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ON A NEW SUBFAMILIES OF BAZILEVIC FUNCTIONS
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Abstract. In this paper, the author make use of the newly introduced concept
of analytic functions by Kanas and Ronning [7] and apply Aouf et al derivative
operator with the technique of Hayami, Owa and Srivastava [17] to define a more
larger and generalized class of Bazilevic functions. Characterization and coefficient
bounds of this new class of Bazilevic functions are considered.
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1. Introduction

Several authors have discussed various subfamilies of Bazilevic functions of type
α from various perspective. They discussed it from the perspective of convexity,
inclusion theorem, radii of starlikeness, and convexity boundary rotational problem,
subordination just to mention few. The most amazing thing is that, it is difficult to
see any of this authors discussing the coefficient inequalities, and coefficient bounds
of these subfamilies of Bazilevic function most especially when the parameter α is
greater than one (α is real).

The main aim of the present paper is to define a class of subfamilies of Bazilevic
functions using the newly introduced concept of analytic functions by kanas and
Ronning [7] and by using the method of Cauchy and Holder inequalities [17], we
comprehensively study these classes in the areas of characterization and coefficient
bounds. The classes to be defined here in this work serves as a larger and a new
generalization of some of the existing subfamilies of Bazilevic functions.

However, before we go on to our discussion we would like to make mention of
various authors that have studied one aspect or the other of Bazilevic functions.The
likes of Macregor [8], Yamaguchi [20], Opoola [13], Oladipo[10,11,12] Thomas [16],
Bazilevic [6], Tuan [18], Abduhalim [1] etc.
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Let Γ(ω) denote the class of analytic functions f(z) of the form

f (z) = (z − ω) +
∞∑

k=2

ak(z − ω)k (1)

which are regular in the unit disk U = {z : |z| < 1} and normalized with f(ω) =
f ′(ω) − 1 = 0 and ω is a fixed point in U [7]. Kanas and Ronning [1] used this
concept to define the classes of ω-starlike and ω−convex functions respectively as
follows

ST (ω) = S∗(ω) =
{
f(z) ∈ S(ω) : Re

(z − ω)f ′(z)
f(z)

> 0, z ∈ U
}

and

CV (ω) = Sc(ω) =
{
f(z) ∈ S(ω) : 1 +Re

(z − ω)f ′(z)
f(z)

> 0, z ∈ U
}

where S(ω) ⊂ Γ(ω) denote the class of Univalent functions and ω is a fixed point U.
Several other authors the likes of Acu and Owa [9], Aouf etal [3], Oladipo [11]

have made various studies on these classes with some various extensions.
Let ω be a fixed point in U, λ ≥ 0, l ≥ 0, m ∈ N0 we define according to [3] the

derivative operator Im
ω (λ, l):A(ω) → A(ω) as follows

I0
ω(λ, l)f(z) = f(z)

I1
ω(λ, l)f(z) = Iω(λ, l)f(z) = I0

ω(λ, l)f(z)
1− λ+ l

1 + l
+ (I0

ω(λ, l)f(z))′
λ(z − ω)

1 + l

= (z − ω) +
∞∑

k=2

(
1 + λ(k − 1) + l

1 + l

)
ak(z − ω)k

I2
ω(λ, l)f(z) = Iω(λ, l)f(z)

1− λ+ l

1 + l
+ (Iω(λ, l)f(z))′

λ(z − ω)
1 + l

= (z − ω) +
∞∑

k=2

(
1 + λ(k − 1) + l

1 + l

)2

ak(z − ω)k

and in general
Im
ω (λ, l)f(z) = Iω(λ, l)(Im−1

ω (λ, l)f(z))
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= (z − ω) +
∞∑

k=2

(
1 + λ(k − 1) + l

1 + l

)m

ak(z − ω)k (2)

Using the operator above, we give the definition of a more larger and generalized
classes of family of Bazilevic functions of type α as follows:

Definition A. Let Tα
m(ω, λ, β, γ, l) denote the subclass of Γ(ω) consisting of

functions f(z) which satisfy the inequality

Re

 Im
ω (λ, l)(f(z))α(

1+λ(α−1)+l
1+l

)m
(z − ω)α

 > γ

∣∣∣∣∣∣ Im
ω (λ, l)(f(z))α(

1+λ(α−1)+l
1+l

)m
(z − ω)α

− 1

∣∣∣∣∣∣+ β (3)

for some λ ≥ 0, l ≥ 0, 0 ≤ β < 1, γ ≥ 0, m ∈ N0=0, 1, 2, ..., α > 0 (α is real), ω is
a fixed point in U and that all index are meant principal determination only.

From Definition A, we have the following remarks to make

Remark A. (i) For ω = 0 in (3),we have

Re

 Im
0 (λ, l)(f(z))α(

1+λ(α−1)+l
1+l

)m
zα

 > γ

∣∣∣∣∣∣ Im
0 (λ, l)(f(z))α(

1+λ(α−1)+l
1+l

)m
zα
− 1

∣∣∣∣∣∣+ β

that is, f ∈ Tα
m(0, λ, β, γ, l) which is the class of functions studied by Oladipo and

Breaz in [12]
(ii) γ = 0 in (3), we have

Re

 Im
ω (λ, l)(f(z))α(

1+λ(α−1)+l
1+l

)m
(z − ω)α

 > β

that is, f ∈ Tα
m(ω, λ, β, 0, l) which is a presumed new class of Bazilevic functions and

it shall be included as a Corollary in the result presented in this paper.
(iii) if we further put ω = 0 in Remark A (ii) we have another presumed new

class of Bazilevic functions. That is, we have

Re

 Im
0 (λ, l)(f(z))α(

1+λ(α−1)+l
1+l

)m
zα

 > β

then f ∈ Tα
m(0, λ, β, 0, l)
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(iv) for γ = 0, l = 0 in (3) we have

Re
Im
ω (λ, 0)f(z)α

(1 + λ(α− 1))m (z − ω)α
> β ⇔ Re

Dm
λ,ωf(z)α

(1 + λ(α− 1))m (z − ω)α
> β

where Dm
λ,ω is the ω-modified AL-oboudi derivative operator and f ∈ Tα

m(0, λ, β, 0, 0)
which is also new and it shall be seen as a Corollary in the present work.

(v) If we put ω = 0 in (iv) then we have

Re
Im
0 (λ, 0)f(z)α

(1 + λ(α− 1))m zα
> β ⇔ Re

Dm
0,λf(z)α

(1 + λ(α− 1))m zα
> β

where Dm
0,λ is the well known AL-oboudi derivative operator and f ∈ Tα

m(0, λ, β, 0, 0)
(vi) for γ = 0, l = 0, λ = 1 in (3) we have

Re
Im
ω (1, 0)f(z)α

αm(z − ω)α
> β ⇔ Re

Dm
ω f(z)α

αm(z − ω)α
> β

which is the class of functions studied by Oladipo [10].
(vii) For ω = 0, γ = 0, l = 0, λ = 1 in (3) we have

Re
Im
0 (1, 0)f(z)α

αmzα
> β ⇔ Re

Dmf(z)α

αmzα
> β

which is the class of function studied by Opoola in [13] and Babalola and Opoola in
[5] and Babalola [4].

(viii) For ω = 0, γ = 0, l = 0, λ = 1, β = 0 in (3) we have

Re
Im
0 (1, 0)f(z)α

zα
> 0 ⇔ Re

Dm
0 f(z)α

zα
> 0

which is the class of function studied by Abduhalim in [1] and Dm is the well know
Salagean derivative operator [15]. That is f ∈ Tα

m(0, 1, 0, 0, 0) = Tα
m(0) ≡ Bn(α).

(ix) For ω = 0, γ = 0, l = 0, λ = 1, β = 0, m = 0, α = 1 in (3) we have

Re
I0
0 (1, 0)f(z)

z
> 0 ⇔ Re

f(z)
z

> 0

which is the class of function studied by Yamaguchi in [20].That is

f ∈ T 1
m(0, 1, 0, 0, 0) = T 1

0 (0).

(x) For ω = 0, l = 0, λ = 1,β = 0,m = 1 in (3), we have

Re
I1
0 (1, 0)f(z)α

zα
> 0 ⇒ Re

D1f(z)α

zα
> 0 ⇔ Re

{
αf ′fα−1

zα

}
> 0
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The functions with this properties belongs in the class B1(α); which is the class of
Bazilevic functions that was studied by Singh in [14].

(xi) For ω = 0, l = 0, λ = 1,0 ≤ β < 1,m = 0, α = 1 in (3), we have

Re
I0
0 (1, 0)f(z)

z
> β ⇔ Re

f(z)
z

> β

which is the class of functions studied in [18] by Tuan and Anh.
(xii) For ω = 0, γ = 0, l = 0, λ = 1,β = 0,m = 1, α = 1 in (3), we have

Re
I1
0 (1, 0)f(z)

z
> 0

which is the class of functions studied in [8] by MacGregor.
As earlier mentioned, this paper is designed to address the problem of coefficient

inequalities and coefficient bounds of subfamilies of Bazilevic functions given in
Definition A. The technique employed in this work follows that of Hayami, Owa and
Srivastava [17].

For the sake of clearity we wish to state the following, that is, from (1) we can
write that

(f(z))α =

(
(z − ω) +

∞∑
k=2

ak(z − ω)

)α

(4)

Using binomial expansion on (4)[12], we have

(f(z))α = (z − ω)α +
∞∑

k=2

ak(α)(z − ω)α+k−1 (5)

We know from Definition A that all the index are meant principal determination
only. Therefore, the coefficient ak shall depend so much on the parameter α. On
applying (2) on (5) we obtain

Im
ω (λ, l)(f(z))α =

(
1 + λ(α− 1) + l

1 + l

)m

(z − ω)α

+
∞∑

k=2

(
1 + λ(α+ k − 2) + l

1 + l

)m

ak(α)(z − ω)α+k−1 (6)

where all the parameters are as earlier defined and ω is a fixed point in U.
For the purpose of the present investigation the following Lemma shall be nec-

essary.
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Lemma A. A function pω(z) ∈ Ω

Repω(z) > 0, z ∈ U

if and only if

pω(z) 6= ψ − 1
ψ + 1

, (z ∈ U,ψ ∈ C; |ψ| = 1).

and our pω(z) is given as

Pω(z) = 1 +
∞∑

k=1

Bk(z − ω)k

where

|Bk| ≤
2

(1 + d)(1− d)k
, |ω| = d

and ω is a fixed point in U [3].

Proof. For the sake of completeness, we shall give the proof of Lemma as ap-
peared in [17], even though it is a bit obvious that the following bilinear (or Mobius)
transformation

h =
z − 1
z + 1

maps the unit circle ∂u on to imaginary axis R(h)=0. Indeed, for all ψ such that
|ψ| = 1 (ψ ∈ C),we set

h =
ψ − 1
ψ + 1

(ψ ∈ C; |ψ| = 1).

Then

|ψ| =
∣∣∣∣1 + h

1− h

∣∣∣∣ = 1,

which shows that

Re(h) = R

(
ψ − 1
ψ + 1

)
= 0 (ψ ∈ C; |ψ| = 1).

Moreover, by noting that pω(ω) = 1 for pω(z) ∈ Ω, we know that

pω(z) 6= ψ − 1
ψ + 1

, (z ∈ U,ψ ∈ C; |ψ| = 1).

and ω is a fixed point in U. This complete the proof of Lemma A.
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2. Coefficient Inequalities

For the purpose of our investigation we shall first derive the following lemma.

Lemma 2.1. A function f(z) ∈ Γ(ω) is in the class Tα
m(ω, λ, β, γ, l) if and only

if

1 +
∞∑

k=2

Ak(z − ω)k−1 6= 0 (7)

where

Ak =
(ψ + 1)(1− γ)

2(1− β)

(
1 + λ(α+ k − 2) + l

1 + l

)m

ak(α)

and ω is a fixed point in U and all the parameters remain as earlier defined.

Proof. Let us set

pω(z) =

(1−γ)Im
ω (λ,l)(f(z))α(

1+λ(α−1)+l
1+l

)m
(z−ω)α

− (β − γ)

1− β
, (f ∈ Tα

m(ω, λ, β, γ, l))

we find that pω(z) ∈ Ω and Repω(z) > 0 (z ∈ U) and ω is afixed point in U. By
using Lemma A, we have

(1−γ)Im
ω (λ,l)(f(z))α(

1+λ(α−1)+l
1+l

)m
(z−ω)α

− (β − γ)

1− β
6= ψ − 1
ψ + 1

, (z ∈ U,ψ ∈ C, |ψ| = 1)

which readily yields

(1− γ)(ψ + 1)Im
ω (λ, l)f(z)α + [1− 2β + γ − (1− γ)ψ] ·

·
(

1 + λ(α− 1) + l

1 + l

)m

(z − ω)α 6= 0

Thus we find that

2(1− β)
(

1 + λ(α− 1) + l

1 + l

)m

(z − ω)α +

+
∞∑

k=2

(1− γ)(ψ + 1)
(

1 + λ(α+ k − 2) + l

1 + l

)m

ak(α)(z − ω)α+k−1 6= 0
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that is,

2(1− β)
(

1 + λ(α− 1) + l

1 + l

)m

(z − ω)α · (8)

·

[
1 +

∞∑
k=2

(1− γ)(ψ + 1)
2(1− β)

(
1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

ak(α)(z − ω)k−1

]
6= 0(9)

On dividing both sides of (10) by 2(1−β)
(

1+λ(α−1)+l
1+l

)m
(z−ω)α(z 6= ω), we obtain

1 +
∞∑

k=2

(1− γ)(ψ + 1)
2(1− β)

(
1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

ak(α)(z − ω)k−1 6= 0

which completes the proof of Lemma 2.1.
For ω = 0 in Lemma 2.1 we have
Corollary A. A function f(z) ∈ Γ(0) is in the class Tα

m(0, λ, β, γ, l) if and only
if

1 +
∞∑

k=2

Akz
k−1 6= 0

where

Ak =
(ψ + 1)(1− γ)

2(1− β)

(
1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

ak(α),

this holds for the class of functions studied by Oladipo and Breez in [12].

For γ = 0 in Lemma 2.1 we have

Corollary B. A function f(z) ∈ Γ(ω) is in the class Tα
m(ω, λ, β, 0, l) if and only

if

1 +
∞∑

k=2

Ak(z − ω)k−1 6= 0

where

Ak =
(ψ + 1)
2(1− β)

(
1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

ak(α),

this is a presumed new subfamilies of class of Bazilevic function.

For γ = 0, l = 0 in Lemma 2.1 we have
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Corollary C. A function f(z) ∈ Γ(ω) is in the class Tα
m(ω, λ, β, 0, 0) if and only

if

1 +
∞∑

k=2

Ak(z − ω)k−1 6= 0

where

Ak =
(ψ + 1)
2(1− β)

(
1 + λ(α+ k − 2)

1 + λ(α− 1)

)m

ak(α),

which is also a presumed new class of Bazilevic functions.

For γ = 0, l = 0, λ = 1 in Lemma 2.1 we have:

Corollary D. A function f(z) ∈ Γ(ω) is in the class Tα
m(ω, 1, β, 0, 0) if and only

if

1 +
∞∑

k=2

Ak(z − ω)k−1 6= 0

where

Ak =
(ψ + 1)
2(1− β)

(
α+ k − 1

α

)m

ak(α),

and ω is a fixed point in U, holds for the class of functions studied by Oladipo in
[10].

Setting ω = 0 in Corollary D, we have:

Corollary E. A function f(z) ∈ Γ(0) is in the class Tα
m(0, β, ) ≡ Tα

m(β, ) if and
only if

1 +
∞∑

k=2

Akz
k−1 6= 0

where

Ak =
(ψ + 1)
2(1− β)

(
(α+ k − 1)

α

)m

ak(α),

This holds true for the class of functions studied by Opoola [13] and Babalola [9,10].

For β = 0 in Corollary E, we have:
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Corollary F. A function f(z) ∈ Γ(ω) is in the class Tα
m(0) ≡ Bn(α, ) if and

only if

1 +
∞∑

k=2

Akz
k−1 6= 0

where

Ak =
ψ + 1

2

(
(α+ k − 1)

α

)m

ak(α),

This holds true for the class of functions studied by Abduhalim in [1].

For α = 1 in Corollary F we have:

Corollary G. A function f(z) ∈ Γ(0) is in the class T 1
m(0) ≡ Bn if and only if

1 +
∞∑

k=2

Akz
k−1 6= 0

where

Ak =
ψ + 1

2
kmak(1),

For α = 1,m = 1 in Corollary F, we have:

Corollary H. A function f(z) ∈ Γ(0) is in the class T 1
1 (0) ≡ if and only if

1 +
∞∑

k=2

Akz
k−1 6= 0

where

Ak =
ψ + 1

2
kak(1),

This holds true for the class of functions studied by Abduhalim in [1].

For m = 1 in Corollary F, we have:

Corollary I. A function f(z) ∈ Γ(0) is in the class Tα
1 (0) ≡ B1(α, ) if and only

if

1 +
∞∑

k=2

Akz
k−1 6= 0
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where

Ak =
ψ + 1

2

(
α+ k − 1

α

)
ak(α),

This holds true for the class of functions studied by Singh in [14].

With the aid of Lemma 2.1 we state and proof the following:

Theorem 2.1. If f(z) ∈ Γ(ω) satisfies the following conditon

∞∑
k=2

(r + d)k−1(

∣∣∣∣∣∣
k∑

σ=1

 σ∑
q=1

(−1)σ−q(1− γ)
(

1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

(τ
σ−q)aq(α)

 (ρ
k−σ)

∣∣∣∣∣∣
+

∣∣∣∣∣∣
k∑

σ=1

 σ∑
q=1

(−1)σ−q(1− γ)
(

1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

(τ
σ−q)aq(α)

 (ρ
k−σ)

∣∣∣∣∣∣)
≤ 2(1− β) (10)

m ∈ N0, γ ≥ 0, l ≥ 0, λ ≥ 0, 0 ≤ β < 1, α > 0, (α is real), ρ, τ ∈ R then
f ∈ Tα

m(ω, λ, β, γ, l).

Proof. We first note that
(1− (z − ω))τ 6= 0 and (1− (z − ω))ρ 6= 0 (z ∈ U, τ ∈ R, ρ ∈ R).
Hence the following inequality(

1 +
∞∑

k=2

Ak(z − ω)k−1

)
(1− (z − ω))τ (1 + (z − ω))ρ 6= 0

holds true, then we have

1 +
∞∑

k=2

Ak(z − ω)k−1 6= 0

which is the relation (7) of Lemma 2.1. It is easy to see that (9) is equivalent to(
1 +

∞∑
k=2

Ak(z − ω)k−1

)( ∞∑
k=0

(−1)kbk(z − ω)k

)( ∞∑
k=0

ck(z − ω)k

)
6= 0 (11)

where for convinience

bk = (τ
k) and ck = (ρ

k).
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Considering the Cauchy product of the first two factors, (10) can be re-written as
follows (

1 +
∞∑

k=2

Bk(z − ω)k−1

)( ∞∑
k=0

ck(z − ω)k

)
6= 0 (12)

where

Bk =
k∑

q=1

(−1)k−qAqbk−q.

Further more, by applying the same method for the Cauchy product in (11), we find
that

1 +
∞∑

k=2

(
k∑

σ=1

Bkck−σ

)
(z − ω)k−1 6= 0 (z ∈ U)

or equivalently as

1 +
∞∑

k=2

 k∑
σ=1

 σ∑
q=1

(−1)σ−qAqbσ−q

 ck−σ

 (z − ω)k−1 6= 0 (z ∈ U)

and ω is a fixed point in U .
Thus, if f(z) ∈ Γ(ω) satisfies the following inequality

∞∑
k=2

(r + d)k−1

∣∣∣∣∣∣
k∑

σ=1

 σ∑
q=1

(−1)σ−qAqbσ−q

 ck−σ

∣∣∣∣∣∣ ≤ 1,

that is, if

1
2(1− β)

∞∑
k=2

(r + d)k−1|
k∑

σ=1

(
σ∑

q=1

(−1)σ−q[(1− γ)
(

1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

+ψ(1− γ)
(

1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

]aq(α)bσ−q)ck−σ|

≤ 1
2(1− β)

·

∞∑
k=2

(r + d)k−1(

∣∣∣∣∣∣
k∑

σ=1

 σ∑
q=1

(−1)σ−q(1− γ)
(

1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

aq(α)bσ−q

 ck−σ

∣∣∣∣∣∣
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+|ψ|

∣∣∣∣∣∣
k∑

σ=1

 σ∑
q=1

(−1)σ−q(1− γ)
(

1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

aq(α)bσ−q

Ck−σ

∣∣∣∣∣∣) ≤ 1,

all the parameters are as earlier defined, then f(z) ∈ Tm(ω, λ, β, γ, l). This complete
the proof of Theorem 2.1.

Remark B. If we decide to be varying the parametrics as we did in the earlier
Corollaries, Coefficient inequalities for various classes of functions studied in the
cited literatures and many other new ones will be obtained.

In our next result we consider the subclass Tα
m(ω, θ, λ, β, γ, l) of Γ(ω), which

consists of functions f(z) ∈ Γ(ω) if and only if the following inequality holds true

Re

eiθ Im
ω (λ, l)f(z)α(

1+λ(α−1)+l
1+l

)m
(z − ω)α

− (β − γ)

 > 0,

for λ ≥ 0, l ≥ 0, γ ≥ 0, m ∈ N0, α > 0 (is real), 0 ≤ β < 1, z ∈ U and ω is a fixed
point in U, −π

2 < θ < π
2 .

For function f(z) ∈ Tα
m(ω, θ, λ, β, γ, l) we first derive Lemma 2.2 below.

Lemma 2.2. A function f(z) ∈ Γ(ω) is in the class Tα
m(ω, θ, λ, β, γ, l) if and

only if

1 +
∞∑

k=2

Yk(z − ω)k−1 6= 0 (13)

where

Y =
eiθ(1− γ)(ψ + 1)

2(1− β)Cosθ

(
1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

ak(α)

and ω is a fixed point in U, −π
2 < θ < π

2 .

Proof. The proof follows the same method as in the proof of Lemma 2.1 therefore,
it is omitted. Various choices of parameters involved will hold for most of the classes
in the cited literatures and many new ones could be obtained.

Theorem 2.2. If f(z) ∈ Γ(ω) satisfies the following condition

∞∑
k=2

(r+d)k−1(

∣∣∣∣∣∣
k∑

σ=1

 σ∑
q=1

(−1)σ−qeiθ(1− γ)
(

1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

(τ
σ−q)aq(α)

 (ρ
k−σ)

∣∣∣∣∣∣
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+|ψ|

∣∣∣∣∣∣
k∑

σ=1

 σ∑
q=1

(−1)σ−qeiθ(1− γ)
(

1 + λ(α+ k − 2) + l

1 + λ(α− 1) + l

)m

(τ
σ−q)aq(α)

 (ρ
k−σ)

∣∣∣∣∣∣)
≤ 2(1− β)cosθ. (14)

Then f(z) ∈ Tα
m(ω, λ, β, θ, γ, l).

Proof. The proof is similar to that of Theorem 2.2 and therefore omitted.

3. Coefficient bounds

In this section we consider the coefficient bound for the functions in the class
Tα

m(λ, β, γ, l) as we proof the following:

Theorem 3.1. If f(z) ∈ Tα
m(ω, λ, β, γ, l), then

|a2| ≤
2(1− β)

α|1− γ|(1− d2)Ψm
1

(15)

|a3| ≤


2(1−β)

α|1−γ|(1−d2)(1−d)Ψm
2
− 2(α−1)(1−β)2

α2|1−γ|2(1−d2)2Ψ2m
1
, 0 < α < 1

2(1−β)
α|1−γ|(1−d2)(1−d)Ψm

2
, α ≥ 1



|a4| ≤


Ω1 + Ω2 + Ω3, α ∈ (0, 1)
Ω1 + Ω3 + Ω4, α ∈ [1, 2)

Ω1 + Ω3, α ∈ [2,∞)

 .

where

Ω1 =
2(1− β)

α|1− γ|(1− d2)(1− d)2Ψm
3

Ω2 =
4(α− 1)(1− β)2

α2|1− γ|2(1− d2)2(1− d)Ψm
2 Ψm

1

Ω3 =
4(α− 1)2(1− β)2

α3|1− γ|3(1− d2)3Ψ3m
1

Ω4 =
4(1− β)3(α− 1)(2− α)
3α3|1− γ|(1− d2)3Ψ3m

1
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|a5| ≤


Ω1 + Ω2 + Ω4 + Ω5 + Ω6 + Ω8, α ∈ (0, 1)

Ω1 + Ω2 + Ω7, α ∈ [1, 2)
Ω1 + Ω2 + Ω3 + Ω8, α ∈ [2, 3)

Ω1 + Ω2 + Ω8, α ∈ [3,∞)

where

Ω1 =
2(1− β)

α|1− γ|(1− d2)(1− d)3Ψm
4

−, Ω2 =
12(α− 1)2(1− β)3

α3|1− γ|3(1− d2)3(1− d)Ψm
2 Ψ2m

1

Ω3 =
20(α− 1)2(2− α)(1− β)4

3α4|1− γ|4(1− d2)4Ψ4m
1

, Ω4 =
10(1− α)3(1− β)4

α4|1− γ|4(1− d2)4Ψ4m
1

Ω5 =
4(1− α)(1− β)2

α2|1− γ|2(1− d2)2(1− d)2Ψm
1 Ψm

3

, Ω6 =
2(1− α)(1− β)2

α2|1− γ|(1− d2)2(1− d)2Ψ2m
2

Ω7 =
4(α− 1)(2− α)(1− β)3

α3|1− γ|3(1− d2)3(1− d)Ψ2m
1 Ψm

2

, Ω8 =
2(α− 1)(α− 2)(3− α)(1− β)4

3α4|1− γ|2(1− d2)4Ψ4m
1

and

Ψm
1 =

(
1 + λα+ l

1 + λ(α− 1) + l

)m

Ψm
2 =

(
1 + λ(α+ 1) + l

1 + λ(α− 1) + l

)m

Ψm
3 =

(
1 + λ(α+ 2) + l

1 + λ(α− 1) + l

)m

Ψm
4 =

(
1 + λ(α+ 3) + l

1 + λ(α− 1) + l

)m

Proof. Note that, for f(z) ∈ Tα
m(ω, λ, β, γ, l),

Re
Im(λ, l)f(z)α(

1+λ(α−1)+l
1+l

)m
(z − ω)α

>
β − γ

1− γ
, (z ∈ U)

and all the paprameters are as earlier defined and ω is afixed point in U .
If we define the function pω(z) by

pω(z) =

(1− γ) Im(λ,l)f(z)α(
1+λ(α−1)+l

1+l

)m
(z−ω)α

− (β − γ)

1− β
= 1 +B1(z − ω) +B2(z − ω)2 + ...(16)
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Then pω(z) is analytic in U with pω(ω) = 1 and Repω(z) > 0, z ∈ U and ω is a fixed
point in U .

For the sake of clearity we let

f(z)α = (z − ω)α[1 +
∞∑

j=1

αj(a2(z − ω) + a3(z − ω)2 + ...)j ] (17)

where for convinience in the above we let

αj =
(
α
j

)
, j = 1, 2, 3, ... (18)

hence from (16) and (17) we have

pω(z) = 1 + α1
Ψm

1

B
a2(z − ω) + (α1a3 + α2a

2
2)

Ψm
2

B
(z − ω)2

+(α1a4 + 2α2a2a3 + α3a
3
2)

Ψm
3

B
(z − ω)3

+(α1a5 + α2(2a2a4 + a2
3) + 3α3a

2
2a3 + α4a

4
2)

Ψm
4

B
(z − ω)4 (19)

where αj(j = 1, 2, 3, ...) is as earlier defined in (17),

Ψm
j =

(
1 + λ(α+ j − 1) + l

1 + λ(α− 1) + l

)m

, j = 1, 2, 3, ...

B =
1− β

|1− γ|

On comparing coefficients in (18) and using the fact the |Bk| ≤ 2
(1+d)(1−d)k , k ≥ 1

[3] the results follow and the proof is complete. On setting λ = 1, l = 0 in Theorem
3.1 we have

Corollary 3.1. If f(z) ∈ Tα
m(ω, 1, γ, β, 0) ≡ Tα

m(ω, γ, β),for α > 0,0 ≤ β <
1, 0 ≤ γ ≤ β, or γ > 1+β

2 , n = 0, 1, 2, ... then

|a2| ≤
2(1− β)αn−1

(α+ 1)n|1− γ|(1− d2)

|a3| ≤

{
2(1−β)αn−1

(α+2)n|1−γ|(1−d2)(1−d)
− 2(α−1)(1−β)2α2n−2

(α+1)2n|1−γ|2(1−d2)2
, 0 < α < 1

2(1−β)αn−1

(α+2)n|1−γ|(1−d2)(1−d)
, α ≥ 1

}
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|a4| ≤


Ω1 + Ω2 + Ω3, α ∈ (0, 1)
Ω1 + Ω3 + Ω4, α ∈ [1, 2)

Ω1 + Ω3, α ∈ [2,∞)

where

Ω1 =
2(1− β)αm−1

(α+ 3)m|1− γ|(1− d2)(1− d)2

Ω2 =
4(α− 1)(1− β)2α2m−2

(α− 1)m(α+ 2)m|1− γ|2(1− d2)2(1− d)

Ω3 =
4(α− 1)2(1− β)3α3m−3

(α+ 1)3m|1− γ|3(1− d2)3

Ω4 =
4(α− 1)(2− α)(1− β)3α3m−3

3(α+ 1)3m|1− γ|3(1− d2)3

|a5| ≤


Ω1 + Ω2 + Ω4 + Ω5 + Ω6 + Ω8, α ∈ (0, 1)

Ω1 + Ω2 + Ω7, α ∈ [1, 2)
Ω1 + Ω2 + Ω3 + Ω8, α ∈ [2, 3)

Ω1 + Ω2 + Ω8, α ∈ [3,∞)

where

Ω1 =
2(1− β)αm−1

(α+ 4)m|1− γ|(1− d2)(1− d)3
,

Ω2 =
12(α− 1)2(1− β)3α3m−3

(α+ 1)2m(α+ 2)m|1− γ|3(1− d2)3(1− d)

Ω3 =
20(α− 1)2(2− α)(1− β)4α4m−4

3(α+ 1)4m|1− γ|4(1− d2)4
,

Ω4 =
10(1− α)3(1− β)4α4m−4

(α+ 1)4m|1− γ|4(1− d2)4

Ω5 =
4(1− α)(1− β)2α2m−2

(α+ 1)m(α+ 3)m|1− γ|2(1− d2)2(1− d)2
,

Ω6 =
2(1− α)(1− β)2α2m−2

(α+ 2)2m|1− γ|2(1− d2)2(1− d)2

Ω7 =
4(α− 1)(2− α)(1− β)3α3m−3

(α+ 1)2m(α+ 2)m|1− γ|3(1− d2)3(1− d)
,

Ω8 =
2(α− 1)(α− 2)(3− α)(1− β)4α4m−4

3(α+ 1)4m|1− γ|4(1− d2)4
,
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On setting ω = 0 in Corollary 3.1, we have:

Corollary 3.2. If f(z) ∈ Tα
m(λ, β, γ, l), then

|a2| ≤
2(1− β)

α|1− γ|Ψm
1

|a3| ≤


2(1−β)

α|1−γ|Ψm
2
− 2(α−1)(1−β)2

α2|1−γ|2Ψ2m
1
, 0 < α < 1

2(1−β)
α|1−γ|Ψm

2
, α ≥ 1



|a4| ≤


Ω1 + Ω2 + Ω3, α ∈ (0, 1)
Ω1 + Ω3 + Ω4, α ∈ [1, 2)

Ω1 + Ω3, α ∈ [2,∞)

where

Ω1 =
2(1− β)

α|1− γ|Ψm
3

; Ω2 =
4(α− 1)(1− β)2

α2|1− γ|2Ψm
2 Ψm

1

Ω3 =
a(α− 1)2(1− β)2

α3|1− γ|3Ψ3m
1

; Ω4 =
4(1− β)3(α− 1)(2− α)

3α3|1− γ|Ψ3m
1

|a5| ≤


Ω1 + Ω2 + Ω4 + Ω5 + Ω6 + Ω8, α ∈ (0, 1)

Ω1 + Ω2 + Ω7, α ∈ [1, 2)
Ω1 + Ω2 + Ω3 + Ω8, α ∈ [2, 3)

Ω1 + Ω2 + Ω8, α ∈ [3,∞)

where

Ω1 =
2(1− β)

α|1− γ|Ψm
4

−, Ω2 =
12(α− 1)2(1− β)3

α3|1− γ|3Ψm
2 Ψ2m

1

Ω3 =
20(α− 1)2(2− α)(1− β)4

3α4|1− γ|42Ψ4m
1

, Ω4 =
10(1− α)3(1− β)4

α4|1− γ|4Ψ4m
1

Ω5 =
4(1− α)(1− β)2

α2|1− γ|2Ψm
1 Ψm

3

, Ω6 =
2(1− α)(1− β)2

α2|1− γ|Ψ2m
2

Ω7 =
4(α− 1)(2− α)(1− β)3

α3|1− γ|3Ψ2m
1 Ψm

2

, Ω8 =
2(α− 1)(α− 2)(3− α)(1− β)4

3α4|1− γ|2Ψ4m
1
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and

Ψm
1 =

(
1 + λα+ l

1 + λ(α− 1) + l

)m

Ψm
2 =

(
1 + λ(α+ 1) + l

1 + λ(α− 1) + l

)m

Ψm
3 =

(
1 + λ(α+ 2) + l

1 + λ(α− 1) + l

)m

Ψm
4 =

(
1 + λ(α+ 3) + l

1 + λ(α− 1) + l

)m

On setting γ = 0 in Corollary 3.2, we have:

Corollary 3.3. If f(z) ∈ Tα
m(1, 0, β, 0) ≡ Tα

m(β),for α > 0, 0 ≤ β < 1, 0 ≤ γ ≤
β, or γ > 1+β

2 , n = 0, 1, 2, ... then

|a2| ≤
2(1− β)αn−1

(α+ 1)n

|a3| ≤

{
2(1−β)αn−1

(α+2)n − 2(α−1)(1−β)2α2n−2

(α+1)2n , 0 < α < 1
2(1−β)αn−1

(α+2)n , α ≥ 1

}

|a4| ≤


Ω1 + Ω2 + Ω3, α ∈ (0, 1)
Ω1 + Ω3 + Ω4, α ∈ [1, 2)

Ω1 + Ω3, α ∈ [2,∞)

where

Ω1 =
2(1− β)αm−1

(α+ 3)m

Ω2 =
4(α− 1)(1− β)2α2m−2

(α− 1)m(α+ 2)m

Ω3 =
4(α− 1)2(1− β)3α3m−3

(α+ 1)3m

Ω4 =
4(α− 1)(2− α)(1− β)3α3m−3

3(α+ 1)3m

183



A.T. Oladipo - On a new subfamilies of Bazilevic functions

|a5| ≤


Ω1 + Ω2 + Ω4 + Ω5 + Ω6 + Ω8, α ∈ (0, 1)

Ω1 + Ω2 + Ω7, α ∈ [1, 2)
Ω1 + Ω2 + Ω3 + Ω8, α ∈ [2, 3)

Ω1 + Ω2 + Ω8, α ∈ [3,∞)

where

Ω1 =
2(1− β)αm−1

(α+ 4)m
, Ω2 =

12(α− 1)2(1− β)3α3m−3

(α+ 1)2m(α+ 2)m

Ω3 =
20(α− 1)2(2− α)(1− β)4α4m−4

3(α+ 1)4m|1− γ|4
, Ω4 =

10(1− α)3(1− β)4α4m−4

(α+ 1)4m|1− γ|4

Ω5 =
4(1− α)(1− β)2α2m−2

(α+ 1)m(α+ 3)m
, Ω6 =

2(1− α)(1− β)2α2m−2

(α+ 2)2m

Ω7 =
4(α− 1)(2− α)(1− β)3α3m−3

(α+ 1)2m(α+ 2)m
, Ω8 =

2(α− 1)(α− 2)(3− α)(1− β)4α4m−4

3(α+ 1)4m
,

With different choices of the parameters involved, various coefficient bounds for
the classes of functions in the cited literatures could be derived.
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