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ABSTRACT. In this paper, we obtain some properties such as coefficient
conditions, distortion theorem and extreme points for a certain subclass of
meromorphic harmonic functions with fixed residue a, 0 < a < 1.
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1. INTRODUCTION

The important study initiated by Clunie and Sheil-Small [3] on the class
H consisting of complex valued harmonic sense-preserving univalent functions
f in a simply connected domain D C C defined on the open unit disc
A = {z : |z| < 1} and normalized by f(0) = f.(0) — 1 = 0 formed the basis for
various studies related to different subclasses of harmonic univalent functions. It is
known that [3] each function f € H can be expressed as f = h+7, where h and g are
analytic in D. In fact H reduces to g, the class of normalized univalent functions if
the co-analytic part of f is zero. A compact survey on harmonic univalent functions
is given by Ahuja [1].

Jinxi Ma [8] considered the class S, of functions f which are meromorphic and
univalent in the unit disc A normalized by f(0) =0, f/(0) =1 and f(p) = oo, with
0<p<l.

Observe that in the annulus {z : p < |z] < 1} each function h in S, admits an
expansion written as

o

h(z) = +) anz” (1)

Z2—=p

n=1
where a = Res(f,p) with 0 < a <1, z € A\{p}.

Jinxi Ma [8] and also Ghanim and Darus [4, 6] have made use of the function h
given in (1) and studied some properties.

267



R. Ezhilarasi, T.V. Sudharsan, K.G. Subramanian, D. Breaz — On a new ...

Let H S, denote the class of functions f = h+ g that are harmonic univalent and
sense preserving in the punctured unit disk A\{p}.
For f = h + g, we may write the analytic function h as in (1) and g as

z) = i bp2".
n=1

Then we have

f(z) = h(z) +g(z) =

a oo oo
+ Z anz" + Z bp 2", (2)
S n=1 n=1

where o« = Res(f,p), with 0 < a < 1, z € A\{p}.
Let HS, be a subclass of HS, consisting of function of the form

f(2) = h(z) + g(2)

+Zanz —i—sz (G, by, > 0) (3)

zZ—p

where a = Res(f,p), with 0 < a <1, z € A\{p}, which are univalent harmonic in
the punctured unit disk A\{p}. The functions h and ¢ are analytic in A\{p} and
A respectively and h has a simple pole at the point p with residue a.

For @« = 1 and p = 0, the function f defined in (3) was studied by Bostanci,
Yalcin and Oztiirk [2].

In [4, 5, 6] Ghanim et al. defined the operator I* on the class HS, as follows:

I°f(2) = f(2),

I*f(2) = I*h(2) 4 TFg(2), k=1,2,3,..., (4)
where,
I*h(z) = 2(I*Th(z)) + a(2z - p) =2 4 inkanz”
(z=p)? z2-p 2
and

Ifg(z) = 2(I* g anbnz

Motivated by the earlier works of [2, 6, 7, 9], we now introduce a new subclass
HS}(k, a, B, ) using the differential operator I,
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Definition 1. A function f € HS;(k, o, 3, 11), if it satisfies
H(z)
pH(z) + (1 = p)

2(I*h(2)) + 2(I*g(2))
I*f(2)

pH(z) + (1= p)

+1’§' +28-1 (5)

where H(z) =
and for all z in A\{p}.

L (keNg=NU{0}),0<B<1,0<pu<1

Remark 1. HS;(k,a,B,O) = SH;(k,%m [6].
Also _
HS}[k,a,3,u] = HSy(k,a, B, ) N HS,.

We now obtain the coefficient estimates for the classes HSj(k,a,f3, ) and
HSy [k, o, B, pl.

2. MAIN RESULTS

A sufficient coefficient condition for functions analytic in A\{p} to be in
HSy(k, o, B, ) is now derived.

Theorem 1. Let f(z) = h(z) + g(z) be given by (2).
If

S "0k l(n+ 8) + B(n — D)(1 - p)*(Jan] + [bal)

n=1
<ol =p)[(1 =p) —p2-p), (6)
where 0 < B < 1, k € Ny, then f is sense preserving in A\{p} and
f € HS3(k, o, B,p).
Proof. Assume that (6) holds true for 0 < 8 < 1. Then by (5) we have

H(z)

’ H(z)
pH (2) + (1= p)

WH(z) + (1 - p)

+1’ <‘ +25—1‘
This gives
(P R(2)) + 2(TFgGYI + ) + T F(2) (1= )|
< |EUFR)Y + 2 TFgE)Y 11+ p(28 = 1) + (28 = D(1L = w1 (2)]
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Let

M(z) =

(=) + 2T gL+ ) + T (2)(1 = o)
~ [[*R(e)Y + 2TV + (28 — 1) + (26 = 1)1 = wI*f(2)].

Then, for |z| = r, and since |z — p| > |z| — p = r — p, we have

Py oo o
e + 2z Z nftlg, 2" 4 2 Z nktlp, 2n—1

n=1

+ (1 - [ +Zn anz +anbnz”]
n=1

M(z) =

(1+p)|—

n=1
+ (26-1)(1— [—i—Zn anz" —i—anb z”]
n=1

Also we notice that

ap + p(2ar — ap)

M(r) < 5 +Zn (n+1) + p(n = D] [lan|r"™ + |bn[r"]

(r—p) ot
B [2ar — 2afr + 2a8p — ap + pldafr — 2ar — 2afp + ap]
(r—p)?
+ nFl(n+ 28— 1)+ u(28 = 1)(n — 1)] [lan|r™ + [bn|r)
n=1
__2a(-8)  20p@r—p{1 -6
r—p (r—p)?

—I—Zn (n+B8) +28(n — Dy [|an] + |bal]r"
In other words

Z 2(n+ B) + 28(n — Dy [|an| + |ba|](r — p)*r"

—2a(1 = B)(r — p) + 2apu(2r —p)(1 - B)
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The inequality in (7) holds true for all (0 < r < 1). Therefore letting » — 1 in (7),
we obtain

(1-p) <Z2n (n+B8) + B(n — ] (1 = p)*[lan| + [bn]]

~20(1 - B)(1 - p) + 2ap(2 — p)(1 - ).

By the hypothesis (6), it follows that (5) holds, so that f € HS;(k,a, 3,1). We
observe that f is sense-preserving in A\{p}. This is because

1 > _
W(2)] > ——5 — Zn!anHZ\" !

| >
‘Z p‘z n=1
1 o
> T3 Zn|an||z|n_1
22 =
1 o0
> i ananh“”_l
n=1
oo
>1- Z nlay|
n=1
oo
>1-Y nl(n+ )+ B(n—1)ul(l—p)?lan]
n=1

>Zn n+ B) + B(n — ul(1 — p)?|bnl

>Znyb |>Zn|b | [z > 1g'(2)].

Hence the theorem.

Letting k = 8 =0 and p — 0 in Theorem 1, then we have the next corollary:
Corollary 2. If f(z) = h(z) + g(2) is of the form (2) and satisfies the condition

o
> n(lan] + 1ba]) < o1 — 2p1)
n=1

then f is sense preserving in A\{0} and f € HS;(0,,0, p).

Remark 2. Let k = =pu =0 and p — 0 in Theorem 1, then we have a result
obtained by Ghanim and Darus [6].
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Remark 3. Let u=k==0,a=1 fmdp — 0 in Theorem 1, then we have a
result obtained by Bostanci, Yalcin and Oztirk [2].

Letting k=1, § =0 and p — 0 in Theorem 1, then we have the next corollary:

Corollary 3. If f(z) = h(z) + g(2) is of the form (2) and satisfies the condition

an(’an’ + [bn]) < a1 —2p)

n=1
then f is sense preserving in A\{0} and f € HS{(1,«,0, ).
Remark 4. Letk=1,=0, a =1, = 0 and p — 0 in Theorem 1, then we have
a result due to Bostanci, Yalcin and Oztirk [2].

Next we obtain a necessary and sufficient condition for a function
f € HS) given by (3) to be in HS}[k, a, 3, p].

Theorem 4. Let f € HS, be given by (3). Then f € HS} [k, o, B, p] if and only if

> M [(n+8)+B(n—1)ul(1=p)*(an+bs) < a(1-B)[(1-p)—p(2-p)] (k € No) (8)

n=1

is satisfied. The estimate (8) is sharp and the equality is attained for the function

f(Z) — - a(l_ﬁ)[(l_p)_M(Q_p” P Oé(l—ﬁ)[(l—p) _M(Q_p)} ik
z=p nF[(n+B)+B(n—1ul(1—p)?*"  n¥l(n+B)+Bn—1ul(1—p?"
Proof. The if part follows from Theorem 1. Hence, it suffices to show that the ‘only

if’ part is true.
Assume that f € HS;[k,a, 3, pu]. Then

H(z)
pHE) + (—p)
H(z) B
WG + (1w T
—op et on), S bl 1) + o — 1))(anz" + 57
_ n=1
| —2az+2aBz — 2aBp + ap — pldafz — 2az — 2a8p + ap)
. (z —p)?
+ > nF(n+28—1) + p(28 = 1)(n = 1)] [anz" + bp2"]
n=1

IN
—_
—
o
~—
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z € A\{p}.
Since Re(z) < |z| for all z it follows from (9) that

—o R LS ikl 1)+l Dl(ons” + 5277)

n=1
Re —2a[(1 = B)z + Bp] + ap — pldaBz — 20z — 2a8p + ap)
. (z —p)?
+370H(n 426 - 1) + (28— 1(n - 1) fo" + 57
\ n=1 Y,
<1, z € A\{p}. (10)

Choosing the values z on the real axis and upon clearing the denominator in (10)
and letting z — 1 through real values, we obtain

Y nFl(n +1) + p(n = D)L = p)*(an + by)

n=1

< 2a(1 = B)(1 —p) = 2au(2 - p)(1 - B)

=S nb(n 28— 1) + p(28 — 1)(n — D)1 - p)2(an + by)

n=1

which immediately yields the required condition (8).

3. DISTORTION THEOREM
We now prove the following distortion theorem for functions in the class
HS; [k, o, B, pl.

Theorem 5. If the function f defined by (3) is in the class HS;[k, a, B, ], then for

|z| =7, we have

o, a(l-§)(1—p) —op2—p)(1-p)
Tl T+ )1 - '
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Proof. Let f € HS;[k,, 3, u], taking the absolute value of f we obtain

() < +ba)r™
o [al—B)1—p)—ap@—p)1—B)
S T 1+ B)(1-pp?
= n+6 )+B(n—-Dud-p? .
2" A=A —p) —an—-pa—p)

o u—ﬁxr—>—aM2—mu—ﬂ>
=7t 1+ A1 —pp? "

The functions

a . a(l-B)(1—p) —au-p)L-F)
z—p (L+8)(1—p)?

and 1 1 2 1
flo) = 2 Lol =B)A —p) — ap ;p)( —h)_
z—p (1+5)(1-p)
for0<a<land 0< 8 <1,0<pu<1show that the bound given in Theorem 5
are sharp in A\{p}.

Theorem 6. Let

ho()= == ()= 0.
form=1,2,3,...,

_ o al-=pB)1—-p) —au2-p)(A-5) ,

) S T i+ B+ A - DAl - )
d
" (Z)_ a(l—ﬁ)(l—p)—au(2—p)(1—ﬁ)§n (12)
I T TRk (4 8) + Bln — Dul(1 = p)?

Then f € HSy[k,a, B, p] if and only if it can be expressed in the form

f(Z) = Z()\nhn + 'Vngn) (13)
n=0

x
where A, > 0, v, > 0 and Z()\n + v,) = 1. In particular, the extreme points of

n=0
HS;[]{?,Oé,ﬁ,,U] are {h’n} and {gn}
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Proof. From (11), (12) and (13), we have

f(z) = i(knhn + YnGn)
=S S e e
" i a(rz [(n +1ﬂ_+)ﬂ?naf (12) ](]i)(_l p_)f) "
Then
nf:ln’“ n+B) + Bln —1)u)(1 —P>2nk[(n 5 +B?7:— ATICESE
+g”k (v 8) + Bl = DA~ ) e B~ T =

ZA +m)—A=1-X<1

So f € HSj[k. . 5.1
Conversely, suppose that f € HS[k, a, 3, p]. Set

n*[(n+ B) + B(n — 1)u)(1 — p)?

M= G0 —p) - an2—p)1 - )

ap, n>1

and i )
R (R R TV
a(l=pB)(1=p)—au2-p)(1-5)
Then, by Theorem 4, 0 < XA, < 1 (n = 1,2,...) and 0 < ~, <
(n=0,1,2,...).
Define

=1 = m
n=1 n=0

and note that, by Theorem 4, Ag > 0.
Consequently, we obtain

o

f(z) = Z(Anhn + ’Yngn)>

n=0

as required.
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