Acta Math. Univ. Comenianae Vol. LXXXIL, 1 (2013), pp. 1–10 1

FREE ENERGIES AS INVARIANTS OF TEICHMÜLLER LIKE STRUCTURES

A. MESÓN and F. VERICAT

Abstract. A Teichmüller like structure on the space of d-degree holomorphic maps on the circle S^1, marked by conjugations to the map z → z^d, can be defined. Here we introduce a definition of free energy associated with this kind of dynamics as an invariant of equivalence classes in the Teichmüller space. This quantity encodes a length spectrum of rotation cycles in S^1.

1. Introduction

The free energy is a map defined as average limit of a partition function for configurations of a system. In lattice Statistical Mechanics, the partition function is usually defined from admissible sequences of spins, whereas in the area of Dynamical Systems we may have an analogous function taken as configuration orbits of the dynamics. So, free energy plays a relevant role whatever of these or even other, areas considered.

Free energy rigidity properties for finite range potentials were established in [8] whereas in [4] we analyzed the rigidity problem but including long range potential. In both works a statistical mechanics point of view is taken.

A geometric free energy was introduced by Pollicott and Weiss [9]. The partition function there is defined from the sum over closed geodesics in hyperbolic manifolds. Here we shall consider a free energy which may be seen as a sort of a mix between dynamical and geometric free energies.

Let B_d be the space of proper holomorphic maps f : H^2 → H^2 which can be expressed as Blaschke products

f(z) = z d� j=2 � z − c_i 1 − c_iz � , c_i ∈ H^2

(1.1)

and where H^2 is a hyperbolic disc model. These applications have the property that f |_S1 preserves the Lebesgue measure and |f^′| > 1 on the circle S^1. We also call these restrictions Blaschke products.

A covering of a circle map f is a map ~f : R → R such that π ∘ ~f = f ∘ π where π : R → S^1 is the map π(t) = exp(2πit). Let Cov_d(R) be the space of

Received December, 12, 2010; revised October 22, 2012. 2010 Mathematics Subject Classification. Primary 37E10,37F30. Key words and phrases. Free energy; circle map; Teichmüller space.

2 A. MES^´ON and F. VERICAT

d-degree coverings, i.e., ~f(t + 1) = ~f(t) + d for any real t. Let C_d(R) be the subspace of Cov_d(R) which consists of analytic homeomorphisms ~f, covering of expanding Blaschke products. We shall call C_d(S^1) to the space of expanding Blaschke products whose coverings are in C_d(R).

Any f ∈ C_d(S^1) is conjugated to the map p_d(z) = z^d by the marking map ϕ_f : S^1 → S^1 [6]. The marking map satisfies

~ϕ_f (t) = lim_{n→∞} 1 d^n

~f n(t),

which limit does exist [6]. The Teichmüller space τ(C_d(S^1)) is formed by the equivalence classes [(f, ϕ_f )] for the relation (f, ϕ_f ) ∼ (g, ϕ_g ) if ϕ: = ϕ_f ∘ ϕ^{−1}_g is a diffeomorphism which conjugates f and g.

For these spaces, the mapping class group M_d for this Teichmüller structure is isomorphic to Z_{d−1} which in turn is isomorphic to the automorphism group of p_d.

An n-periodic point C of p_d(z) = z^d will be called n-cycle and its period will be denoted by |C|. Following [7] the length of an n-cycle C with respect to f ∈ C_d(S^1) is defined as

L(C, f) := log |(f^n)^′(z)| , with z ∈ C

(1.2)

This gives the following length spectra

S^N_f = {L(C, f) : |C| = n} non-marked spectrum and S^M_f = {(L(C, f), |C|) : |C| = n} marked spectrum.

The cycles, as studied by McMullen in [7], have geometric and topological behaviors comparable to closed geodesics in hyperbolic surfaces. The degree of a cycle C is the least s > 0 such that p_d |_C can be extended to an s-degree topological covering map on the circle. The cycles whose degree is 1 are called simple cycles, equivalently simple cycles are those that p_d |_C preserves its cyclic ordering. Precisely, these kind of points present similar facts to closed simple geodesics. For instance, if a cycle C verifies L(C, f) < log 2, then it is a simple cycle. The counterpart for geodesics in hyperbolic surfaces of this result is that any closed geodesic in a genus g-surface with length less than log(3 + 2 √ 2) is simple [7].

In this article we shall consider a free energy encoding marked length spectra of cycles. In [9] a free energy encoding marked length spectra of closed geodesics was introduced, thus our objective is to analyze facts of the free energy of herein comparing with the partition function for length of geodesics [9]. We will specially pointed out the invariance for the Teichmüller structures above mentioned.

A “dual free energy” will be defined with partition function summing over periodic sequences in a “dual symbolic space”. An orientation-preserving map f : S^1 → S^1 of degree d ≥ 2 with f(1) = 1 admits a Markov partition and consequently a symbolic space Σ. Its dual space is defined as

Σ^∗ = {ω^∗ = . . . k_n . . . k_1k_0 : ω = k_0k_1 . . . k_n . . . ∈ Σ} .

FREE ENERGIES AS INVARIANTS OF TEICHMÜLLER LIKE STRUCTURES 3

Let H_n = k_0k_1 . . . k_{n−1} be the truncation of a sequence in Σ to its first n symbols and H^∗_n = k_{n−1} . . . k_1k_0 be the dual sequence, i.e., ω^∗ = . . . k_{n−1} . . . k_1k_0 ∈ Σ^∗.

In [1] Jiang introduced a dual derivative

D^∗(f): Σ^∗ → R

on the dual space (the definition will be displayed in the next section). The dynamics on Σ^∗ are given by dual Bernoulli shift defined by

σ^∗(ω^∗ = . . . k_n . . . k_1k_0) = . . . k_n . . . k_1.

The cycles in this context will be periodic sequences. This symbolic space and this derivative can be obtained for a larger class of holomorphic d-degree maps, namely on the class uniformly symmetric maps [1]. A circle homeomorphism f with lifting ~f : R → R is called uniformly symmetric if 1 1 + ε(t) ≤ � � � � ~f −n(x + t) − ~f −n(x) ~f −n(x) − ~f −n(x − t) � � � � ≤ 1 + ε(t)

(1.3)

for some bounded function ε(t) and for any t > 0, x ∈ R. Uniformly symmetric maps may not be differentiable. If US(S^1) denotes the set of uniformly symmetric homeomorphisms on the circle, then the Teichmüller space τ(US(S^1)) with base point p_d is given by equivalence classes [(f, ϕ_f )], but now with the relation (f, ϕ_f ) ∼ (g, ϕ_g ) if ϕ := ϕ_f ∘ ϕ^{−1}_g is symmetric.

For f ∈ C_d(S^1) and so ~f ∈ C_d(R), the potential Ψ(ω^∗) = − log D^∗(f)(ω^∗) has a unique Gibbs state. For the broader class US, there is not an exponential convergence of D^∗(f)(H^∗_n) to D^∗(f)(ω^∗) like in the case f ∈ C_d(S^1) and the thermodynamic formalism is not enough to ensure Gibbs inequalities.

The dual length of f with respect to an n−cycle ω^∗ is defined as

L^∗(f, ω^∗) = S_n(D^∗(f))(ω^∗) := n−1� i=0 D^∗(f)((σ^∗)^i(ω^∗)) (statistical sum).

(1.4)

A dual free energy will be defined encoding the spectrum formed by the length L^∗.

This article is in the line of a previous one [5] in which we obtained relationships between Teichmüller structures and thermodynamics objects for conformal iterated schemes of d-proper holomorphic maps.

2. Free energies

Let f ∈ C_d(S^1) the set of n-cycles with respect to f be denoted by C_{n,f} . We consider the partition function

Z_{n,f} (q) := � |C|=n

exp(−qL(C, f)),

(2.1)

where q is interpreted as the inverse of the temperature and the free energy

T_f (q) = lim_{n→∞} 1 n log Z_{n,f} (q).

(2.2)

4 A. MES^´ON and F. VERICAT

Definition. Two maps φ, ψ : X → R are cohomologous with respect to a dynamical map f : X → X if there exits a function h: X → X such that φ = ψ + h − h ∘ f.

Thus, two cohomologous functions have the same statistical sum when evaluated in periodic points by a direct calculation.

Lemma 1. If (f, ϕ_f ), (g, ϕ_g ) belong to the same class in τ(C_d) then T_f = T_g. Proof. Since (f, ϕ_f ) ∼ (g, ϕ_g ), we have f(ϕ(z)) = ϕ(g(z)) where ϕ = ϕ_f ∘ ϕ^{−1}_g . Then f^′(ϕ(z))ϕ^′(z) = ϕ^′(g(z))g^′(z). Let φ_f = log |f^′| and φ_g = log |g^′|, so φ_f = φ_g +log |ϕ^′|−log |ϕ^′∘f|, so that φ_f and φ_g are cohomologous with h = log |ϕ^′|. Hence for any cycle L(C, f) = L(C, g), C and T_f = T_g. □

By the Livsic theorem, the iplication L(C, f) = L(C, g) ⇒ S^M_f = S^M_g is valid. Next we shall consider a Poincaré series in the sense of [9], but with the length spectrum of cycles instead of geodesics. Let P (q, r) = � C∈C_{n,f}

exp [−qL(C, f) − r |C|] ,

(2.3) or P (q, r) = ∞� n=1 1 n � � � C∈C_{n,f}

exp [−qL(C, f) − r |C|] � � . (2.4)

This series converges if

L := lim_{n→∞} � � � C∈C_{n,f}

exp(−qL(C, f)) � � 1 n (exp(−rn))^{1n} < 1,

thus

lim_{n→∞} 1 n log Z_{n,f} (q) − r = log L < 0.

The region of convergence of the series is Ω = {(q, r) : T_f (q) < r}.

The potential φ_f = log |f^′| has a unique Gibbs state μ_f [10], now a Gibbs state can be associated with to any pair (f, ϕ_f ) and since cohomologous maps have the same Gibbs state [2], pairs in the same equivalence class of τ(C_d(S^1)) share its Gibbs state.

Next we display a result similar to one in [9] for geodesics.

Theorem 1. Let μ_q be the Gibbs state for the potential −q log |f^′|, f ∈ C_d(S^1), with a covering ~f ∈ C_d(R), the behaviors of the Gibbs states for “zero temperature” are lim q→+∞ � log |f^′|dμ_q = inf � L(C, f) |C| : C is a cycle �

FREE ENERGIES AS INVARIANTS OF TEICHMÜLLER LIKE STRUCTURES 5 and lim q→−∞ � log |f^′|dμ_q = sup � L(C, f) |C| : C is a cycle � . Proof. By the variational principle, we have h_{μq} (f) − q � log |f^′|dμ_q ≥ h_μ(f) − q � log |f^′|dμ for any measure μ where h_μ(f) is the measure-theoretic entropy.

Thus for q > 0, h_{μq} (f) q − � log |f^′|dμ_q ≥ h_μ(f) q + � log |f^′|dμ

and so � log |f^′|dμ_q ≤ h_{μq} (f) − h_μ(f) q + � log |f^′|dμ ≤ 2h q + � log |f^′|dμ (h = topological entropy).

Then � log |f^′|dμ_q ≤ 2h q + inf_μ � log |f^′|dμ � . By the ergodic theorem, 1 |C| L(C, f) tends to � log |f^′|dμ as |C| → ∞, μ − a.e. for any ergodic measure μ. Now we have lim q→+∞ � log |f^′|dμ_q = inf_μ � log |f^′|dμ � = inf � L(C, f) |C| : C is a cycle � . The demonstration for the other limit is totally similar. □ Then for any cycle C, we have

A_1 := inf � L(C, f) |C| : C is a cycle � ≤ L(C, f) |C| ≤ A_2 := sup � L(C, f) |C| : C is a cycle � , similar to a known result by Milnor for closed geodesics.

The value � log |f^′|dμ_q is precisely T^′_f (q) [2], so that for high and low tempera-

tures, the free energy behaves as lim_{q→+∞} T^′_f (q) = inf � L(C, f) |C| : C is a cycle � and lim q→−∞

T_f (q) = sup � L(C, f) |C| : C is a cycle � . By the Anosov closing lemma, for any t ∈ [A_1, A_2] and for any ε > 0, there is a cycle C such that � � � � L(C, f) |C| − t � � � � < ε.

Next we shall introduce a dual free energy. We begin by presenting the definition of the dual derivative according to [1]. Let f : S^1 → S^1 be an orientationpreserving of degree d ≥ 2 with a fixed point in z = 1. There is a Markov partition J = {J_0, J_1, . . . , J_{d−1}} for (S^1, f) where intervals are obtained by the intersection of f^{−1}(1) with the circle. Let I = {I_0, I_1, . . . , I_{d−1}} be the partition of I = [0, 1]

6 A. MES^´ON and F. VERICAT

obtained by lifting any J_i to I_i by the cover map π(x) = exp(2πix). The name of length n of a point z ∈ S^1 is the string H_n = k_0k_1 . . . k_{n−1} such that f^ℓ(z) ∈ J_{kℓ} . let J^n be the partition by sets J_{Hn} formed by points with the same name with respect to J and f. The number of intervals of J^n is (d − 1)^n and J^n is also a Markov partition and by I^n, the lift of J^n is denoted to I. The strings which give the names of infinite length corresponding to points in S^1 or in [0, 1] originate a symbolic space with alphabet Ω = {0, 1 . . . , d − 1},

Σ = {ω = k_0k_1 . . . k_{n−1} . . . : k_i ∈ Ω} . Its dual space is defined as

Σ^∗ = {ω^∗ = . . . k_{n−1} . . . k_1k_0 : k_i ∈ Ω} and the dual shift on Σ^∗ is σ^∗(ω^∗ = . . . k_{n−1} . . . k_1k_0) = . . . k_{n−1} . . . k_1.

Let H_n = k_0k_1 . . . k_{n−1} be the truncation of a sequence in Σ to its first n symbols and H^∗_n = k_{n−1} . . . k_1k_0 be the dual sequence, i.e., ω^∗ = . . . k_{n−1} . . . k_1k_0 ∈ Σ^∗. Let us call K^∗_{n−1} to the last n − 1 symbols of σ^∗(ω^∗), i.e., K^∗_n = k_{n−1} . . . k_1, which is the dual of the string K_{n−1} = k_1 . . . k_{n−1}. The cylinder containing the string H^∗_n = k_{n−1} . . . k_1k_0 is

C(H^∗_n) = � ω^∗ = . . . k_nk_{n−1} . . . k_1k_0 : k_i ∈ Ω � . Now we define

D^∗(f)(H^∗_n) := ℓ(I_{Kn−1} ) ℓ(H_n) , (2.5)

where ℓ denotes the length of the interval. Finally the dual derivative of f is D^∗(f) : Σ^∗ → R D^∗(f)(ω^∗) = lim_{n→∞} D^∗(f)(H^∗_n)

(2.6)

where this convergence is exponential.

There is an unique Gibbs state μ^∗ associated with the potential ω^∗ −→ − log D^∗(f)(ω^∗).

This measure is defined on the cylinders. Since the exponential convergence for any natural n, there are constants C > 0 and 0 < r < 1 such that � � � μ^∗(C(H^∗_n)) μ^∗(C(K^∗_{n−1}))

− D^∗(f)(ω^∗) � � � ≤ Cr^n.

From this, Gibbs inequalities are obtained.

The Teichmüller structures on the spaces of circle maps defined earlier are described by the dual derivative, this means [1]

τ(C_d(S^1)) = � D^∗(f) : f ∈ C_d(S^1) � τ(US(S^1)) = � D^∗(f) : f ∈ US(S^1) � . Next we introduce the dual free energy. Let C^∗_n be the set of sequences in Σ^∗ with period n. In this symbolic context the sequences will be called cycles, the period

FREE ENERGIES AS INVARIANTS OF TEICHMÜLLER LIKE STRUCTURES 7

of a sequence ω^∗ will be denoted by |ω^∗|. The length of ω^∗ ∈ C^∗_n with respect to f is defined as L^∗( ω^∗, f) := S_n(ψ)(ω^∗). The partition function is Z^∗_{n,f} (q) := � ω^∗∈C^∗_n

exp(−qL^∗( ω^∗, f))

(2.7)

and the dual free energy

T^∗_f (q) = lim_{n→∞} 1 n log Z^∗_{n,f} (q).

(2.8)

The dual length spectra are

S^{∗N}_f = {L^∗(ω^∗, f) : ω^∗ ∈ C^∗_n} and S^{∗M}_f = {(L^∗(ω^∗, f), ω^∗) : ω^∗ ∈ C^∗_n} . Now we can present a similar dual result.

Theorem 2. Let μ^∗_q be the Gibbs state for the potential −qψ = −q log D^∗(f)(ω^∗), f ∈ C_d(S^1), with a covering ~f ∈ C_d(R). Then we have the following behaviors lim q→+∞ � ψdμ^∗_q = inf � L^∗( ω^∗, f)

|ω^∗|

: ω^∗ periodic sequence �

and lim q→−∞ � ψdμ^∗_q = sup � L^∗( ω^∗, f) |ω^∗|

: ω^∗ periodic sequence � . Proof. By the variational principle, we have for any f− invariant measure μ,

h_{μq} (σ^∗) − q � log D^∗(f)dμ^∗_q ≥ h_μ(σ^∗) − q � log D^∗(f)dμ.

If q > 0, then h_{μq} (σ^∗) q − � log D^∗(f)dμ^∗_q ≥ h_μ(σ^∗) q + � log D^∗(f)dμ,

which leads to � log D^∗(f)dμ^∗_q ≤ h_{μq} (σ^∗) − h_μ(σ^∗) q + � log D^∗(f)dμ ≤ 2h q + � log D^∗(f)dμ.

So that � log D^∗(f)dμ^∗_q ≤ 2h q + inf_μ � log D^∗(f)dμ � . By the ergodic theorem, 1 |ω^∗|

L^∗( ω^∗, f) = 1 |ω^∗|

S_n(ψ)(ω^∗) converges to � log D^∗(f)dμ, for |ω^∗| → ∞, μ − a.e. for any ergodic measure μ. Further we obtain lim q→+∞ � log |f^′|dμ^∗_q = inf_μ � log D^∗(f)dμ �

= inf � L^∗( ω^∗, f) |ω^∗|

: ω^∗ periodic sequence �

8 A. MES^´ON and F. VERICAT

In analogous way the equality for the other limit is demonstrated. □

For uniformly symmetric maps Jiang developed a theory for obtaining a “type Gibbs measure” associated with the potential ω^∗ → − log D^∗(f)(ω^∗), f ∈ US, which involves quasiconformal mappings. The convergence is not in general exponential as in the setting of the above theorem. Since this fact, results used in Theorem 2 do not have be guaranteed. We are deeply grateful to the referee for pointing out about this issue.

We shall consider now a special circle map introduced by Los whose construction follows the ideas of Bowen and Series to define boundary hyperbolic maps associated with an action of a Fuchsian group Γ on the hyperbolic disc. The new in the construction of Los is that he does not consider geometric conditions on the fundamental region for the action of Γ on H^2, but keeps the restrictions on the presentation of the group. Besides, the constructions for defining the map are more combinatorial than geometric. The objective of introducing such a map was to compute the volume entropy, i.e., the growing rate of the ball in the word metric for a presentation of the group. The main result in [3] is that the volume entropy for a presentation of Γ equals the topological entropy of the Bowen-Series like map defined in that article. This leads to a method for minimizing the volume entropy among the geometric presentations of the group. Herein we shall introduce a combinatorial free energy which will be compared with free energy associated the Los map. Next we give a brief background, for more details the article by Los is available in the web . . . .

Let Γ be a hyperbolic co-compact surface group with a finite presentation P given by a symmetric set of generators S = � s^{±1}_1 , . . . , s^{±1}_m � and relators R = {r_1, . . . , r_k}. The length of γ ∈ Γ ≡ P = ⟨S, R⟩ denoted by |γ| is the minimal number of elements of S needed to express γ. The word metric is defined as d_S (γ_1, γ_2) = � �γ_1γ^{−1}_2 � � and the ball B_{n,S} is {γ : d_S (γ, id) = n}. Recall the Cayley graph G(Γ, P) for a group Γ with presentation P which is the graph with vertices from the elements of Γ and there is an edge between γ_1 and γ_2. If γ_1γ^{−1}_2 = id, relators represent a closed path in the Cayley graph. The two-complex G^{(2)} is the two-dimensional complex whose 1-skeleton is G and where the two-cells are attached to a closed path in G. A presentation P is called geometric if the complex G^{(2)} is planar.

The presentation P = ⟨S, R⟩ uniquely defines a partition {I_{si} }_{si∈S} of S^1 and the Los map associated with a geometric presentation P is defined as

f_P : S^1 → S^1, f_P (z) = s^{−1}_i z for z ∈ I_{si}

(2.9)

By T_P (q), let us denote the free energy for the map f_P .

A refinement of the partition {I_{si} } leads to a Markov partition in such a way that f_P becomes a Markov and strictly expanding map. There are subdivisions L_{si} , R_{si} of I_{si} such that the partition by subdivision points

S := � s_i∈S

(L_{si} ∪ R_{si} ∪ ∂I_{si} )

FREE ENERGIES AS INVARIANTS OF TEICHMÜLLER LIKE STRUCTURES 9

is uniquely determined by P and f_P is S−invariant. The map f_P satisfies the Markov condition with respect to S, i.e., f_P is an homeomorphism in each interval of the partition and maps extremes to extremes. Thus S determines a Markov partition for f_P . Thus the orbits � f^n_P (z) : n ∈ N, z ∈ S^1 � can be coded by a given symbolic Markov space Σ with an alphabet constituted by generators of Γ, the coding is given as

χ : S^1 − ∪∂I_{si} → Σ, χ(z) = s_{i0} s_{i1} . . . , with f^j_P (z) ∈ I_{sij} .

Since ℓ(^∞ � n=0 f^{−j}_P (I_{si} )) → 0 as n → ∞, the coding map χ is injective [3].

Now any point z assigns a sequence ω = s_{i0} s_{i1} . . ., s_{ij} ∈ S. The restriction of the coding sequence to the n-first symbols is called the n-prefix. Let D_{n,S} be the number of n-prefix for a geometric presentation P, then for n enough large, D_{n,S} ≈ cardB_{n,S} and restriction on sequences in χ(S^1 − ∪∂I_{si} ) are equal for all n [3].

For ω ∈ χ(S^1 − ∪∂I_{si} ), let ψ(ω) = log |f^′(χ^{−1}(ω))| and the partition function

Z_{n,comb}(q) := � ω∈B_{n,S} ∩χ(S^1−∪∂I_{si} )

exp(−qS_n(ψ)(ω)).

The combinatorial free energy for a geometric presentation P is

T_{comb,P} (q) = lim_{n→∞} 1 n log Z_{n,comb}(q)

with T_{comb}(0) = volume entropy of Γ ≡ P = ⟨S, R⟩.

To compare the combinatorial free energy with T_P (q) firstly, we get cardB_{n,S} = cardD_{n,S} = ‖A^n‖, where A is the transition matrix for the Markov partition [11] which in turn is equal to the number of cycles of length n [10].

We are grateful to the referee for the helpful comments.

References

1. Jiang Y., Teichmüller structures and dual geometric Gibbs type measure theory for continuous potentials, arXiv0804.3104v1 (2008).

2. Katok A. and Hasselblatt B., Introduction to the Modern Theory of Dynamical Systems, Cambridge Univ. Pres, 1995.

3. Los J., Volume entropy for surface groups via Bown-Series like maps, arXiv0908.3537v1 (2009).

4. Mesón A. M. and Vericat F., A Statistical Mechanics approach for a rigidity problem, J.

Stat. Phys., 126(2) (2007), 391–417.

5. , Weil-Petersson metric and infinite conformal iterated schemes, Diff. Geom. Dynam.

Sys., 12 (2010), 1–17.

6. Mullen C. Mc, A Compactification of the Space of Expanding Maps on the Circle, Geom and Func. Analysis, 18 (2009), 2101–2119.

7. , Dynamics on the unit disk: short geodesics and simple cycles. Comm. Math. Helv.

85 (2010), 723–749.

8. Pollicott M. and Weiss H., Free energy as a dynamical and geometric invariant (or can you hear the shape of a potential), Commun. Math. Phys., 240 (2003), 457–482.

9. , Free energy as geometric invariant, Commun. Math. Phys., 260(2) (2005), 445–454.

10 A. MES^´ON and F. VERICAT

10. Ruelle D., Thermodynamic Formalism, Encyclopedia of Mathematics, Addison-Wesley 1978. 11. Schub M., Stabilité global des systemes dynamiques, Asterisque, 56 (1976). 12. Sridharan S., Statistical properties of hyperbolic Julia sets, Diff. Geometry-Dynam. Systems, 11 (2009), 175–184.

13. Walters P., An Introduction to Ergodic Theory, Springer-Verlag, Berlin, 1982.

A. Mesón, Instituto de Fisica de Líquidos y Sistemas Biológicos (IFLYSIB) CONICET La Plata- UNLP and Grupo de Aplicaciones Matemáticas y Estadísticas de la Facultad de Ingeniería (GAMEFI), UNLP, La Plata, Argentina, e-mail: meson@iflysib.unlp.edu.ar

F. Vericat, Instituto de Fisica de Líquidos y Sistemas Biológicos (IFLYSIB) CONICET La Plata- UNLP and Grupo de Aplicaciones Matemáticas y Estadísticas de la Facultad de Ingeniería (GAMEFI), UNLP, La Plata, Argentina, e-mail: vericat@iflysib.unlp.edu.ar