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ABSTRACT. The main purpose of this paper is to derive some coefficient in-
equalities for certain classes of analytic functions which are defined by means of the
Salagean operator. Relevant connections of the results presented here with those
given in earlier works are also pointed out.
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1. INTRODUCTION

Let A denote the class of functions of the form:
f(2) :z—l—Zakzk (z € ), (1)
k=2

which are analytic in the open unit disk
U:={z: z€C and |2| <1}

Let S denote the subclass of A whose members are analytic and univalent func-
tions in U. For 0 £ § < 1, We denote by S*(5) and K(() the usual subclasses of
A consisting of functions which are, respectively, starlike of order 3 and convex of
order 3 in U.

Salagean [1] once introduced the following operator which called the Salagean
operator:

D°f(z) = f(2), D'f(z) = Df(2) = 2f'(2),
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and
D"f(z) = D(D" ' f(2)) (neN:={1,2,...}).

We note that
D"f(z) =2+ k'apz® (neNy:=NU{0}). (2)
k=2

A function f € Ais said to be in the class Ny, (v, 3) if it satisfies the inequality:

®(Bi7ts) > oo

Also let M3, ,(a,8)(s € Np) be the subclass of A consisting of functions f which
are satisfied the condition:

—1'—1—5 (a20,0=68<1;, meN, neNy). (3)

fe M n(a,B) <= D*f € Nin(er, B). (4)

It is easy to see that if s = 0, then MY  (a,3) = Nmn(a,3). We observe that,
by specializing the parameters m, n, « and 3, we obtain the following subclasses
studied by various authors.

(1) N1,0(0,8) = S*(B) and N21(0, 8) = K(B) (see Silverman [2]).

(2) Mo(a, B) = SD(av, B) and Na 1 (e, ) = KD(«x, B) (see Shams et al. [3], Owa
et al. [4]).

(3) Ninn(0, B) = Kinn(B) and M3, (0, 8) = M3, . (B) (see Eker and Owa [5]).

The function classes Ny, n(a, 3) and M, (a, ) were introduced and investi-
gated by Eker and Owa [6] (see also Srivastava and Eker [7]). They obtained many
interesting results associated with them. In this paper, we aim at proving some co-
efficient inequalities for the function classes Ny, n(a, B) and M3, (o, 3). Relevant
connections of the results presented here with those given in earlier works are also
pointed out.

2. MAIN RESULTS

In order to prove our main results, we need the following lemma.

Lemma 1. Let 6 >0, m € N and n € No. Suppose also that the sequence { By},
1s defined by
)

Blzla B2:W7
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and
5 k—1
Bk:mzjnBj (ke N\ {1,2}). (5)
j=1
Then

5 k-1 5
Bk:|km—k”|j1;[2<1+|jm—jn’> (kEN\{172})' (6)

Proof. We make use of the principle of mathematical induction to prove the assertion
(6).

For k = 3, we know that

]

—(1 2”3
g g T B sn\H< s r)

which implies that (6) holds for k = 3.
We now suppose that (6) holds for k = 3,4,--- ,r. Then

Br= —rnrH< ) "

Combining (5) and (7), we find that

Bs =

Br—l—l =

5 ~
e =i 27

or
R TCES oy e ,z] N T e § Y

) [P — ™| or®
|(r+1)™ — (r+ 1) )

N r(r|+1>_rn|<+5r ] Jrm — ,m‘H( — " )
o r—1 .
B i )] (” |rm5 rn|> .H <” U,fj jn|>

:r<r+1> (r+ 1) \H< m—jn r)’
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which shows that (6) holds for k¥ = r + 1. The proof of Lemma 1 is evidently
completed. 0

Theorem 1. If f € Ny, n(a, ), then

2(1 - 7)
11— af|2m —2n]

las| <

and

k-1 "
ol £ g (U e gy)  Gem @

Proof. Let f € Ny n(a, 8) and suppose that

(1-a)Bhd - (B-a)

1-p

(z€l). (10)

p(z) =
Then p is analytic in U with
p(0)=1 and R(p(z)) >0 (ze€ ).

We now set
p(2) =1+p1z+pez®+---. (11)

Combining (10) and (11), we find that
D™ f(z) = D" f(2) <1 128 ipkzk)
11—« ’
k=1
which implies that

(K™ —k")ay = % [Pk—1 + 2" agpg—o + - -+ (kK — 1)"ap_1p1] (k€ N\{1}). (12)

On the other hand, it is well known that

Pl =2 (keN). (13)
Combining (12) and (13), we obtain
k—1

e Sl @=L kemua).

<
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Suppose that § = 2|(11:ﬁ) > 0, m € Nand n € Nyg. We define the sequence

al
{Br}iz, b
1)

31:17 B2:W7

and
5 _
By=—"#—+ i"B; ke N\{1,2}). 15
= o B (RN (15)
In order to prove that
lag| = B, (k€ N\{1}),

we use the principle of mathematical induction. By noting that

2(1-7)
1—af|2m —2n|

las| < — B». (16)

Thus, assuming that
lak| < By (k€{2,3,...,r}),

we find from (14) and (15) that

2(1 -
< T
lars1] < T —al|(r 1) r+1) ‘ g 3" ajl

5
B; = B, 1.
\(r+1)m—(r+1)”|j§::1j 7o o

A

Therefore, we have
lar] = By (k€ N\{1}) (17)

as desired.
By virtue of Lemma 1 and (15), we know that

—B)i"
o \1—arkm—knrn< Capeeg)  GeNia as

Combining (16), (17) and (18), we readily arrive at the coefficient inequalities (8)
and (9) asserted by Theorem 1. O

By virtue of Theorem 1 and (4), we get the following result.
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Corollary 1. If f(z) € Mj, (o, ), then

’a2| < 2(1*5)
= 1= o [2mFs — 2nts]’

and

< ke N\ {1,2}).
ol = T g s — ] Toam ) RENMVLZY

B k—1 D
2(1-9) j:2<1+ )

Remark 1. By specializing the parameters m and n, we get the corresponding
results obtained by Owa et al. [4].

By means of Theorem 1 and Corollary 1, we easily get the following distortion
theorems.

Corollary 2. If f € Nyn(a, B), then

k—1 2(1-8)5"
2(1 - B) IIj= (H \1—a||jm—j"|> k
max ¢ 0, |z] — Z |2|

T—al & =i
s TTF1 2(1-8)j"
2(1 - ) o= 1= (1 + |1—aujm—jn\) k
< <
@ISl T 22— =1

k=2

and

k—1 2(1-6)5"
2(1 - ﬁ) > Hj:2 (1 + ‘1_a||jm_jn|> |Z|k—1

0, 1—
max s ‘1 _ Oz‘ P |k‘m_1 _ k.n—l‘
k-1 _20-p)j"
C gl <1 20=8) > [l= (1 t |1—aujm—jn\) k-1
:’f (Z)‘: + |1—O[| ’kmfl_kn,” ‘Z| °
k=2

Corollary 3. If f € M3, ,(a,(3), then

k—1 2(1-p)"

2(1-p)
max O’|Z|_ ’1_a| Z |km+s_kn+s’
k=2

o TTH-1 2(1-);"
2(1 - 8) & = (1 + m=am o
S f(2)] = 12| + I1—q Z |k<,m+s_kn+8’ ) | |k

k=2

)
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and

0o k—1 2(1-3)5"
2(1 - B) Z H]:2 <1 + ‘170‘||jm7jn|> |Z’k71

max 4 0,1 - I1—al [fm+s—1 _ fnts—1 |

k=2

k-1 2(1-B);"
> ITj= (1 + |1—a\\jm—jn\) o[

2(1 = 5)
é ‘f/(z)‘ §1+ |1_a| Z |km+s—l_kn+s—l’
k=2
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