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ABSTRACT. In this paper we extend some known results related to starlikeness
and convexity of the Bernardi integral operator given by

Lslf BH/f B Lt 1)
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1. INTRODUCTION AND PRELIMINARIES

Let H(U) denote the set of holomorphic functions in the opendisc U = {z € C: |z| < 1}
and let
A ={feHU): f(z) =2+ any12" T+ .}
with A; = A. Also, for a positive integer n and a € C, let
Hla,n] = {f € HWU, f(2) = a+ anz" + .z € U}

and S = {f € A: f is univalent in U}.
Let

2f"(2)

f'(z)
denote the class of normalized convex functions of order o, where o € R, a < 1. For
a =0, £(0) = K denote de class of normalized convex functions in U.

IC(a)—{fEA:Re +1>a,z€U}
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2f'(2) }
S*(a) =< feA:Re >a,zel
@={ )
denote de class of starlike function of order «, with o € R, o < 1. For a = 0,
S§*(0) = §* denote the class of starlike functions in U.

Theorem 1. [2][10/([7] Theorem 9.5.5., p. 218) If L, : A — A is the integral
operator defined by L., [f] = F, where F is given by

’H—l

L, [f](z) = (O,

and Rey > 0, z € U, then it is well known that:
(1) Ly(8¥) € S*;
(11) L, (K) C K.

Theorem 2. ([8], Theorem 1) Let f € A, 5> 1 and let

F(z) = Ly(2) 6+1/f neolat, = e,

If

Re [Z%S) + 1] > _215 z€eU,

then the function F' is conver.

Theorem 3. ([9], Theorem 1) Let fe A, z€U, f>1 and

/ P dt, z e ld,
0

F(z) = Lg[f](

then the function F is starlike.
2. MAIN RESULTS
n [9], Georgia Irina Oros was proved that if f € §* (—%), B > 1, then F given by

(1) is starlike. We will extend this result from the next theorem:
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Theorem 4. Let 3 > 1, f € A, F(z) = Lg[f]|(z) where Lg is given by (1).

If
2f'(2) B
Re f(z) > —5, zel
then :
Rezg(g) > -8, zel.

Proof. Since f € A,, we have F(z) = z + b, 12" + ..., F(0) =0, F'(0) = 1.

From (1) we have

PRz =B+ 1)/f(t)tﬁ1dt, zeU.
0

By differentiating (3) and by a simple calculation we obtain

F(2) [m Zg(g)] = (B+1)f(2), z€U.
We let
1 2F'(z) B n B
p(z) = 51 [ F2) —i—ﬁ} =14c2"+ ..., p(0) =1, p € H[l,n]

Using (5), then (4) becomes

F()-p() = f(2), 2 €U.
By differentiating (6) and using (5), we obtain

L WO )
(1+B)p(z) — B+ o = 0 cU.
Using (2) and (7), we have
L W)L B
Re [(1+B)p(z) B+ o(2) ] =R O
which is equivalent to
2B, .
Re [(1 + B)p(z) + o) ] >0, zel

We let ¢ : C2 xU — C,
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V() 2/ (2),2) = (14 () + 2 B ey )
Then (8) is equivalent to

Rey(p(z),2p'(2),2) >0, 2 € U. (10)

In order to prove our theorem, we use a well known Lemma due to S.S. Miller
and P.T. Mocanu (see [3]-[6]). For that we calculate

Rey(ip,0,2z) = Re {(1 + B)ip + % — g] = —g <0.
Now, using the above mentioned Lemma, we get that Rep(z) > 0,
z€U,ie

5o

which imply that
2F'(z)
F(z)

>—0, zel

hence F € §*(—f), 5 > 0.

Remark 1. This result improves the results in Theorem 1.

Remark 2. For § =1, Theorem 4 extend the results obtained in [7], Theorem 9.5.2,
p. 214, (R. J. Libera Theorem) for the Libera operator.

In [8], Georgia Irina Oros showed that if f € K (—%), B8 > 1, then F € K,
where F' is given by (1). We will extend this result by the following theorem:

Theorem 5. If 3 >0, f € A, and satisfies

') B
ef’(z) +1> 5 (11)

then Lg[f](z) = F(z) € K(—p), where Lg given by (1).

R
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Proof. By, differentiating (3), and by a simple calculation we obtain that

F'(2) [5 +1+ zﬁ’;iz))] =B+1)f'(2), z€U. (12)
We let
(1+8)p(z) =B+1+ ZFF(S) =B+ 142" +..., p(0) =1, peH[L,n]. (13)

Using (13) in (12), we have

Fl(p() = (=), = €U, (14)
By differentiating (14) and by a simple calculation we obtain

2F'(2) () 22) )
Fi(2) +8+1+ pz) ) +1+p8, z€U. (15)
Using (13) in (15) we obtain
S _ ) ;
p(z) + o) - ) +1+8, z€U. (16)
From (11), we have:
p(z) P
Re |p(2) + o) 2 > 0. (17)
We let ¢ : C2 x U — C,
L @) B
P(p(2), 2p'(2), 2) = p(2) + v 2 PEY (18)
Then (17) becomes
Rey(p(2),2p'(2),2) >0, 2 €U. (19)

In order to prove our theorem, we use a well known Lemma due to S.S. Miller
and P.T. Mocanu (see [3]-[6]). For that we calculate

Revy(ip,0,2) = Re [ip—i— % - /ﬂ = —g < 0.

Now, using the above mentioned Lemma, we get that Rep(z) > 0,
zeU,ie
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Re [’va/;iz)) + 1] > 8, zel

hence F € K(—0).

Remark 3. The results of this theorem extend the results obtained in Theorem 1.

Remark 4. For =1, the results extend the results of Th. 9.5.2, Th. 9.5.3.[7], p.
214-215.
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