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ON GENERALIZED SYMMETRIC SQUARE METRICS

DARIUSH LATIFI

ABSTRACT. In this paper, we study generalized symmetric Finsler spaces with
Z. Shen’s square metric and Randers change of square metric. We prove that gen-
eralized symmetric Finsler spaces with square metric and Randers change of square
metric are Riemannian.
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1. INTRODUCTION

Generalized symmetric spaces are a larger class of homogeneous spaces which con-
tains the symmetric spaces of E. Cartan. The theory of the generalized symmetric
spaces was begun by P. J. Graham and A. J. Ledger in 1967. A systematic study
appeared for the first time in the book by O. Kowalski in 1980 [5]. These spaces
are Riemannian manifolds (M, g) which admit at each point € M an isometry s,
with z as an isolated fixed point.

Symmetric Finsler spaces were first introduced and studied by Z. I. Szabé and S.
Deng. The definition of these spaces is a natural generalization of E. Cartan’s defi-
nition of Riemannian symmetric spaces. A Finsler space (M, F) is called symmetric
if for any point p € M there exist an involutive isometry s, of (M, F') such that p is
an isolated fixed point of s,. If we drop the involution property in the definition of
symmetric Finsler spaces but keep the property that s, o sy, = s; 0., 2z = s5.(y),
we get presumably a bigger class of Finsler manifolds as symmetric Finsler spaces
[4, 9].

The notion of (a, f)—metric was introduced by M. Matsumoto [7] as a gener-
alization of Randers metric introduced by G. Randers [8]. An (a, f)—metric is a
Finsler metric of the form F = a¢(s), s = g where a = \/a;;(x)y'y’ is induced by a
Riemannian metric a = a;;dz' ®dz’ on a connected smooth n—dimensional manifold
M and 8 = b;(z)y" is a 1—form on M. Some important class of («, 3)—metrics are
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Randers metric F' = a + 3, Kropina metric F' = O‘T;, Matsumoto metric F' = 0

a—p)
and Z. Shen’s square metric F' = %
In this paper, we study generalized symmetric Finsler spaces with Z. Shen’s

square metric and Randers change of square metric.

2. BASIC SETTINGS

Let M be a smooth n—dimensional C*° manifold and T'M be its tangent bundle. A
Finsler metric on a manifold M is a non-negative function F' : TM — R with the
following properties [2]:

1. F is smooth on the slit tangent bundle TM° := TM \ {0}.

2. F(z, \y) = A\F(x,y) for any v € M, y € T, M and X > 0.

1 _9%F?
2 9yt oy?

3. The n x n Hessian matrix (g;;) = (
(2,9) € TM,

) is positive definite at every point

The following bilinear symmetric form g, : T, M x T, M — R is positive definite

192
gy(u,v) = 5@1?72(937 Y + su+ tv)|s=—o.
Definition 1. Let o = \/a;j(x)y'y? be a Riemannian metric and B(z,y) = b;(x)y’
be a 1—form on an n—dimensional manifold M. Let

18l 2= /a (2)bi()b (). (1)
Now, let the function F is defined as follows
F:=a¢(s) , s=°=, (2)
where ¢ = @(s) is a positive C™ function on (—bg,by) satisfying
¢(s) — 5¢'(s) + (0> = s%)¢"(5) >0, |s| <b<by. (3)

Then by lemma 1.1.2 of [3], F is a Finsler metric if ||5(z)||o < bo for any x € M.
A Finsler metric in the form (2) is called an (o, B)—metric [1].
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Let M be a smooth manifold. Suppose that @ and 8 are a Riemannian metric
and a 1-form on M respectively. In this case we can write the square metric on M

as follows:
(a+p)*

a

F= ag(s),

where ¢(s) = 1+ s? + 2s. The Riemannian metric @ induce a linear isomorphism
between T M and T,M. Then the 1-form § corresponds to a vector field X on M
such that

a( Xz, y) = B(z,9).
(at+B)

a

(Valy,y) +a(Xe,y))*
a(y,y)

Therefore we can write the square metric F' = as follows:

F(ﬂ;y) =

Symmetric spaces were first defined and studied by E. Cartan, and they have
been generalized to generalized Riemannian symmetric spaces by A. J. Ledger [6].
Generalized symmetric Finsler spaces were first defined in [4]. The notion of gener-
alized symmetric Finsler space is a natural generalization of generalized Riemannian
symmetric spaces.

Let (M, F) be a connected Finsler space, and I(M, F') the group of all isometries
on (M,F). An isometry s, on M with an isolated fixed point = will be called a
symmetry at . A symmetry s, will be called a symmetry of order k at x if there
exists a positive integer k such that s¥ = Id.

Definition 2. [4, 9/ A family {sz|x € M} of symmetries on a connected Finsler
manifold (M, F) is called an s—structure on (M, F).

An s—structure {s;|x € M} is called of order k (k > 2) if s* = Id for all 2 € M
and k is the least integer of this property. An s—structure {s,} on (M, F) is called
regular if for every points z,y € M

5308y =5,058;, 2=5,(y).

Definition 3. [}, 9] A generalized symmetric Finsler space is a connected Finsler
manifold (M, F) admitting a regular s—structure and a Finsler space (M, F) is said
to be k—symmetric (k > 2) if it admits a regular s—structure of order k.

3. THE MAIN RESULT

Theorem 1. Let (M, F) be a generalized symmetric Finsler space with square metric
2
F = (OH_TB) defined by the Riemannian metric a and the vector field X. Then the
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reqular s—strucure {sy} of (M, F) is also a reqular s—structure of the Riemannian
manifold (M, a).

Proof: Let s, be a symmetry of (M,F) at z and let p € M. Then for any
Y € T, M we have
F(p,Y) = F(sa(p), dsa(Y)).

Then we have

(VaY,Y)+a(X,,Y))?  (ValdsyY,ds:Y) + a(X,, ), dszY ))?

(YY) N a(ds,Y, ds,Y) - @
Applying the above equation to —Y, we get
(valy,Y) — EL(Xp,Y))2 _ (va(dsyY,ds;Y') — d(XSz(p),ds:CY))Q‘ (5)
a(Y,Y) a(dsyY,ds;Y)
Subtracting equation (5) from (4) we get
a(Xp,Y) = a(X,, (), dszY). (6)
On the other hand, adding equation (5) and (4), we get
a(Y,Y) + a(Xp, Y)? _ a(ds,Y,ds;Y) + a(X, 2(p)> ASzY )2 . (7)

a(Y,Y) - a(dsyY, ds,Y)

By putting (6) in (7), we get

(\/Zz(dst, ds,Y) — \/a(y, Y)) ( Q(X,,Y)? — Ja(ds, Y, ds,Y)/a(Y, Y)) ~0.

(8)
If there exists Y # 0 such that \/a(ds,Y,ds,Y) > 1/a(Y,Y), then by the Cauchy-
Schwartz inequality we have

a(X,Y)? <a(X,X)a(y,Y) < Va(Y,Y)a(ds,Y,ds,Y).

Thus

a(X,Y)? - \/a(ds,Y,ds,Y)\/a(Y,Y) < 0.
On the other hand from (8) we have

a(X,Y)? — \a(ds,Y,ds,Y)\/a(Y,Y) =0,

which is a contradiction. Therefore for any Y and s, we have

Va(ds,Y,ds,Y) < /a(Y,Y). 9)
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Now we have

Va(V.Y) = Jadss! o ds, Y, ds;" o ds,Y) < /a(ds,Y,ds,Y).  (10)

Therefore from (9) and (10) we have

a(ds;Y,ds,Y) =a(Y,Y).
Therefore s, is a symmetry with respect to the Riemannian metric a.[]

Theorem 2. Let (M, a) be a generalized symmetric Riemannian space. Also suppose
that F' is a square Finsler metric defined by a and a vector field X. Then the reqular
s—strucure {s;} of (M,a) is also a reqular s—structure of (M, F) if and only if X
18 Sy—invariant for all x € M.

Proof: Let X be s;—invariant. Therefore for any p € M, we have X

sa(p) —
ds;Xp. Then for any Y € T,M we have

(Va(ds,Y,ds,Y) + a(X;, ), ds2Y))?
a(ds;Y,ds,Y)
(va(ds,Y,ds,Y) + a(dsy Xp, ds;Y))?
a(dsgY,ds;Y)
(Va(Y,Y) +a(X,, V)
av,Y)

F(s2(p), dszYp) =

= F(pY).

Conversely, let s, be a symmetry of (M, F) at . Then for any p € M and Y € T,M
we have

F(p,Y) = F(sz(p), dszY)
which implies
(@(V,Y) + (X, Y)? + 20/a(V, V)l X, V) ) Valds, Y, ds,Y) =
(&(dst, ds;Y) + (X, (), ds.Y)? + 2¢/a(ds, Y, ds,Y)a(X,, ), dst)) Valy,y).
(11)
Substituting Y with —Y in (11), we obtain
(@(V,Y) + (X, Y)? = 20/a(YV, Y )al X, V) ) Valds, Y, ds,Y) =
(d(dst, ds,Y) + (X, ), ds,Y)? — 24/a(ds, Y, ds,Y)a(X,, (), dsmY)> Valy,y).
(12)

67



Dariush Latifi — On generalized symmetric ...

Subtracting (12) from (11) we get
a(Xp,Y) = a(X,, (), dszY).
Therefore (dsz)pX, = X, (p)-0
Theorem 3. A generalized symmetric Finsler square metric must be Riemannian

Proof: Let (M, F) be a generalized symmetric Finsler space with square metric

F= % defined by the Riemannian meric a and the vector field X and let {s,}
be the regular s—structure of (M, F'). Let s, be a symmetry of (M, F'). Then by
the theorem 1, s, is also a symmetry of (M, a). Thus we have

(va(ds,Y,ds,Y) + a(X,,ds,Y))?
a(ds;Y,ds,Y)

(a(Y,Y) + a(Xy, ds,Y))?
a(y,y)

F(z,ds;Y) =

= F(z,Y).

Therefore a(Xy,ds;Y) = a(Xs,Y), VY € T, M. Since x is an isolated fixed point of
the symmetry s,, the tangent map S, = (ds;), is an orthogonal transformation of
T, M having no nonzero fixed vectors. So we have

A( Xy, (S —id)s(Y)) =0, VY € T, M.

Since (S — id), is an invertible linear transformation, we have X, = 0, Vx € M.
Hence F' is Riemannian. [J

If F(a,B) is a Finsler metric, then F(a,3) — F(a, ) is called a Randers
change if

F(a, B) = F(a, 8) + 8.
Randers change of a Finsler metric has been introduced by M. Matsumoto [7]. In
the following, we deal with the Randers changed square metric

2
P = s s, (13)

where ¢(s) = 1 + s% + 3s.

Theorem 4. Let (M, F) be a generalized symmetric Finsler space with Randers

2
changed square Finsler metric F' = @ + B defined by the Riemannian metric a
and the vector field X. Then the regular s—structure sy of (M, F) is also a regular

s—structure of the Riemannian metric (M, a).
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Proof: Let s, be a symmetry of (M, F) and let p € M. Therefore for every
Y € T,M we have F(p,Y) = F(sz(p),dszY ). Applying the equation (13) we get

(Va(Y,Y) +a(Xp,Y))? A, Y) (Va(ds.Y,ds;Y) + a(Xs, (), dszY))?
a N =
a(Y,Y) P a(ds,Y, ds,Y)
—I—CNL(XSZ(p), dS$Y). (14)

Substituting Y with —Y in (13), we obtain

(\/ EL(Y7 Y) - d(th Y))2 . &(Xp Y) (\/m - d(st(p)7 dSwY>)2

a(Y,Y) a(ds,Y,ds;Y)
—a(Xs, (p), dszY). (15)
Subtracting equation (15) from equation (14), we get
d(Xp, Y) = CNl(Xsm(p), dsmY) (16)

Adding equation (15) and (14) and using (16) we get

_ _ a(X,Y)? _
(Ja(dsxxdst)—m(xY))( T ) ¢a<w>_1> =0, (17

which leads to a(Y,Y) = a(ds,Y,ds;Y). Therefore s, is a symmetry with respect
to the Riemannian metric a. UJ

Theorem 5. A generalized symmetric Randers changed square metric must be Rie-
mannian.

Proof: The proof is similar to the proof of Theorem 3.0J
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