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APPLICATIONS OF QUASI-SUBORDINATION OF COEFFICIENTS
ESTIMATES FOR NEW SUBCLASSES OF BI-UNIVALENT
FUNCTIONS
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ABSTRACT. The purpose of the present paper is to introduce and investigate
a new subclasses of analytic and bi-univalent functions defined in the open unit
disk,which are associated with the quasi-subordination. We obtain estimates on the
initial coefficients |az| and |ag| of functions in these subclasses. Also several known
and new consequences of these results are pointed out.

2010 Mathematics Subject Classification: 30C45.

Keywords: analytic function; univalent function; bi-univalent function; subordi-
nation; quasi-subordination.

1. INTRODUCTION AND DEFINITIONS

Let A be the class of analytic functions defined on the open unit disk U = {z : |2| <
1} and normalized with

f2) =24 a2 | zeU. (1)
j=2

Further, let S denote the class of all functions in A consisting of form (1) which are
univalent in U. We say that f is subordinate to F' in U, written as f < F, if and
only if f(z) = F(w(z)) for some analytic function w such that |w(z)| < |z| for all
zeU. If f e A and

2f'(2) 2f"(2)
f(2) f'(2)
_ 14z

where p(z) = 172, then we say that f is starlike function and convex function, re-

spectively. These functions form known classes denoted by &* and C, respectively.

<p(z) and 1+ =< p(2),
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From Koebe one quarter theorem [10], it is well known that every function f € S
has an inverse f~!, defined by

fHf2) =2 (z€)

and
FUHw) =w (jw| <ro(f)iro(f) > 1/4), (2)
where
fHw) = g(w) = w — agw? + (2a3 — a3)w® — (5a3 — Sagaz + ag)w +--- . (3)

A function f € A is said to be bi-univalent in U when both f and f~! are univalent in

U. Let 3 denote the class of bi-univalent functions in U given by (1). The functions

z 142z
1—2° 1—2

the familiar Koebe function is not bi-univalent. Lewin [7] investigated the class of
bi-univalent functions ¥ and obtained a bound |ag| < 1.51. Motivated by the work
of Lewin [7], Brannan and Clunie [3] conjectured that |as| < /2. Later Netanyahu
[9] proved that maz|as| = 3 for f € ¥. Brannan and Taha [3] also worked on
certain subclasses of the bi-univalent function class ¥ and obtained estimates for
their initial coefficients. Various classes of bi-univalent functions were introduced
and studied. In recent times, the study of bi-univalent functions gained momentum
mainly due to the work of Srivastava et al.[12]. Motivated by this, many researchers
(see [3, 4, 8,12, 13, 14] also the references cited there in) recently investigated several
interesting subclasses of the class ¥ and found non-sharp estimates on the first two
Taylor-Maclaurin coefficients.

In 1970, the concept of quasi subordination was first defined by Robertson in [11].
Certain subclasses of bi-univalent functions associated with quasi-subordination were
introduced and studied. [2, 5, 6].

For the functions f and ¢, if there exists analytic functions h and w, with
|h(2)] < 1,w(0) =0 and |w(z)| < 1 such that the equality

—log(1 — 2), %log( ) are in the class ¥ (see details in [12]). However,

holds, then the function f is said to be quasi-subordinate to ¢ demonstrated by

f(2) =<4 p(2), ze€l. (4)

Especially, prefering h(z) = 1 , the quasi-subordination given in (3) turns into the
subordination f(z) < ¢(z). Thus, the quasi-subordination is a universality of the
well known subordination and majorization (see [11] ).
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Ma and Minda have given a unified treatment of various subclass consisting of
starlike and convex functions for either one of the quantities Z}céz) and 1+ Z,{'/;S) is
subordinate to a more general superordinate function. The class $*(¢) introduced by
Ma and Minda [8] consists of starlike functions f € A satisfying 2 ES) <p(z), z€eU

and corresponding class I(¢) of convex functions f € A satisfying 1 + Z}C,lzg) =<

©(2), z € U. For this purpose, they considered ¢ an analytic function with positive
real part in the unit disc U, satisfying ©(0) = 1,¢'(0) > 0 and ¢(U) is symmetric
with the respect to the real axis. The functions in the classes S*(¢) and K(yp) are
called starlike function of Ma-Minda type or convex function of Ma-Minda type
respectively. By Si(¢) and Kx(p), we denote to bi-starlike function of Ma-Minda
type and bi-convex function of Ma-Minda type respectively [1].

In this investigation, we assume that

h(z) = Ay + Az + Ag2® 4 - ,(|h(2)] <1, z€ 1) (5)

and
©(2) =14 Byz+ Be2® +--- (B > 0). (6)

In order to derive our main results, we shall need the following lemma.

Lemma 1. ([10]) If p € P, then |p;| < 2 for each i, where P is the family of all
functions p, analytic in U, for which

R{p(2)} >0 (2 €D),

where
p(2) =1+piz+p2z® + - (z € U).

In this paper, we will define three subclasses of the function class ¥ by method
of quasi-subordination and obtain the bounds for the modulus of initial coefficients
of the functions in these classes. Some interesting results are also pointed out.

2. THE SUBCLASS M2 y(8, ¢)

Definition 1. A function f € X given by (1) is said to be in the class Mgy, (B,¢)
if the following quasi-subordination conditions are satisfied:

[Z}ZS)]B {(1 —a) Z]{;S) +a (1 + zﬁ;g))] 1<, (p(2)—1) ,z€U (7)
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and
wg @) [y wgw) (o wg @]
) [0ty e ()| et - wev ®
where 0 < a<1,0<B3<1and g= f1 is given by (3).

For g = 0, we have the following subclass which was introduced and studied by
Goyal and Kummar in [5]. Especially, the case h(z) = 1 was studied by Ali et.al in

[1].

Remark 1. A function f € ¥ given by (1) is said to be in the class Mg (0,¢) =
2‘72@0) if the following quasi-subordination conditions are satisfied:

2f'(2) 2f"(2)
f(z) f'(2)

[(1-@ +a<1+ )]—1<q(g0(z)—1) zeU 9)

and

{(1 —a) wgg(’i)%;}) ta <1 + wgg,/(/fu“)’))] 1<y (pw)—1) ,welU  (10)

where 0 < a <1 and g = f~' is given by (3).
For a = 0 and 8 = 0, we have the following subclass which was introduced and

studied by Brannan and Clunie et.al in [3].

Remark 2. A function f € ¥ given by (1) is said to be in the class ./\/122(0, D
S;E(go) if the following quasi-subordination conditions are satisfied:

zf'(2)
[f(z)]1-<q(go(z)1) ,z€eU (11)
and /( )
wg' (w
[g(w) ]—1<q(g0(w)—1) ,2wel (12)

where g = f~1 is given by (3).
Theorem 2. If the function f belongs to the class M;Z(ﬁ, ©), then we have

V2y/|A0|(B1 + | B2 — Bi)
VBB -1 +26(1+a)+2(1+a+p5)

V3 40|B1vBr }
VBB = 1) +28(1+a) + 201+ a + A 4B} — 2(1 +a + B)2(B - By)|

lag| < mm{

(13)
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and
las| < min 2|Ao|(B1 + | B2 — Bil) Bi(|Ao| + A1)
- BB—-1)+28(l4+a)+2(l+a+p8) 2(14+2a+p)’
243 BY Bl<\Ao|+|A1\>} )
[[B(B—1)+2B(1+a)+2(1+a+B)]AoB? —2(1 4+ a+ B)2(B2 — B1)| 2(1 + 20 4 B)

where 0 < a <1,0< 3 <1 and ¢(z) is given by (6).

Proof. Let f € Mg (B,¢) and g = f~ 1 given by (3). Then, there exists two analytic
functions u,v : U — U with u(0) = v(0) = 0, |u(z)| < 1, |v(w)| < 1 and a function h
defined by (5) satisfies

POV G (2N
T [0-0g v e {1+ 53| -1 = ot -0 s
and
wg@)P [, wgw) (L wgw)N]
] (0= e (146 -1 = et - ZE)
Determine the functions p(z) and ¢(w) by
p(z) = 11_ZE2 =1+cz4c22+... (17)
and
q(w):m:1+d1w+d2w2+.... (18)
Or equivalently,
ople) -1 1 c?
u(2) .—p(z)+1—2[clz+<02—21>z2—|—---] (19)
and
_qw) -1 1 e
U(w).—q(w)_H—Q[dlz+<d2—21>22+---] (20)

Using (19) and (20) in (15) and (16), respectively, we have

(5] - v (e e )] (i) o oo
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and
B / 7
wg’(w)} [ wy'(w) < wy (w))] <Q(w) - 1>
1—« +all+ —1=~h(z — -1 ,w e U
] 0t ¢w) D gy +1) 7
(22)
Using (5) and (6) in the right hands of the relations (21) and (22), we obtain
h(z) (w (ZE: ; 1) - 1) - %AOBlclz + {%AlBlcl + %AOBl <CQ - é) + ?ﬁ} 220 (23)
h(z) (w <ZE:; :L i) - 1)> - %AgBldlw + {%AlBldl + éAOBl <d2 - %) + A°432 df}uﬁ L (24)
By equalizing (15), (16) and (24),respectively, we get
1
(I4+a+Blaz = sAoBict, (25)
1
22+ S+ 1)asz + [2(5(5 —1)+28(14+a)— Ba+p+ 1)} a
1 1 C% AOB2 2
= §AlBlc1 + §AOBl <Cg — 2> + 1 c (26)
and 1
—(14+a+pag = 5140316117 (27)
1
(ba+36+3)+ 3 BB-1)+28(1+ a))] a3 —2(2a+ B+ 1)as
1 1 d?\  AyB
= A1 Bidi + 2 ApBy (do — 2 di. (2
2111-1-201<2 2)+4 - (28)
From (25) and (27), we have
C1 = _d17 (29)
and
8(1+a+ B)%a3 = AZBT((c] +d})). (30)
By summing (26) and (28) and using |¢;| < 2,|d;| < 2, we obtain
ayl < YV2VIAI(B: + By — B (31)
T VBB -1)+28(1+a) +2(1+a+B)
Now, by summing (26) and (28) and using |¢;| < 2,|d;| < 2 and (30)we obtain
las] < V2| Ao| B1v/Bi
VBB = 1) +26(1 +a) +2(1+ a + B)] 4B} — 2(1 +a + §)(By — By)|
(32)
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From (31) and (32), we get the desired inequality (13). Next, for the bound on |as|,
by subtracting (28) from (26), we obtain

9 2A13101 + AOBl(CQ — d2)

= 33
43 = a2 8(1+2a + f) (33)

Using (31) with |¢;| < 2 and |d;| < 2, we get
las] < 2|Ao|(B1 + | B2 — Byl) By (|Ao| + [A4]) (34)

BB-1)+28(1+a)+2(1+a+8) 2(1+2a+p3) "
Now, using (32) with |¢;| < 2 and |d;| < 2, we get

2A2B3 Bi(|4o| + |41])

< .
las] < [[B(B—1)+28(1+a)+2(1+a+B)] AgB? — 2(1 + o + 8)2(B2 — B1)| 2(1 4 2a+ B)

(35)
From (34) and (35), we get the desired inequality (14).

By putting 5 = 0 in the above theorem, we have the following corollary.

Corollary 3. If the function f given by (1) belongs to the class M;Z(cp), then

las| < min V2y/[A|(B1 + [B2 — Bi]) V2|Ao| Bi1v/Bi
- 2(1+a) IR0+ 0)] 4082 — 21 + 0)%(B, - By)
(36)
and
las| < mi {2\Ao!(31 +|B2 — By]) | Bi(|Ao| + |A1])
sl = mn 2(1+ ) 220 +B+1)
2A3B} B1(]Ao| + [A1]) (37)
|2(1+a)] AoB} —2(1 4+ a)?(Bo — By)|  2(2a+6+1)

where 0 < o < 1 and ¢(z) is given by (6).

By putting @ = 0 and § = 0 in the above theorem, we have the following
corollary.

Corollary 4. If the function f given by (1) belongs to the class S; s (¢), then

| Ao| B1v/B1
\/‘AOB% — (B2 — By)|

lag| < min { \/|Ao|(B1 + | B2 — B1)) (38)

and
lag| < min {\AOI(Bl +[B2 — B1]) +

B1(|Ao| + |A1]) A3 B3 Bl(\Ao\+|A1|)}

2 " |AoB? — (B2 — B1)| 2 (29)

where p(z) is given by (6).
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3. THE SUBCLASS 8) (7, A, )

Definition 2. A function f € ¥ given by (1) is said to be in the class 8372(7,)\,90)
if the following quasi-subordination conditions are satisfied:

1 2f'(2) ;
; [(1—)\)z+)\f(z)+52f (Z)_l} <q(p(z)—1) ,z€U (40)
and . )
wg \w "
v [(1 ~Nw + g(w) dwg (w) 1] =g (p(w)=1) ,wel (41)

where 0 <A <1,0<5<1,7v€C—{0} and g = f~! is given by (3).

For § =0, A =1 and v = 1 we have the subclass 8372(1, L) = S;5(p) given
by Remark 2.

Theorem 5. If the function f belongs to the class ng(’y, A, @), then we have

V(1 40[(B1 + [B2 — Bil)
V3(1+28) + A\ —3)

)

lag| < min {

[71140| B1vB1 (42)
VIBOL+26) + XA = 3)] 740 B} — (2(1 + 6) — \)2(B — By)|
and
lag| < mm{7||140|(31 + B2 — Bi1]) | [v[Bi([Ao| + [A1])
3= 3(1+28) + A(A—3) 3(1+28)—A
|v| A3 BY [7|B1(Ao] + A1)
B(1 4 26) + A(A = 3)] yAo B} — (2(1 + 8) — N)*(B2 — By))| 3(14238) — A

(43)
where 0 < o <1, vy € C— {0} and ¢(z) is given by (6).

Proof. Proceedings as in the proof of Theorem 2, we can get the relations as follows:

(2(140) =)

1
= _AyB 44
~ a2 2 0b1c1, ( )

(B1+26)-A)  A2-A) C?)+A°BQ 2 (15)

1 1
5 as — 5 a% = §AlB161 + 514031 <CQ — 5 1 ]
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.

and 2(149) — A 1
_ Mag = ZAyBid;, (46)
0% 2
6(1420) + A(A—4 3(14+20) — A 1 1 i\  AoB
(61420 A=) p (BU+2) =N 1, 1 () Ab
¥ 0% 2 2 2 4
(47)
From (44) and (46), we have
C1 = _d17 (48)
and
8(2(1 +6) — N)?a3 = ATBIY*((c] +di)). (49)
By summing (45) and (47) and using |¢;| < 2,|d;| < 2, we obtain
Ap|(B B, — B
la] < V1[40l (B + By 1) (50)
V3(1+26) + A\ - 3)
Now, by summing (45) and (47) and using |¢;| < 2, |d;| < 2 and (49), we obtain
2|Ag|B1v/B
VIBO+20) + A\ = 3)] 740 B} — (2(1+6) — N)2(B2 — By)|
From (50) and (51), we get the desired inequality (42). Next, for the bound on |as|,
by subtracting (45) from (47), we obtain
2 Y (2A13161 + A()Bl (CQ — dQ))
= 52
KA A(3(1+26) — N)) (52)
Using (50) with |¢;| < 2 and |d;| < 2, we get
Ao|(B By, - B B (|A A
las] < V[ Ao[(B1 + B2 — Bi) , [vB1(|Ao| + |A1]) (53)
3(1+26) + A(A—3) 3(1+26) — A
Now, using (51) with |¢;| < 2 and |d;| < 2, we get
lag| < VA3 B? [7[B1(|Ao| + |A4])
T |B(1+28) + AMA = 3)]7AoB? — (2(1+0) — A)?(By — By)|  3(1+29) — A
(54)

From (53) and (54), we get the desired inequality (43).

For 6 =0, A =1 and v = 1 we have the subclass 5272(17 Lp) = Sy 5(p) given
by Corollary 4.
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4. THE SUBCLASS H (7, @)

Definition 3. A function f € ¥ given by (1) is said to be in the class ’H;E(’y, ©) if
the following quasi-subordination conditions are satisfied:

17(d- 0)22f"(2) + zf'(2) B o .
v { (1—o0)zf'(z) + o f(z) 1} <q(p(z) —1) ,z€U (55)
and

1[(1=o)w’g"(w) +wg' (w) . ;

) { (1~ o)wg/(w) + ag(w) 1} =g (pw)=1) ,wel (56)

where 0 < o < 1,7 € C— {0} and g = f~ is given by (3).

, For o = 0 and v = 1, we have the subclass 7—[272(1, ¢) = S, 5(¢) given by Remark

Theorem 6. If the function f belongs to the class 7—[;‘72(7, ©), then we have

V17 Aol(B1 + | B2 — Bi)
VI23 —20) — (2 - 0)?]

)

las| < mm{

4ol BBy -
V1123 —20) — (2~ 0)2] 7408} — (2~ 0)2(B: — By)|
and
ol i { I VB = D) (o] )
2(3-20) = (2—-0)? 2(3 - 20)
2A2B3 Bi(lA A
B30 A =B a6y 1')} (59)

where 0 < o <1, vye€ C— {0} and ¢(z) is given by (6).
Proof. The proof of theorem is similar to above proofs.

For ¢ = 0 and v = 1, we obtain the subclass ng(l,(p) = S;x(p) given by
Corollary 4.
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