) dx

where

f_p(x) = � p + 1 (1 + x)^{p+1} − 1 = 1 √ x 1 � 1 +^p_2 x + o(x) = 1 √ x − p 4 √ x + o( √ x), x → 0.

(We used the Maclaurin polynomial of y → (1 + y)^α for α = p + 1 and α = −^1_2 .) So it suffices to integrate the obtained asymptotic expansion from 0 to y − 1.

The case p = −1 is analogous. □

Definition 3.2. For all s ≥ 0 set

p_s := −

2s − 1 2s + 1 . Thus, � p_n

�_∞ n=0 = � 1, −^1_3 , −^3_5 , −^5_7 , . . . � , � p_{n+} 1_2

�_∞ n=0 = � 0, −^1_2 , −^2_3 , −^3_4 , . . . � . The integral I_p can be explicitly calculated for these values.

Theorem 3.3. Let n ∈ N ∪ {0}. Then

(16) I_{pn+1/2} (y) = 2 √ n + 1 ~I_n � y^{1n+1} − 1 � , y ≥ 1

where ~I_n(z) = √z^n � k=0 1 2k + 1 � n k � z^k, z ≥ 0 and (17) I_{pn} (y) = � 2(2n + 1) ^I_n � y^{22n+1} � , y ≥ 1

78 S. PERES

where

^I_n(z) = (2n − 1)!!

(2n)!! � ln �√ z + √ z − 1 � + � 1 − 1 z n� k=1 (2k − 2)!! (2k − 1)!!

z^k � , z ≥ 1.

(We set (−1)!! := 1.)

Proof. Using the substitution � V^{pn+1/2} − 1 = � V^{1n+1} − 1 =: u and denoting �^√_z 0 � u^2 + 1

�_n

du =: ~I_n(z),

we obtain (16). The integral ~I_n(z) can be calculated by the binomial theorem.

By the substitutions

V^{pn+1} = V^{22n+1} =: 1 cos^2 v

, v ∈ � 0,^π_2 � , sin v =: u

we obtain (17) with

^I_n(z) =

� √_{1−} 1_z 0 du (1 − u^2)^{n+1} . Integrating ^I_n(z) by parts, we can derive the recurrent relation

^I_n(z) = 2n − 1 2n � ^I_{n−1}(z) + 1 2n − 1 � 1 − 1 z z^n � , from which the formula in the theorem follows. □

We will also use the following special cases of (17) and (16):

(18)

I_1(y) = √ 2 ln � y + � y^2 − 1 � , I_0(y) = 2 � y − 1,

I_{−1/2}(y) = 2 √ 2 3 �√ y − 1 �√ y + 2 � . Lemma 3.4. For k ∈ N ∪ {0} and p ∈ (−1, ∞) ∖ {p_k} put

b_k(p) :=

(2k − 1)!!

(2k)!! 2 (2k + 1)(p − p_k) = (2k − 1)!!

(2k)!! 1 p−1 2 + k(p + 1) and for p > −1 set B_p := � k∈N∪{0} p_k ≠p

b_k(p) ∈ R.

Then the following holds for y → ∞:

(i) If p > 1, then I_p(y) √ p + 1

= B_p + o(1).

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 79

(ii) If p_{n+1} < p < p_n for some n ∈ N ∪ {0}, then

I_p(y) √ p + 1 = n� k=0 (−b_k(p)) � � � >0 y^{1−p2 −k(p+1)} � � � >0 + B_p + o(1).

(iii) If p = p_n for some n ∈ N ∪ {0}, then

I_p(y) √ p + 1 = n−1� k=0 (−b_k(p)) � � � >0 y^{1−p2 −k(p+1)} � � � >0 + (2n − 1)!!

(2n)!!

ln y + B_p + o(1).

Furthermore, the function p → B_p belongs to C^∞ on each of intervals (p_0, ∞), (p_1, p_0), (p_2, p_1), . . . and decreases on each of them while lim p→p_0 + B

p = ∞, lim_{p→∞} B_p = 0

and for all n ∈ N we have: lim p→p_{n+1}+

B_p = ∞, B_{pn+1/2} = 0, lim_{p→pn −} B_p = −∞.

Proof. It consists of 1. expressing I_p(y) as the sum of a series (see (19)), 2. proving the finiteness of B_p and verifying statements (i), (ii), (iii) 3. and examining the properties of the function p → B_p. 1. Let p > −1 and y ≥ 1. The substitution V := x^{−1/(p+1)} gives:

I_p(y) √ p + 1 = 1 p + 1

�_1

1/y^{p+1} 1 √ 1 − x x^{− 12 − 1p+1} dx.

Using the Maclaurin series of the function x → 1/ √ 1 − x, we get that

I_p(y) √ p + 1 = 1 p+1 �_1

1/y^{p+1}

�_∞ � k=0 (2k−1)!! (2k)!!

x^{k− 12 − 1p+1} � dx. Levi’s monotone convergence theorem allows us to exchange the order of integration and summation, resulting in

(19)

I_p(y) √ p + 1 = ∞� k=0 a_{k,p}(y)

where

a_{k,p}(y) = � � � b_k(p) � 1 − y^{1−p2 −k(p+1)} � if p ≠ p_k, (2k − 1)!!

(2k)!!

ln y if p = p_k.

80 S. PERES

2. It is obvious that for all k ∈ N ∪ {0} and p > −1, a_{k,p} is increasing, positive on (1, ∞) and

(20) lim_{y→∞} a_{k,p}(y) = � b_k(p) if p > p_k, ∞ if p ≤ p_k.

Now let m ∈ N ∪ {0} and p > p_m. Stirling’s formula (n! ∼ √ 2πn(n/e)^n for n → ∞) implies that

b_k(p) ∼ 1 √ π(p + 1)k^{3/2}

, k → ∞,

which guarantees the convergence of

�_∞

k=m b_k(p) (and also the finiteness of B_p). We are going to prove that

(21) lim_{y→∞} ∞� k=m a_{k,p}(y) = ∞� k=m b_k(p)

because statement (i) follows from (19) and (21) with m = 0 while statements (ii), (iii) from (19) and (21) with m = n + 1.

The inequality “≤” in (21) is clear from (20) and the increase of a_{k,p}. In order to prove the opposite inequality, let us choose any ε > 0. We have that_{n0} � k=m b_k(p) > ∞� k=m b_k(p) − ε 2 for some n_0 ≥ m. The positivity of a_{k,p} on (1, ∞) together with (20) yields that there exists a number K > 1 such that ∞� k=m a_{k,p}(y) >

n_0�

k=m a_{k,p}(y) >

n_0�

k=m b_k(p) − ε 2 for all y > K. Joining the last two inequalities, we obtain (21).

3. The decrease of p → B_p on intervals (p_0, ∞), (p_1, p_0), (p_2, p_1), . . . follows immediately from the decrease of functions b_k on these intervals.

Let us now prove that (p → B_p) ∈ C^∞((−1, ∞) ∖

�_∞ n=0{p_n}). We will use the C^∞-smoothness of functions b_k. If we choose arbitrary m, n ∈ N ∪ {0} and [α, β] ⊆ (p_n, ∞), then applying the Weierstraß criterion, we can verify that

�_∞ k=n(b_k)^{(m)} converges uniformly on [α, β], therefore we can differentiate it term by term. So the sum of

�_∞ k=n b_k belongs to C^∞([α, β]), thus also to C^∞((p_n, ∞)), from which the C^∞-smoothness of the function p → B_p on (−1, ∞) ∖

�_∞ n=0{p_n} follows.

The one-sided limits of p → B_p in p_0, p_1, . . . are found easily. They— together with its continuity and decrease on (p_{n+1}, p_n)—guarantee the existence of a unique point p^∗_n ∈ (p_{n+1}, p_n) such that B_p∗_n = 0. Statement (ii) gives the expansion

I_{pn+ 12} (y) = 2 √ n+1 n� k=0 1 2n−2k+1

(2k−1)!! (2k)!! � y^{1n+1}

� 1_{2 +n−k} + B_{pn+1/2} √ n+1 + o(1)

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 81

for y → ∞. On the other hand, from (16), using the binomial theorem and the Maclaurin polynomial of x → √ 1 + x of degree n, we obtain that

I_{pn+ 12} (y) = √ z · 2 √ n + 1 � 1 − 1 z n� i=0 1 2i + 1 � n i � (z−1)^i

= n� k=0 c_{n,k}z^{12 +n−k} + O � 1 √ z �

for z = y^{1/(n+1)} → ∞ and some constants c_{n,k}, k = 0, 1, . . . n. Consequently, p^∗_n = p_{n+1/2}.

Finally, in order to find lim_{p→∞} B_p, we employ the uniform convergence of �_∞

k=0 b_k on (α, ∞) for α > 1, and so we exchange the order of the limit and the sum. □

The following assertions will be needed only in the proofs of Lemmata 8.7 and 8.8.

Theorem 3.5. The mapping (y, p) → I_p(y) is continuous on [1, ∞) × R. Furthermore, p → I_p(y) is decreasing on R for any y > 1.

Proof. Let us express I_p(y) as

I_p(y) =

�_y 1 f(V, p) dV

where

f(V, p) = � � � � �

� p + 1 V^{p+1} − 1 if p ≠ −1, V > 1, 1 √ ln V if p = −1, V > 1.

Function f is continuous in both variables and is decreasing in V , consequently it is continuous (on (1, ∞) × R). Similarly, if we prove the continuity of p → I_p(y) for all y > 1 (for y = 1 it is evident), then using the continuity and increase of I_p for any p ∈ R, we will have that (y, p) → I_p(y) is continuous.

For this purpose, it will be important to know the behaviour of f(V, ·). We can derive that for any p ≠ −1 and V > 1: ∂ ∂p 1 f^2(V, p)

> 0 ⇐⇒ ln V^{p+1} + 1 V^{p+1}

− 1 > 0,

which can be equivalently written as ln x < x − 1 for x := 1/V^{p+1} ∈ (0, 1) ∪ (1, ∞). Thus, 1/^2(V, ·) is increasing on R, therefore f(V, ·) is decreasing and the second assertion of the lemma holds.

Now choose arbitrary y > 1, p_0 ∈ R. Since f(·, p_0) is an integrable majorant of {f(·, p)}_{p≥p0} and f(V, ·) is continuous, we have the continuity of p → I_p(y) on [p_0, ∞). □

82 S. PERES

Lemma 3.6. For every y > 1, n ∈ N:

I_{−1}(y) = n−1� k=0 (2k − 1)!!

2^k y ln^{k+1/2} y + O � y ln^{n+1/2} y � , y → ∞.

Proof. Set I_n(y) :=

�_y e dV ln^{n+1/2} V for all N ∈ N ∪ {0} and y > 1. Integrating by parts, we can derive the recurrent relation I_n(y) = y ln^{n+1/2} y

− e +

2n + 1 2 I_{n+1}(y).

Using it n times, we obtain

I_{−1}(y) = I_0(y) +

�_e 1 dV √ ln V = n−1� k=0 (2k − 1)!!

2^k y ln^{k+1/2} y

+ R_n(y)

where

R_n(y) =

�_e 1 dV √ ln V − n−1� k=0 (2k − 1)!!

2^k e + (2n − 1)!!

2^n

I_n(y) ∼

(2n − 1)!!

2^n y ln^{n+1/2} y for y → ∞, which can be proved using l’Hôpital’s rule. □

Notice that although Lemma 3.6 gives an asymptotic expansion, the corresponding series_∞ � k=0 (2k − 1)!!

2^k y ln^{k+1/2} y diverges for all y > 1.

4. Case I (p = −1, q = 0)

This case is the simplest one since from Lemma 2.5 it directly follows that

L(m) = m √ 2a I_{−1} � e^{12a} � , m > 0.

Thus, the time map, which determines the relation between m = u(0) and l for u ∈ S(l), is linear. So substituting into Lemma 2.8, we obtain the following theorem:

Theorem 4.1. Assume p = −1, q = 0, a > 0. Then for arbitrary l > 0:

S(l) = � u_{m,−1,a} � �_{[−l,l]} : m = √ 2a I_{−1} � e^12a � l � , N (l) = ∅.

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 83

5. Case II (p > −1, q = 0)

In this section we answer the question of the solvability of (1) for (22) p > −1, q = 0, a > 0 finding lim_{m→0} L(m), lim_{m→∞} L(m) and proving the monotonicity of L. However, let us first summarise the properties of R that will be used in the subsequent lemmata.

Lemma 5.1. Let (22) hold. Then R^′ > 0 and

lim_{m→0} R(m) = � p + 1 2a � 1_{p+1} , R(m) = m � 1 + 1 2am^{p+1} + o � 1 m^{p+1} � , m → ∞.

Proof. It suffices to use the explicit formula for R(m) given by Lemma 2.5. □ Lemma 5.2. Assume (22). Then

lim_{m→0} L(m) = � � � ∞ if p ≥ 1, 2 1 − p � p + 1 2a � 1_{p+1} =: L_{p,0,a}(0) =: L(0) if p ∈ (−1, 1),

lim m→∞ L(m) = � � � �

0 if p > 0, 1 a if p = 0, ∞ if p ∈ (−1, 0).

Proof. For p > 1 and p = 1, lim_{m→0} L(m) is easily found using Lemma 5.1 and (5). In the case of p ∈ (−1, 1), it is of type^∞ :

lim_{m→0} L(m) = lim_{m→0}

I_p

�_{R(m)} m � √ 2am^{p−1}2 and we calculate it by l’Hôpital’s rule, (12) and Lemma 5.1.

According to Lemmata 5.1 and 3.1:

L(m) ∼ � 2 a m^{1−p2} � R(m) m − 1, m → ∞

while R(m) m − 1 ∼ 1 2am^{p+1}

, m → ∞.

Connecting these two expansions, we obtain that L(m) ∼^1_{amp} for m → ∞ and the second assertion follows. □ Lemma 5.3. Let (22) hold. Then: (i) If p > 0, then L^′ < 0. (ii) If p = 0, then L ≡^1_a .

84 S. PERES

(iii) If −1 < p < 0, then L^′ > 0.

Proof.

(i) Firstly, let us consider p > 0. Due to (13), the case p ≥ 1 is clear. So let 0 < p < 1. If L has a stationary point m_0 > 0, then L^{′′}(m_0) > 0 according to (14) and Lemma 5.1, thus it is a point of strict relative minimum. Therefore, either L has no stationary point or it has exactly one, which is a point of global minimum. However, the second possibility contradicts the fact that lim_{m→∞} L(m) = 0 (Lemma 5.2).

(ii) For p = 0, Lemma 2.5 gives the formula R(m) = m +^1_{2a} , so L(m) =^1_a according to (18).

(iii) Finally, let us have p ∈ (−1, 0) and let us proceed as for p ∈ (0, 1). Now L attains a strict relative maximum in each of its stationary points. On the other hand, lim_{m→∞} L(m) = ∞ so the only possibility is that L^′ > 0 on (0, ∞). □

Figure 2. The relation between m = u(0) and l for u ∈ S(l) in case II (p > −1, q = 0, a > 0) according to Lemmata 2.8, 5.2 and 5.3. See also Theorem 5.4.

From the results of the last two lemmata (which are summarised in Figure 2), applying Lemma 2.8, we obtain the main statement of this section:

Theorem 5.4. Assume (22) and l > 0. Then N (l) = ∅ and the following holds for positive symmetric solutions of (1):

If p ≥ 1, then |S(l)| = 1 and L is decreasing. (Recall that L(u(0)) = l for any u ∈ S(l).)

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 85

If p = 0, then (1) has a solution only for l =^1_a , namely S � 1 a � = � x → a 2 x^2 + m, x ∈ [−l, l] : m > 0 � . If p < 1 and p ≠ 0, then

|S(l)| = � 1 if l is between L(0) and lim_{m→∞} L(m), 0 otherwise and L is strictly monotone. (See Lemma 5.2 about L(0) and lim_{m→∞} L(m).)

The last question we will answer in this section is whether L_{·,0,a}(0) is monotone. Lemma 5.5. Suppose that (22) holds, let p be the unique solution of the equation p^3 − 7p − 2 = 0 in (−1, 0) and set

a := p + 1 2 e^{23−p −2} ∈ � 1 2e^2 , 1 e � . Then:

(i) If a > a, then^∂_{∂p} L_{p,0,a}(0) > 0 for p ∈ (−1, 1).

(ii) If a = a, then^∂_{∂p} L_{p,0,a}(0) > 0 for p ∈ (−1, 1)∖{p} and^∂_{∂p} L_{p,0,a}(0)|_{p=p} = 0. (iii) If 0 < a < a, then p → L_{p,0,a}(0) has two stationary points: p_1 = p_1(a) ∈ (−1, p) and p_2 = p_2(a) ∈ (p, 1) while^∂_{∂p} L_{p,0,a}(0) > 0 for p ∈ (−1, p_1) ∪ (p_2, 1) and^∂_{∂p} L_{p,0,a}(0) < 0 for p ∈ (p_1, p_2).

Furthermore, for all a > 0 we have lim p→−1+

L_{p,0,a}(0) = 0, lim_{p→1−} L_{p,0,a}(0) = ∞.

Proof. The limits of L_{p,0,a}(0) can be easily calculated. We also have that ∂ ∂p L_{p,0,a}(0) > 0 ⇐⇒ ln p + 1 2a − (p + 1)^2 1 − p

− 1 =: ψ_a(p) < 0.

So we need to examine the properties of ψ_a. It is not difficult to derive that ψ^′_a(p) > 0 ⇐⇒ p^3 − 7p − 2 =: ω(p) > 0.

Since ω is decreasing on (−1, 1) and ω(0) < 0 < lim_{p→−1} ω(p), it has a unique zero p ∈ (−1, 0). It means that ψ_a increases on (−1, p] and decreases on [p, 1). However, lim_{p→−1+} ψ_a(p) = lim_{p→1−} ψ_a(p) = −∞, thus L_{·,0,a}(0) has the properties from parts (i), (ii) or (iii) if ψ_a(p) < 0, ψ_a(p) = 0 or ψ_a(p) > 0, respectively.

Using that ω(p) = 0, we obtain:

ψ_a(p) = ln p + 1 2a + 2 3 − p

− 2 = 0 ⇐⇒ a = a.

Furthermore, a → ψ_a(p) is decreasing, so really ψ_a(p) < 0 for a > a and ψ_a(p) > 0 for a ∈ (0, a). It remains to check that a ∈ (^1_{2e2} ,^1_e ). However, it can be directly proved that ψ_a < 0 for a ≥^1_e , so a <^1_e and ψ_a(0) ≥ 0 and consequently ψ_a(p) > 0 for a ≤^1_{2e2} , so a >^1_{2e2} . □

86 S. PERES

Let us mention that p ≈ −0.289 and using Cardano’s formula one can also derive that

p = 2 � 7 3 cos arccos^{3√3}_7^√_7 − 2π 3 . 6. Case III (p > −1, 0 < q <^{p+1}_2 )

A part of case III was already examined in [5] (see Lemma 6.2). For the rest we will need the asymptotic expansions of R(m) for m → 0 and m → ∞ (Lemma 6.1) and also Lemma 3.4. We will deal only with

(23) p > −1, 0 < q < p + 1 2 , a > 0.

Lemma 6.1. Let (23) hold. Then R^′ > 0 and R(m) R(0)

= 1 − m^{p+1} (2q − p − 1)R^{p+1}(0) + o � m^{p+1} � , m → 0

R(m) m = 1 + 1 2a m^{2q−p−1} +

4q − p 8a^2 m^{2(2q−p−1)} + o � m^{2(2q−p−1)} � , m → ∞

where

R(0) = R_{p,q,a}(0) = lim_{m→0} R(m) = � 2a p + 1

� 1_{2q−p−1} . Proof. It is clear from (10) and Lemma 2.5 (i) that R^′ > 0, so R has a positive and finite limit (denoted by R(0)) at 0, the value of which can be obtained from the equality

0 = lim_{m→0} F(m, R(m)) =

R^{p+1}(0) 2a � R^{2q−p−1}(0) − 2a p + 1 � . Now we will look for such c, d > 0 that R(m) R(0)

− 1 ∼ cm^d, m → 0.

So let us calculate the following limit using l’Hôpital’s rule and (10):

lim_{m→0}

R(m) R(0) − 1

m^d = − p + 1 (2q − p − 1)dR^{p+1}(0) lim_{m→0} m^{p+1−d}.

It should be positive and finite, determining the value of c. Therefore, we have d = p + 1 and c is also given as in the lemma.

The decrease of m → R(m)/m ≥ 1 (see (11)) guarantees the existence of its positive and finite limit at ∞. So we can use l’Hôpital’s rule and (10) to derive that A := lim_{m→∞}

R(m) m = lim_{m→∞} � m R(m)

�_p = 1 A^p . Consequently, A = 1. The asymptotic expansion of R(m)/m for m → ∞ can be also found by the method of undetermined coefficients, which we used for m → 0. However, let us show an iterative method borrowed from [5, proof of Lemma 3.3]:

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 87

Multiplying the equality F(m, R(m)) = 0 (see (7)) by (p+1)/m^{p+1} and expressing R(m)/m from it, we obtain:

(24)

R(m) m = � 1 + p + 1 2a m^{2q−p−1} � R(m) m �_{2q} �^1_{p+1} . The expression (R(m)/m)^{2q} on the right-hand side can be replaced by 1 + o(1), so

R(m) m = � 1 + p + 1 2a m^{2q−p−1} + o � m^{2q−p−1} � � 1_{p+1}

= 1 + 1 2a m^{2q−p−1} + o � m^{2q−p−1} �

(We used the Maclaurin polynomial of x → (1 + x)^{1/(p+1)}.) Now let us insert the asymptotic expansion we have just obtained in the right-hand side of (24) again. It yields

R(m) m = � 1 + p + 1 2a m^{2q−p−1} +

(p + 1)q 2a^2 m^{2(2q−p−1)} + o � m^{2(2q−p−1)}

�^{1p+1} , which can be rewritten in the form from the lemma.

Let us remark that we could use this iterative method in the case of m → 0 as well. We only would replace (24) by

R(m) = R(0) � 1 − m^{p+1} R^{p+1}(m)

� 1_{2q−p−1} , which can be derived from the equality F(m, R(m)) = 0 multiplying it by (p + 1)/R^{p+1}(m). □

Lemma 6.2 (for p, q > 1 see [5, Theorem 3.1]). If (23) holds and p ≥ 1, then

lim_{m→0} L(m) = ∞, L^′ < 0 on (0, ∞), lim_{m→∞} L(m) = 0.

Proof. The proof from [5] for p, q > 1 is also valid for p > 1 and the case p = 1 is similar. □

In the next two lemmata we find the limits of L—denoted by L(0) and L(∞)— for p < 1. For the proof of Lemma 6.5 it is also necessary to know the sign of L − L(0) and L − L(∞) near 0 and ∞, respectively, for certain values of p, q.

Lemma 6.3. Assume (23) and p < 1. Then

lim_{m→0} L(m) = 2 1 − p � p + 1 2a �^{q−1}_{2q−p−1} =: L_{p,q,a}(0) =: L(0)

and furthermore, L > L(0) in some neighbourhood of 0 for −^1_3 < p ≤ 0 and L < L(0) in some neighbourhood of 0 for 0 < p < 1.

Proof. The lim_{m→0} L(m) is found the in same way as in Lemma 5.2. So choose any p ∈ (−^1_3 , 1) and let us calculate the second term of the asymptotic expansion of

88 S. PERES

L(m) for m → 0, which will allow us to determine whether L < L(0) or L > L(0) near 0. Lemma 6.1 yields:

R(m) = R(0) � 1 + O � m^{p+1} � = R(0) � 1 + o � m^{1−p2} � . Joining it with the expansion of I_p(y) from Lemma 3.4, we obtain:

L(m) = L(0) + � p + 1 2a B_pm^{1−p2} + o � m^{1−p2} � . As we know, B_p > 0 for p ∈ (−^1_3 , 0) and B_p < 0 for p ∈ (0, 1), guaranteeing the validity of the statement of the lemma for these values of p.

It remains to examine p = 0. In that case we can use (18). So

L(m) = L(0) � 1 + 2q 1 − 2q

(2a)^{11−2q} m + o(m) = L(0) + 2q 1 − 2q

(2a)^{q1−2q} � � � >0 m + o(m)

due to Lemma 6.1. □

Lemma 6.4. If (23) holds and p < 1, then

lim m→∞ L(m) = � � � 0 if q < p, 1 a if q = p, ∞ if q > p

and furthermore, L >^1_a in some neighbourhood of ∞ for q = p.

Proof. The proof of the first statement does not differ from that of Lemma 5.2. So let q = p and join the expansions of Lemmata 3.1 and 6.1 for m → ∞:

L(m) = 1 a � 1 + 3p 4a m^{p−1} + o � m^{p−1} � 1 − p 24a m^{p−1} + o � m^{p−1} �

= 1 a + p 3a^2 m^{p−1} + o � m^{p−1} � . Since p ∈ (0, 1) and hence^p_{3a2} > 0, L >^1_a near ∞ indeed. □

Lemma 6.5. Suppose that (23) holds and for q > |p| set

m := m_{p,q,a} := � (p + q)(2q − p − 1) 2q(q − 1)

� 1_{p+1} � a(q − p) q(1 − q)

� 1_{2q−p−1} . (i) If p < 1, q ≤ p, then L^′ < 0 on (0, ∞).

(ii) If p > 0, q > p, then L has a stationary point m_{0;p,q,a} =: m_0 ∈ (0, m] while L^′ < 0 on (0, m_0), L^′ > 0 on (m_0, ∞).

(iii) If p ≤ 0, q > −p, then L^′ > 0 on (0, ∞) ∖ {m}. (iv) If q ≤ −p, then L^′ > 0 on (0, ∞).

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 89

Proof. It is similar to the proof of Lemma 5.3. So suppose that m_0 > 0 is a stationary point of L. From (14) it is clear that L^{′′}(m_0) has the same sign as

(1 − q) q a R^{2q−p−1}(m_0) + p − q =: ϱ_{p,q,a}(m_0) =: ϱ(m_0).

Therefore, if q ≤ p, then L has at most one stationary point and if it has some, then it attains a strict relative minimum there. However, L cannot increase near ∞ (see Lemma 6.4), thus statement (i) holds.

In the rest of the proof we will deal with q > p. We have

L^{′′}(m_0) > 0 ⇐⇒ R(m_0) < � a(q − p) q(1 − q)

� 1_{2q−p−1} =: R_{p,q,a} =: R and R > R(0) ⇐⇒ (2q − p − 1)(p + q) < 0 ⇐⇒ q > −p.

Since (R(0), ∞) is the range of R, each stationary point of L is a point of strict relative maximum for q ≤ −p and statement (iv) follows due to Lemma 6.4.

We will suppose q > −p from now on (together with q > p), thus −^1_3 < p < 1. Consequently,

L^{′′}(m_0) > 0 ⇐⇒ m_0 < R^{−1}(R) = R � 1 − p + 1 2a R^{2q−p−1}

� 1_{p+1} = m.

So Lemma 6.4 guarantees that L does not attain any relative extremum in (m, ∞). Furthermore, if p ≤ 0, then no point of relative extremum lies in (0, m) as well (see Lemma 6.3), as it is stated in (iii). On the other hand, if p > 0, then a similar consideration shows that L has exactly one relative extremum, which is a global minimum attained at some point m_0 ∈ (0, m] and in case of m_0 < m, m may be a stationary point of L as well. In order to complete the verification of statement (ii), let us show that L cannot have two stationary points for 0 < p < 1, q > p: From Lemma 2.11 we see that K^′(m) has the opposite sign to ϱ(m) for any m > 0. Consequently K decreases on (0, m]. However, if L had a relative minimum at some point m_0 ∈ (0, m) and m were another stationary point of L, we would have K(m_0) = L(m_0) < L(m) = K(m) (see Lemma 2.11), a contradiction to K(m_0) > K(m). □

The properties of L ascertained in this section are summarised in Figure 3, which shows all the possible graphs of L with the corresponding sets of parameters in the (p, q)-plane, distinguished by colours. (Note that although we have not ruled out in Lemma 6.5 the possibility that m is a stationary point of L for p ≤ 0, q > −p, it has no influence on the number of solutions of (1).) Using Lemma 2.8 , we can state the main result of this section. Recall that L(u(0)) = l for any u ∈ S(l) and see also Lemmata 6.2, 6.3, 6.4 and 6.5 concerning L(0), lim_{m→∞} L(m) and m_0.

Theorem 6.6. Assume (23) and l > 0. Then N (l) = ∅ and the following holds for the positive symmetric solutions of (1):

90 S. PERES

If p > 0 and q > p, then

|S(l)| = � � � 2 if l ∈ (L(m_0), L(0)), 1 if l ∈ {L(m_0)} ∪ [L(0), ∞), 0 otherwise

and L decreases on (0, m_0] and increases on [m_0, ∞), see Figure 3.

In all the other cases,

|S(l)| = � 1 if l is between L(0) and lim_{m→∞} L(m),

0 otherwise

and L is strictly monotone, see Figure 3.

7. Case IV (p > −1, q =^{p+1}_2 )

In this case we have from Lemma 2.5 that the time map is defined only for q < a and is given by

L(m) = 1 √ 2a I_p � � a a − q

� 1_{2q}

� � �

=:r_{q,a}

� m^{1−p2} , m > 0.

Thus, it is a bijection of (0, ∞) onto (0, ∞) for p ≠ 1 and a constant function for p = 1. Namely, we can use (18) to derive that

L_{1,1,a}(m) = 1 √ a ln √ a + 1 √ a − 1 = 1 2 √ a ln � √ a + 1 √ a − 1

�_2 = 1 2 √ a ln √ a + 1 √ a − 1 . Furthermore, solving (3) for p = 1, we obtain that u_{m,1,a}(x) = m ch( √ ax). So according to Lemma 2.8, we can state the following:

Theorem 7.1. Let p > −1, q =^{p+1}_2 , a > 0. Then for arbitrary l > 0:

S(l) =

� � � � � � � � �

� u_{m,p,a} � �_{[−l,l]} : m = � √ 2a I_p(r_{q,a}) l � 2_{1−p} � if p ≠ 1, q < a, � x → m ch( √ ax), x ∈ [−l, l] : m > 0

� if p = 1, a > 1, l =^1_2^√_a ln^{√a+1√}_{a−1} ,

∅ otherwise, N (l) = ∅.

8. Case V (p > −1, q >^{p+1}_2 ), symmetric solutions

Recall that due to Lemma 2.5, we have the following time maps in case V: L_1 < L_2 defined on (0, M) and L defined on {M}. In this section we describe their behaviour for

(25) p > −1, q > p + 1 2 , a > 0.

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 91

Lemma 8.1 (for p > 1 see [5, p. 57 and Lemma 3.3]). Assume (25). Then R^′_1 > 0 while

lim_{m→0}

R_1(m) m = 1, lim_{m→M} R_1(m) = R(M) = � a q � 1_{2q−p−1}

and R^′_2 < 0 while

lim_{m→0} R_2(m) = � 2a p + 1

� 1_{2q−p−1} =: R_{2;p,q,a}(0) =: R_2(0), lim_{m→M} R_2(m) = R(M).

Moreover, R_2(m) R_2(0)

= 1 − m^{p+1} (2q−p−1)R^{p+1}_2 (0) − 2q+p 2(2q−p−1)^2R^{2(p+1)}_2 (0) m^{2(p+1)} + o � m^{2(p+1)} �

for m → 0.

Proof. It is clear from Lemma 2.5 (iv) and (10) that R^′_1 > 0 and R^′_2 < 0. The limits of R_1(m), R_1(m)/m and R_2(m) can be calculated in the same way as in [5] for p > 1 and the derivation of the asymptotic expansion of R_2(m) for m → 0 does not differ from that of R(m) for m → 0 and m → ∞ in the proof of Lemma 6.1. □ Definition 8.2. For p, q, a satisfying (25) and q < |p| set

m := m_{p,q,a} := � (p + q)(2q − p − 1) 2q(q − 1)

� 1_{p+1} � a(p − q) q(q − 1)

� 1_{2q−p−1} . Lemma 8.3 (for p > 1 see [5, Lemmata 3.1, 3.4, 3.3, 3.2 and 3.5]). If (25) holds, then lim m→M L_1(m) = L(M), lim_{m→M} L^′_1(m) = ∞,

lim_{m→0} L_1(m) = � � � 0 if q > p, 1 a if q = p, ∞ if q < p and the following holds concerning the monotonicity of L_1:

(i) If q ≥ p, then L^′_1 > 0.

(ii) If q < p, then there exists such a point m_{0;p,q,a} =: m_0 ∈ [m, M) that L^′_1 < 0 on (0, m_0), L^′_1 > 0 on (m_0, M).

Proof. It does not differ from the proof that can be found in [5] for p, q > 1. □ Lemma 8.4 (for p > 1 see [5, Lemmata 3.1, 3.4 and 3.3]). If (25) holds, then lim m→M L_2(m) = L(M), lim_{m→M} L^′_2(m) = −∞,

lim_{m→0} L_2(m) = � � � ∞ if p ≥ 1, 2 1 − p � p + 1 2a �^{q−1}_{2q−p−1}

=: L_{2;p,q,a}(0) =: L_2(0) if p ∈ (−1, 1).

92 S. PERES

Proof. The limits at M can be calculated in the same way as it was done in [5] for p, q > 1 while the proof of the second part of the lemma is essentially the same as that of Lemma 5.2. □

Lemma 8.5. Suppose that (25) holds. Then (i) if 0 ≤ p < 1 or q < −p or p ≥ −^1_2 , q = −p, then L_2 < L_2(0) in some neighbourhood of 0 (ii) and if p < 0, q > −p or p < −^1_2 , q = −p, then L_2 > L_2(0) in some neighbourhood of 0.

(We recommend the reader to draw a picture about these two sets in the (p, q)- plane.)

Proof. We use the asymptotic expansions of I_p(y) and R_2(m) from Lemmata 3.4 and 8.1, respectively and our goal is to find the second term of the asymptotic expansion of L_2(m) for m → 0 and to determine its sign. However, as we will see, it has eight different forms depending on the value of p and q.

All the asymptotic expansions in this proof will concern y → ∞ and m → 0. 1. For −^1_3 < p < 1 the expansion of L_2(m) looks like that of L(m) and is derived in the same way as in the proof of Lemma 6.3.

2. If p = −^1_3 , then writing B_p +o(1) as O(1) and R_2(m) as R_2(0)(1+O(m^{2/3})), we obtain:

L_2(m) = 1 2 � 3 a R^{2/3}_2 (m) + 1 2 √ 3a m^{2/3} ln

R_2(m) m + O(m^{2/3})

= L_2(0) + 1 2 √ 3a m^{2/3} ln 1 m + O � m^{2/3} � . 3. Now let −1 < p < −^1_3 . In general, we have the expansion

I_p(y) √ p + 1 = 2 1 − p y^{1−p2} − 1 3p + 1 y^{− 3p+12} + ϱ_p(y)

for some function ϱ_p, which is given by different formulae depending on p and will be specified later. It can be derived from Lemma 8.1 that

R^{1−p2}_2 (m) = R^{1−p2}_2 (0) � 1 − 1 − p 2(2q − p − 1)R^{p+1}_2 (0) m^{p+1}

− (1 − p)(4q + 3p + 1) 8(2q − p − 1)^2R^{2(p+1)}_2 (0) m^{2(p+1)} + o � m^{2(p+1)} � �

and R^{− 3p+12}_2 (m) = R^{− 3p+12}_2 (0) � 1 + 3p + 1 2(2q − p − 1)R^{p+1}_2 (0) m^{p+1} + o � m^{p+1} � � ,

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 93

which yield:

(26)

L_2(m) = L_2(0) + C_{p,q,a}m^{p+1} + D_{p,q,a}m^{2(p+1)} + � p + 1 2a m^{1−p2} ϱ_p � R_2(m) m � + o � m^{2(p+1)} �

where

C_{p,q,a} = −

2(p + q) (3p + 1)(2q − p − 1)R^{p+q}_{2;p,q,a}(0) � � � > 0 if q > −p, = 0 if q = −p, < 0 if q < −p,

D_{p,q,a} = −

8q + p − 1 4(2q − p − 1)^2R^{q+2p+1}_{2;p,q,a} (0) . Using that ϱ_p(y) = o(y^{−(3p+1)/2}) and R_2(m) = O(1), we can rewrite (26) in the form

L_2(m) = L_2(0) + C_{p,q,a}m^{p+1} + o � m^{p+1} � , thus further calculation are needed for q = −p.

(a) Let us consider −q = p ∈ (−^3_5 , −^1_3 ). Since ϱ_p(y) = B_p + o(1) and O(m^{2(p+1)}) = o(m^{(1−p)/2}), we have

L_2(m) = L_2(0) + � p + 1 2a B_pm^{1−p2} + o � m^{1−p2} �

from (26). According to Lemma 3.4, B_p < 0 for p ∈ (−^1_2 , −^1_3 ) and B_p > 0 for p ∈ (−^3_5 , −^1_2 ). In the case p = −^1_2 the expansion from Lemma 3.4 does not suffice for us but we can use (18) together with � R_2(m) = 4a − √ m − m 4a + o(m)

to derive that

L_2(m) = 16a 3 � 1 − √ m 2a − m 16a^2

+ o(m) � 1 + √ m 4a − m 16a^2

+ o(m) �

= L_2(0) − m a + o(m).

(b) If −q = p = −^3_5 , then inserting ϱ_p(y) =^3_8 ln y + O(1) and R_2(m) = O(1) in (26), we obtain that

L_2(m) = L_2(0) + 3 8 √ 5a m^{4/5} ln 1 m + O � m^{4/5} � . (c) Finally, for −q = p ∈ (−1, −^3_5 ) we have

ϱ_p(y) = − 3 4(5p + 3) y^{− 5p+32} + o � y^{− 5p+32} � ,

94 S. PERES

which together with R_2(m) = R_2(0) + o(1) and (26) yields

L_2(m) = L_2(0) +

2p(p + 1) (5p + 3)(3p + 1)^2R^{p+1}_2 (0) � � � >0 m^{2(p+1)} + o � m^{2(p+1)} � .

□ The next three lemmata deal with the monotonicity and the stationary points of L_2.

Lemma 8.6. Assume (25). The following holds:

(i) If p ≥ 0 or p ≥ −^1_2 , q = −p, then

L^′_2 < 0 on (0, M).

(ii) If p < 0, q > −p or p < −^1_2 , q = −p, then L_2 has a unique stationary point m_{0;p,q,a} =: m_0 ∈ (0, M) while L^′_2 > 0 on (0, m_0), L^′_2 < 0 on (m_0, M).

(iii) If q < −p, then one of the following holds:

A: L^′_2 < 0 on (0, M),

B: L^′_2 < 0 on (0, m), L^′_2(m) = 0 and L^′_2 < 0 on (m, M),

C: L^′_2 < 0 on (0, m_1), L^′_2 > 0 on (m_1, m_2) and L^′_2 < 0 on (m_2, M) for some m_1 = m_{1;p,q,a} ∈ (0, m), m_2 = m_{2;p,q,a} ∈ [m, M).

Proof. The case p ≥ 1 is trivial, so let p < 1 and suppose that m_0 ∈ (0, M) is a stationary point of L_2. Recall that L^′_2 < 0 near M due to Lemma 8.4.

Firstly, let us consider q ≥ 1. Then L^{′′}_2 (m_0) < 0, so there are only two possibilities: Either L^′_2 < 0 on (0, M) or L_2 has a unique stationary point, which is a point of strict relative maximum. Lemma 8.5 guarantees that the first one holds for p ≥ 0 and the second one for p < 0.

Now let q < 1. Consequently:

(27) L^{′′}_2 (m_0) < 0 ⇐⇒ R_2(m_0) < � a(q − p) q(1 − q)

� 1_{2q−p−1} =: R_{2;p,q,a} =: R_2.

Recall that (R(M), R_2(0)) is the range of R_2. The inequality R_2 > R(M) holds always while R_2 < R_2(0) only for q < −p. (In the latter case, we have R_2(m) = R_2.) So if q ≥ −p, then each stationary point of L_2 is a point of strict relative maximum and by means of Lemma 8.5 we have again that L^′_2 < 0 for p ≥ 0 and for −q = p ∈ [−^1_2 , −^1_3 ) and L_2 has a unique stationary point for p < 0, q > −p and for p < −^1_2 , q = −p.

From now on we will consider only q < −p (thus, −1 < p < −^1_3 and q < 1). So we have L^{′′}_2 (m_0) < 0 ⇐⇒ m_0 > R^{−1}_2 � R_2 � = m.

It means that L_2 has at most one stationary point (a point of strict relative minimum) in (0, m), at most one (a point of strict relative maximum) in (m, M) and m

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 95

may be a stationary point as well. Suppose that m and some m_2 > m are both stationary points of L_2, thus L_2 increases on [m, m_2]. Since K_2 decreases on [m, M), we have L_2(m) = K_2(m) > K_2(m_2) = L_2(m_2) (see Lemma 2.11), a contradiction. Therefore, L_2 has at most one stationary point in [m, M). Furthermore, due to Lemma 8.5 only A, B or C can hold. □

Lemma 8.7. Assume (25) and q < −p. There exists a continuous function q^∗ : (−1, −^1_2 ) → R such that^{p+1}_2 < q^∗(p) < −p for p ∈ (−1, −^1_2 ), lim_{p→−1/2} q^∗(p) =^1_2 and the following holds:

(i) If p ≥ −^1_2 , q < −p or p < −^1_2 , q < q^∗(p), then

L^′_2 < 0 on (0, M).

(ii) If p < −^1_2 and q = q^∗(p), then m is a stationary point of L_2 while

L^′_2 < 0 on (0, m), L^′_2 < 0 on (m, M).

(iii) If p < −^1_2 and q^∗(p) < q < −p, then L_2 has two stationary points m_{1;p,q,a} =:

m_1, m_{2;p,q,a} =: m_2 while m_1 < m < m_2 and L^′_2 < 0 on (0, m_1), L^′_2 > 0 on (m_1, m_2), L^′_2 < 0 on (m_2, M).

For all p ∈ (−1, −^1_2 ), q = q^∗(p) is the only solution of the equation

I_p(g(p, q)) − 1 1 − p � 2(q − p)(1 − q) q g^{1−p2} (p, q) � � �

=:G(p,q)

=: f(p, q) = 0

in (^{p+1}_2 , −p) where

g(p, q) = � 2q(q − 1) (2q − p − 1)(p + q)

� 1_{p+1} . Proof. From Lemma 8.6 we already know that only A, B or C can hold for q < −p. Let us notice the crucial role of the sign of L^′_2(m): If it is +, then C holds, if 0, then B or C occurs and if −, then A holds. So we derive the following condition:

L^′_{2;p,q,a}(m_{p,q,a}) > 0 ⇐⇒ L_2(m) −

(1 − q)R^{2q−p−12}_2 a(1 − p)

R^{1−p2}_2 > 0 ⇐⇒ f(p, q) > 0

(see (27) for the definition of R_2) and in the sequel we

1. find lim_{q→(p+1)/2} f(p, q) 2. and lim_{q→−p} f(p, q) 3. and investigate the monotonicity of f(p, ·).

Afterwards we will be able to describe the sets where f (or equivalently L^′_2(m)) is positive, zero and negative, resp.

96 S. PERES

1. Since lim_{q→(p+1)/2} g(p, q) = ∞, using the first term of the asymptotic expansion of I_p(y) for y → ∞ (see Lemma 3.4), we obtain: lim q→^{p+1}_2

f(p, q) g^{1−p}2 (p, q) = 3p + 1 (1 − p) √ p + 1

< 0,

thus lim q→^{p+1}_2

f(p, q) = −∞.

2. We are going to find lim_{q→−p} f(p, q), so we denote −q−p =: r for the sake of simplicity. All the asymptotic expansions in this step will concern r → 0+ or y → ∞. We will see that the first two terms of the asymptotic expansions of I_p(g(p, q)) and G(p, q) are identical, therefore we need to calculate the first three. We have:

G(p, q) = 2 √ p + 1 1 − p � � � 1 +^{3p+12p(p+1)} r +^{12p(p+1)} r^2 1 +^r_p g^{1−p2} (p, q)

= 2 √ p + 1 1 − p � 1 + p − 1 2p(p + 1) r + 1 2p^2(p + 1) r^2 + O(r^3) g^{1−p2} (p, q) = 2 √ p + 1 1 − p � 1 + p − 1 4p(p + 1) r − p^2 − 10p − 7 32p^2(p + 1)^2 r^2 + O � r^3 � � g^{1−p2} (p, q).

It will be useful to write the asymptotic expansion of I_p(y) in the form

I_p(y) √ p + 1 = 2 1 − p � 1 + p − 1 2(3p + 1) 1 y^{p+1} � y^{1−p2} + ϱ_p(y)

where function ϱ_p will be specified later. Joining the last formula with

(28) 1 g^{p+1}(p, q) = 3p + 1 2p(p + 1) r 1 +^2_{3p+1} r 1 +^{2p+1}_{p(p+1)} r +^1_{p(p+1)} r^2 = 3p + 1 2p(p + 1) r � 1 − 4p^2 + 3p + 1 p(p + 1)(3p + 1) r + O � r^2 � � , we obtain that

I_p(g(p, q)) = 2 √ p+1 1−p � 1 + p−1 4p(p+1) r + (1−p)(4p^2+3p+1) 4p^2(p+1)^2(3p+1) r^2 + O � r^3 � �

· g^{1−p2} (p, q) + � p+1ϱ_p(g(p, q)),

consequently

(29) f(p, q) = � √ p + 1(29p^3 + 21p^2 + 15p − 1) 16p^2(p + 1)^2(3p + 1)(p − 1) r^2 + O � r^3 � � g^{1−p2} (p, q) + � p + 1ϱ_p(g(p, q)).

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 97

(a) Let −^3_5 < p < −^1_3 , thus ϱ_p(y) = B_p + o(1). Since

g^{1−p2} (p, q) = O � r^{p−12(p+1)} � = o � 1 r^2 � , we have

f(p, q) = � p + 1 B_p + o(1).

So lim_{q→−p} f(p, q) is negative for p ∈ (−^1_2 , −^1_3 ), zero for p = −^1_2 and positive for p ∈ (−^3_5 , −^1_2 ) due to Lemma 3.4.

(b) If p = −^3_5 , then inserting ϱ_p(y) =^3_8 ln y + O(1) and g^{1−p2} (p, q) = O(^1_{r2} ) in (29), we obtain that

f(p, q) = 3 √ 5 8 √ 2 ln 1 r + O(1) −→ ∞.

(c) For p ∈ (−1, −^3_5 ) we have

ϱ_p(y) = � − 3 4(5p + 3) 1 y^{2(p+1)} + o � 1 y^{2(p+1)} � y^{1−p2} ,

hence (29) yields

f(p, q) = � 4(p + 1)^{3/2} p(3p + 1)(5p + 3)(p − 1) r^2 + o � r^2 � � g^{1−p2} (p, q) −→ ∞.

(See (28).)

So we have derived that

lim_{q→−p} f(p, q) � � � < 0 if −^1_2 < p < −^1_3 , = 0 if p = −^1_2 , > 0 if − 1 < p < −^1_2 .

3. The increase of f(p, ·) can be proved using ∂f ∂q (p, q) = � p+1 g^{p+1}(p, q)−1 − � (2q−p−1)(p−q)(p+q) 2q � ∂g ∂q (p, q) + q^2−p (1−p)q � 2q(q−p)(1−q) 1 � g^{p+1}(p, q) g(p, q)

= 1 2q � (2q−p−1)(p+q) p−q � q^2−p q(1−q)(1−p) g(p, q) + (p+q) ∂g ∂q (p, q) �

and ∂g ∂q (p, q) = − q^2 − 2pq + p q(1 − q)(2q − p − 1)(p + q) g(p, q),

98 S. PERES

which yield ∂f ∂q (p, q) = p + q q^2(p − 1) � (p + q)(p − q) 2q − p − 1 g(p, q) > 0.

From 1., 2. and 3. we can see that if p ∈ [−^1_2 , −^1_3 ), q ∈ (^{p+1}_2 , −p), then f(p, q) < 0, i. e. L^′_2 < 0. Moreover, f(p, ·) has a unique zero—denote it by q^∗(p)—for all p ∈ (−1, −^1_2 ) and

• if^{p+1}_2 < q < q^∗(p), then L^′_2(m) < 0, so A holds, • if q^∗(p) < q < −p, then L^′_2(m) > 0, so C holds with m_2 > m • and if q = q^∗(p), then L^′_2(m) = 0, so either B holds or C with m_2 = m. Nevertheless, we prove that only B can hold for q = q^∗(p): So suppose that C holds for some p = p_0 ∈ (−1, −^1_2 ) and q = q^∗(p_0), thus L^′_{2;p0,q∗(p0 ),a}( ~m)>0 for some ~m ∈ (0, M). From the definition of R_2 and the implicit function theorem it follows that R_{2;p0,·,a}( ~m) is continuous, which together with (13), (10) and Theorem 3.5 guarantees the continuity of L^′_{2;p0,·,a}( ~m). Hence, L^′_{2;p0,q∗(p0 )−ε,a}( ~m) > 0 if ε > 0 is small enough, giving a contradiction.

At this moment, assertions (i)–(iii) have been proved. Since f is continuous due to Theorem 3.5, from the implicit function theorem we have the continuity of q^∗ as well. So there only remains to find its limit at −^1_2 . Recall that lim_{q→1/2} f(−^1_2 , q)=0 and choose arbitrary ε ∈ (0,^1_2 ). From the increase of f(−^1_2 , ·) we have f(−^1_2 ,^1_2 − ε) < 0, therefore f(p,^1_2 − ε) < 0 for all p ∈ (−^1_2 − δ, −^1_2 ) and some suitable δ ∈ (0,^1_2 ) and the increase of f(p, ·) yields that^1_2 − ε < q^∗(p) < −p for p ∈ (−^1_2 − δ, −^1_2 ). So we conclude that lim_{p→−1/2} q^∗(p) =^1_2 . □

Lemma 8.8. There exists

lim_{p→−1} q^∗(p) =: q^∗(−1) ∈ (0, 1).

Proof. An easy calculation yields that

lim_{p→−1} g(p, q) = e^{q+12q(1−q)} =: ψ(q) and lim p→−1

f(p, q) = I_{−1}(ψ(q)) − � 1 − q^2 2q ψ(q) =: φ(q)

for all q ∈ (0, 1). In the sequel we examine the behaviour of φ.

Since lim_{q→0} ψ(q) = ∞ and I_{−1}(y) = o(y) for y → ∞ (see Lemma 3.6),

φ(q) = − 1 √ 2q � 1 + o(1) � ψ(q) −→ −∞, q −→ 0.

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 99

Set r := 1 − q and consider r → 0+. Using Lemma 3.6 with n = 4 and the formulae 1 � ln ψ(q) = √ r � 1 − r 4 − 5 32 r^2 − 13 128 r^3 + O � r^4 � � , 1 ln ψ(q) = r � 1 − r 2 − r^2 4 + O � r^3 � � , 1 ln^2 ψ(q)

= r^2 � 1 − r + O � r^2 � , 1 ln^3 ψ(q)

= r^3 � 1 + O(r) � , we obtain that

I_{−1}(ψ(q)) = √ r � 1 + r 4 + 7 32 r^2 + 89 128 r^3 + O � r^4 � ψ(q).

On the other hand, � 1 − q^2 2q = √ r � 1 − r 2 �_{1/2}

(1 − r)^{−1/2} = √ r � 1 + r 4 + 7 32 r^2 + 25 128 r^3 + O � r^4 � � , hence

φ(q) = r^{7/2} 2 ψ(1 − r) � 1 + O(r) � = r^{7/2} 2 e^{1r + 12} � 1 + O(r) � −→ ∞.

It is not hard to derive that

ψ^′(q) = q^2 + 2q − 1 2q^2(1 − q)^2 ψ(q) and φ^′(q) = � 1 � ln ψ(q) − � 1 − q^2 2q � ψ^′(q) + � 2q 1 − q^2 q^2 + 1 4q^2 ψ(q)

= 1 − q 2q^2 � 1 − q^2 2q ψ(q) > 0.

So we conclude that φ has a unique zero q_0 ∈ (0, 1). Since φ increases and lim_{p→−1} f(p, q) = φ(q), we have that for arbitrary ε ∈ (0, min{q_0, 1 − q_0}) there exists such δ > 0 that ∀p ∈ (−1, −1 + δ): f(p, q_0 − ε) < 0 < f(p, q_0 + ε), hence ∀p ∈ (−1, −1 + δ): q_0 − ε < q^∗(p) < q_0 + ε and therefore lim_{p→−1} q^∗(p) = q_0. □

Numerical calculations indicate that q^∗ is probably decreasing, concave, its graph touches the graph of q = −p in −^1_2 , and q^∗(−1) ≈ 0.730. We would like to prove some of these observations analytically in the future.

100 S. PERES

We append Figure 4 with all the possible graphs of L_1 and L_2 and the corresponding sets of (p, q), based on the lemmata of this section. These results are sufficient to determine the number of the symmetric solutions of (1) in case V depending on p, q, a, l (see Lemma 2.8) except for −1 < p < −^1_2 , q^∗(p) < q < −p because it is required to investigate, for which p, q is L_2(0) > L_2(m_2). In view of Lemmata 8.6 (ii) and 8.7 (ii), it can be expected that this domain is divided by a continuous curve into three sets where L_2(0) = L_2(m_2) for (p, q) lying on the curve, L_2(0) < L_2(m_2) above it and L_2(0) > L_2(m_2) under it. This hypothesis is also consistent with numerical calculations and will be an object of further research.

So let us state the main result of this section.

Theorem 8.9. Suppose (25).

(a) If q < p, then � |S(l)| : l > 0 � = � 0, 1, 2 � . (b) If q = p, then � |S(l)| : l > 0 � = � 0, 1 � . (c) If p ≥ 1 and q > p, then

|S(l)| = 1 for l > 0.

(d) If 0 ≤ p < 1 or p ≥ −^1_2 , q ≤ −p or p < −^1_2 , q ≤ q^∗(p), then � |S(l)| : l > 0 � = � 0, 1 � . (e) If p < 0, q > −p or p < −^1_2 , q = −p, then � |S(l)| : l > 0 � = � 0, 1, 2 � . (f) If p < −^1_2 and q^∗(p) < q < −p, then � |S(l)| : l > 0 � = � 0, 1, 2, 3 � . The exact dependence of |S(l)| on l as well as the monotonicity properties of L are indicated in Figure 4. (Recall that L(u(0)) = l for any u ∈ S(l).)

In this paper, we have not dealt with the monotonicity of L_1 + L_2, which is related to the number of nonsymmetric solutions of (1). It was proved in [5] that (L_1 + L_2)^′ < 0 for 1 < p ≤ 4 and for p > 4, q ≥ p − 1 −^1_{p−2} . Our future goal is to examine the behaviour of L_1 + L_2 for the rest of case V and to study cases VI–XIII.

Acknowledgement. The author is grateful to Professor Marek Fila for his help and to the referee for his valuable suggestions.

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 101

Figure 3. The relation between m = u(0) and l for u ∈ S(l) in case III (p > −1, 0 < q <^{p+1}_2 , a > 0) according to Lemmata 2.8, 6.2, 6.3, 6.4 and 6.5. See also Theorem 6.6.

102 S. PERES

Figure 4. The relation between m = u(0) and l for u ∈ S(l) in case V (p > −1, q >^{p+1}_2 , a > 0) according to Lemmata 2.8, 8.3, 8.4, 8.6, 8.7 and 8.8. See also Theorem 8.9.

SOLVABILITY OF A NONLINEAR BOUNDARY VALUE PROBLEM 103

References

1. Andreu F., Mazón J. M., Toledo J. and Rossi J. D., Porous medium equation with absorption and a nonlinear boundary condition, Nonlinear Analysis: Theory, Methods & Applications 49(4) (2002), 541–563.

2. Arrieta J. M. and Rodríguez-Bernal A., Localization on the boundary of blow-up for reactiondiffusion equations with nonlinear boundary conditions, Communications in Partial Differential Equations 29(7–8) (2004), 1127–1148.

3. Brighi B. and Ramaswamy M., On some general semilinear elliptic problems with nonlinear boundary conditions, Advances in Differential Equations 4(3) (1999), 369–390.

4. Cano-Casanova S., On the positive solutions of the logistic weighted elliptic BVP with sublinear mixed boundary conditions, Cano-Casanova, S. López-Gómez J. and Mora-Corral C. (eds.) Spectral Theory and Nonlinear Analysis with Applications to Spatial Ecology, 1–15, World Scientific, Singapore 2005.

5. Chipot M., Fila M. and Quittner P., Stationary solutions, blow up and convergence to stationary solutions for semilinear parabolic equations with nonlinear boundary conditions, Acta Mathematica Universitatis Comenianae 60(1) (1991), 35–103.

6. Chipot M. and Quittner P., Equilibria, connecting orbits and a priori bounds for semilinear parabolic equations with nonlinear boundary conditions, Journal of Dynamics and Differential Equations 16(1) (2004), 91–138.

7. Chipot M. and Ramaswamy M., Semilinear elliptic problems with nonlinear boundary conditions, Differential Equations and Dynamical Systems 6(1–2) (1998), 51–75.

8. Fila M. and Kawohl B., Large time behavior of solutions to a quasilinear parabolic equation with a nonlinear boundary condition, Advances in Mathematical Sciences and Applications 11 (2001), 113–126.

9. Fila M., Velázquez J. J. L. and Winkler M., Grow-up on the boundary for a semilinear parabolic problem, Progress in Nonlinear Differential Equations and Their Applications, vol. 64: Nonlinear Elliptic and Parabolic Problems, 137–150, Birkhäuser, Basel 2005.

10. García-Melián J., Morales-Rodrigo C., Rossi J. D. and Suárez A., Nonnegative solutions to an elliptic problem with nonlinear absorption and a nonlinear incoming flux on the boundary, Annali di Matematica Pura ed Applicata 187(3) (2008), 459–486.

11. Leung A. W. and Zhang Q., Reaction diffusion equations with non-linear boundary conditions, blowup and steady states, Mathematical Methods in the Applied Sciences 21(17) (1998), 1593–1617.

12. López Gómez J., Márquez V. and Wolanski N., Dynamic behavior of positive solutions to reaction-diffusion problems with nonlinear absorption through the boundary, Revista de la Unión Matemática Argentina 38(3–4) (1993), 196–209.

13. Morales-Rodrigo C. and Suárez A., Some elliptic problems with nonlinear boundary conditions, Cano-Casanova S., López-Gómez J. and Mora-Corral C. (eds.) Spectral Theory and Nonlinear Analysis with Applications to Spatial Ecology, 175–199, World Scientific, Singapore 2005.

14. Quittner P., On global existence and stationary solutions for two classes of semilinear parabolic problems, Commentationes Mathematicae Universitatis Carolinae 34(1) (1993), 105– 124.

15. Rodríguez-Bernal A. and Tajdine A., Nonlinear balance for reaction-diffusion equations under nonlinear boundary conditions: dissipativity and blow-up, Journal of Differential Equations 169(2) (2001), 332–372.

16. Rossi J. D., Elliptic problems with nonlinear boundary conditions and the Sobolev trace theorem, Chipot M. and Quittner P. (eds.) Handbook of Differential Equations: Stationary Partial Differential Equations, vol. 2, Chapter 5, 311–406, Elsevier, Amsterdam 2005.

S. Peres, Department of Applied Mathematics and Statistics, Comenius University, Mlynská dolina, SK-84248 Bratislava, Slovakia, e-mail: peres@fmph.uniba.sk