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ABOUT THE EQUIVALENCE OF SOME CLASSICAL
INEQUALITIES

TRAIAN CEAUSU

ABSTRACT. The equivalence of the classical inequalities studied in [2], [4], [6], [7],
[8]. follows from Jensen inequality as a property of the convex functions. Following
a long way, but simple and general, in this paper we show that the equivalence of
classical inequalities in finite dimensional case can be proved without using directly
Jensen inequality, see also [5], [11].
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1. CLASSICAL INEQUALITIES.

Euclid ordinary inequality. If a,b € (0, +00), then

ab < (“;b>2. (IOE)

with equality if and only if a = b.
Cauchy trivial inequality. Let n € N* be any positive integer. If a € (0,+00),
then

g/ 1) < 1 ++”1“ (CTI)
n

with equality if and only if a = 1.
Cauchy elementary inequality. Let n € N* be any positive integer and let
Y1,Y2, - -+, Yn € (0,400) be any positive real numbers such that y1y2 - - -y, = 1. Then

yi+yat. .y > (CEI)
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with equality if and only if y1 =yo = ... =y, = 1.
Cauchy mean inequality. Let n € N* be any positive integer and let
ai,az, ..., an € (0,400) be any positive real numbers. Then
Gn:(alaz'”an)l/nga1+a2+u-+an:An; (MGA)
n
and
_ n /n _
H, = T T T < (ajaz...ap)’" = Gy. (MHG)
—F — 4 ..+ —
al a9 (0799
Equality in each inequality holds if and only if a1 = a2 = ... = an.
Root mean square inequality. Let n € N* be any positive integer and let
ai,az,...,an € (0,400) be any positive real numbers. Then
2 2 2
An:a1+a2+...+anS\/a1+a2+...+an:Rn (RMS)
n n
with equality if and only if a1 = ao = ... = ay.

Rearrangement inequality. Let n € N* be any positive integer and let
21,22, ..,2n € (0,400) be any positive real numbers. If (wy,wa,...,wy,) is a per-
mutation of (21,22, ..., 2n) then

z%—l—zg—i—...—i—zg221w1+z2w2+...+znwn (PIA)

and . . .
N (PIB)

w1 w9 Wn,

Equality in each inequality holds if and only if wi = 2, for allk =1,2,... n.
Cauchy-Bunyakovski-Schwarz inequality. Let n € N* be any positive inte-
ger. If ap, € (0,+00) and by, € (0,4+00), for allk =1,2,...,n, then

BB

Equality holds if and only if

al a9 Ay,
bl b2 e bn .

Bernoulli inequality. Let n € N* be any positive integer and let o € (0, 400)
be any positive real number. Assume that x € (—1,+00). Then

(I+2)" > 14 nz. (BIA)
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If o € [1,400), then
(1+2)*>1+ ax. (BIB)

If a € (0,1], then
(1+2)* <1+ azx. (BIC)

Equality in each inequality holds if and only if x = 0.
Young inequality. Assume that a,b € (0,+00). If « € (0,1) then

a®b' ™ < aa + (1 — a)b. (YIA)

Let p,q € (1,400) such that 1/p+1/q=1. Then

Qirplia < @4 b (YIB)
P 4q
or equivalent
a? bl
ab < — + —. (YIC)
p q

Equality in each inequality holds if and only if a = b.
Rado-Popoviciu inequality. Let n € N* be any positive integers and let

ai,az,...,a, € (0,400) be any positive real numbers. For all k = 1,2,...,n, we
consider
G, = G(a1,a,...,a5) = (a1az - a)'/",
A = Alay, as, ... az) = a1+agz...+ak
and .
Hy = H(a1,az,...,a;) = 1 1 1
— 4+ — 4+ ...+ —
ar az ay
Then we have
0= Al — Gl S 2<A2 — Gg) S 3(A3 — Gg) S e S n(An - Gn) (RPA)
and ) .
n— n
1:G12(Gz) z...z(G”‘l) 2<G"> . (RPB)
Al AQ An—l An
Equality in each inequality holds if and only if a1 = as = ... = an,.

Maclaurin inequality. Let n € N* be any positive integer and let
ai,az,...,an € (0,400) be any positive real numbers. For all k = 1,2,...,n, we
consider ;

k
ty, = Z aj,aj, - -aj and S = ok
1<1<j2 <. <jr<n "
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Then
S1 >8> 63> > gl s gl/n (MLI)
with equality if and only if a1 = as = ... = ay,.
Rogers-Hdélder inequality. Let n € N* be any positive interger. Assume that

ai,az,...,ay and by,be, ... by are positive real numbers. Let p,q € (1,+00) such
that 1/p+1/q=1. Then

n n 1/p n 1/q
Z apbr < (Z ai) (Z b%) (RHA)
k=1 k=1 k=1

with equality if and only if

ay _ay _ _an
Ry AR

Ift € (1,400), then

n n 1-1/t n 1/t
Z apby < (Z ak> (Z akb};> (RHB)
k=1 k=1 k=1

with equality if and only if by = by = ... = b,.
Rogers inequality. Letn € N* be any positive integer. Assume that ai,as,...,an
and by,bo, ..., by are positive real numbers. Then

(RIA)

b?lng L < (albl +agby+ ...+ anbn>a1+a2+...+an
n = .

ayr+az+...+an

If0<r<s<t<+oo, then

n t—r n t—s n s—r
(Z akbi> < (Z akb£> <Z akb};> . (RIB)
k=1 k=1 k=1

Let ty,ta, ..., t, € (0,400) be any positive real numbers such that t1+to+. .. +t, = 1.
Then
VIO bl < t1by 4 taba 4 ...+ tyby. (RIC)

Equality in each inequality holds if and only if by = bs = ... = by,.
Lyapunov inequality. Let n € N* be any positive integer. Assume that by €
(0,400), forallk =1,2,....,n. If0 <r < s <t <400, then

L N
k=1 k=1 k=1
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with equality if and only if by = by = ... = b,.
Power mean inequality. Let n € N* be any positive integer. Assume that
Tg,ap € (0,400) for all k =1,2,...,n. The power mean M : R — R is defined by

a1 + agzh + ...+ apat 1t { e R*
M(t): ayp+ag+ ...+ oy ’
(x§1ay? .. gyl /(ataztdan) g — ),
If s < t, then
M(s) < M(t), (PMI)
with equality if and only if x1 =22 = ... = x,.

Minkowski inequality. Let n € N* be any positive integer. If p € (1,4+00) and
ag, b € (0,400) for allk =1,2,...,n, then

n 1/p n 1/p n 1/p
(Z(ak + bk)”) < (Z aZ) + (Z bﬁ) : (MI)
k=1 =1

k=1

2. PROOFS FOR EQUIVALENCE OF SOME CLASSICAL INEQUALITIES.

Next we shall prove that the previous inequalities are true and equivalent without
using directly Jensen inequality.

Lemma 1. Let n € N* be any positive integer.
(a). For all real numbers x € R we have

x[nw"“ —(n+ 12" +1] = (z— 1)2 Z kat.
k=1
(b). If x € (0,+00), then nz"™t +1 > (n + 1)a™, with equality if and only if
z=1.
(c). If a € (0,+00), then (n+ 1)a™ "D < 1 + na, with equality if and only if
a=1.
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Proof. For x # 1 we have

Zn:kxk:izn:xj:Zn:(a:k—l—xkﬂ—i-...—kx”)
k=1

k=1 j=k k=1
n n n—k+1 _ 1
:Zxk(l—l—x—i—...—i—w"*k): o ——
rz—1
k=1 k=1
1 < 1 -
_ n+1 k\ n+l k
—$_1Z(x x)—$_1<nx Zx)
k=1 k=1
1 " =1 T
— +1 _ +1
= — nx" —xx_l]—(m_l)z[n:z:" — (n+1)z" +1].

Lemma 2. The Euclid ordinary inequality (IOE) and the Cauchy mean inequality
(MGA) are equivalent.

Proof. (IOE) implies (MGA). [see [4], p.17] Assume that by € (0,+o0) for all
k=1,2',...,2". We have that biby < ((by + bs)/2)?, and so

2 2 22
bl+b2> (b3+b4> <(b1+52+b3+b4>

b1babsby <
1234_< 5 5 1

Repeating the argument n times, we find

b1+b2—|—...+bn—|—bn+1~|—...+b2n>2n
2n ’

bibg -+ bpbpi1 -+ ban < <

Finally, taking by = a1, by = a9, ...,b, = a, and

we obtain

n_ ait+as+...+a,+ 2" —n)A 2z
ajas - - anA2 n§< 2nn ( JAn

_ (nAn + (2" — n)An) > 2

2n "

or equivalent GI» = ajas---a, < A}
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Remark 1. We note the following elementary proof for the Cauchy-Bunyakovski-
Schwarz inequality.
Consider the function f: R — R,

n n

f(z) = Z(ak —bpz)? = Zai - QxZakbk + xQZbi.
k=1 k=1

k=1 k=1

We observe that f(xz) > 0 for all x € R. For

Trog = Z ajbj / Z bj
j=1 J=1

we have that the inequality f(xo) > 0 is equivalent to (CBS) inequality.

Remark 2. The Cauchy mean inequality (MGA) and the Cauchy mean inequality
(MHG) are equivalent.
We observe that H(ay,as,...,a,) < G(ay,asg,...,a,) is equivalent to

G(1/ai,1/as, ..., 1/an) < A(1l/ai,1/as,...,1/ay).

Similarly, we have that H (1/a1,1/as,...,1/ay) < G (1/a1,1/as,...,1/ay) is equiv-
alent to G(ay,as,...,a,) < A(ay,a9,...,ay).

Lemma 3. The Cauchy mean inequality (MGA) and the Cauchy elementary in-
equality (CEI) are equivalent.

Proof. (MGA) implies (CEI). Since y1y2 . .. yn, = 1, from the Cauchy mean inequality
(MGA), we obtain 41 + o + ...+ yn > n(y1y2 - - - yn) /™ = n.

(CEI) implies (MGA). We put yr = ap/Gyp, for all & = 1,2,...,n. Then
Y192 - . . Yn = 1. From the Cauchy elementary inequality (CEI), we have that a1 /G, +
az/Gn+ ...+ an/Gy > n, or equivalent A, > G,,.

Lemma 4. The Cauchy mean inequality (MGA), the Cauchy trivial inequality (CTI)
and the Bernoulli inequality (BIA) are equivalent.

Proof. (MGA) implies (CTI). For 21 =29 = ... = 2, = a and z,41 = 1 we obtain
that G(x1,xa,...,Tn,Tny1) < A(x1,22,...,Tn, Tny1) IS equivalent to a/ (1) <
(1+na)/(n+1).

(MGA) implies (BIA). Assume that n > 2. Since x € (—1,+00) we have that
y=(1+z)" € (0,4+00). We put a1 = y, ag = a3 = ... = a, = 1. Using
the Cauchy mean inequality (MGA) we obtain y +n — 1 > n/y, or equivalent
AI+z)"=y>1+n(y/y—1)=1+nz.

—~ o~
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(BIA) implies (MGA). (see [1],p.398) Assume that n > 2. Let k € {2,3,...,n}.
From the Bernoulli inequality (BIA), for z = Ay /Ax_1, we have

< AL >k21+k< A ): Fg— (k= DA
Ag—1 Ap—1 Ap-1 Ag—1

or equivalent A’,j > akAzj. Therefore
Ay > anAZj > anan_lA:‘;% > .2 anln_1 - - agA% = apGn_1 -..0a20a1.

(CTI) implies (BIA). Since x € (—1,400), we have that a = 1/(1 + z)"*! €
(0, +00). Applying the Cauchy trivial inequality (CTI) we obtain that (14 )"+ >
1+ (n+1)x.

Lemma 5. The Cauchy-Bunyakovski-Schwarz inequality (CBS) and the rearrange-
ment inequality (PIA) are equivalent.

Proof. (CBS) implies (PIA). Since 27 + 23 + ...+ 22 = w? + w3 + ... + w2, using
Cauchy-Bunyakovski-Schwarz inequality (CBS), we obtain

Z Zpwg < (Z z,%) (Z wi) = Z zZ
k=1 k=1 k=1 k=1

(PIA) implies (CBS). (see [12]) Define S = (a? + a3 + ... +a2)/? and T =
(B2 + b2 4 ...+ b2)Y/2. We put yp = ap/S and y, 1, = by/T, for all k = 1,2,...,n.
Observe that (Yn+1, Ynt2,s -« Y2ns Y1, Y2, - - -, Yn) 1S a permutation of (y1,y2,. .., Yn,
Yn+1, Ynt+2, - - - s Y2n ). Applying the rearrangement inequality (PIA), we have

92—

a24+a3+...+al b2+ +b2
G2 + T2
el et S Vol Vo Vel SR
2 Y1Yn+1 T Y2Yn+2 + - F YnYon + Ynt1Y1 T Ynt2¥Y2 + -+ Y2nYn
2(a1b1+agbg+...+anbn)
ST

Lemma 6. The Cauchy mean inequality (MGA) and the rearrangement inequality
(PIB) are equivalent.
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Proof. (MGA) implies (PIB). Since z129--- 2z, = wiwsy---wy, using the Cauchy
mean inequality (MGA), we obtain

A2y gL 2 A
wl w2 ’U)n ’LUI w2 wn
(PIB) implies (MGA). (see [12]) Now we put G,, = (ajaz - - - an)l/n and
po Ol W G @
1 Gn’ 2 G% ey Yn—1 Gﬁil ) n Gz .

Then (yn,y1,Y2;- -+, Yn-2,Yn-1) is a permutation of (y1,¥2,...,¥n-1,yn). Applying
the rearrangement inequality (PIB) we have

Y1 Y2 Yn—1 Yn a a2 G,

n< 424+ + =Ly 2442

Yn Y1 Yn—2 Yn—1 Gn Gn Gn
which is equivalent to Gy, = (ajas - - an)l/" < a1taz+...+an =A,.

n

Remark 3. Let o € (0,1) such that s = at+ (1 —a)r. Thena = (s—r)/(t—r) and
1—a=(t—s)/(t—r). The Rogers inequality (RIB) can be written in the following
equivalent form

n n 1-a n @
S a (bz)a (bg) T (Z akb2> <Z akbg> . (RBI)
k=1 k=1

Similarly, the Lyapunov inequality (LI) can be written in the following equivalent

form
n n 1-a n @
S (1)) < () (o) )
k=1 k=1

Lemma 7. The Rogers inequality (RIB), the Lyapunov inequality (LI) and the
Cauchy-Bunyakovski-Schwarz inequality (CBS) are equivalent.

Proof. (RIB) implies (LI). For a; = as = ... = a, =1 from (RIB) we obtain (LI).
(LI) iémplies (RIB). From the Lyapunov inequality (IL), we get

éakbs - Zn: ((“zlc/tbk)t)a <<a]1€/rbk>r)1—a

k=1

) (E)

k=1 k=1

n « n -«
= (Z akbz> <Z a;d)};) .
k=1 k=1

229
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(RIB) implies (CBS). For a = 1/2 the Rogers inequality (RIB) can be written
in the following form

S anhy*h? < (Z akb2> (Z akbz> (1)
k=1 k=1 k=1

Assume that zj € (0,400) and yi € (0,+00), for all £ = 1,2,...,n. We consider
the function f : [0, +o00) — R,

i au 2(1 Y = Zyk %yk
k=

Let u,v € [0,400). The inequality (1) implies that

u+v _ - 2
1(157) = et i)

12, n 1/2
(zyk 2y ) ( y<y>>
k=1

= F) 2 f ().

Let ¢t € [0,1]. It follows that

1(3) =1 (5+150) < swrera—ove

Since f : [0, +00) — R is continuous we have

f <;) < lim FOY2F( =12 = F()2f(0)1/2.

This inequality is the Cauchy-Bunyakovski-Schwarz inequality (CBS

n 12 s n
1
S = (3) < s0rnore - (Soat) (S
k=1 k=1
(CBS) implies (LI). Now we consider the function g : [0, 4+00) —

u) = Z bi.
k=1

)
1/2
R
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Let u,v € [0,400). The Cauchy-Bunyakovsky-Schwarz inequality (CBS) implies
that

U+ v u v u v
9( 2 ) = b0 < (Z bk> (Zbk) = g(u)?g() "2,
k=1 k=1 k=1

Suppose that wuy,ug, us, us € [0,400). Let v; = (u1 + u2)/2 and vo = (uz + uq)/2.
Then

UL + U + U3z + ug V1 + U2
g( : 222 : )29(2> < g(v1)"2g(ve)"/?

< glur) Y4 g(ug) g (uz)/*g(ua) /4.

If uy,ug,...,usm € [0,+00), repeating the argument n times, we find

g< 1 2 AL : > Sg(ul)l/Q 9(“2)1/2 "‘g(u2")1/2 . (2)

Let v1,v9,...,v, € [0,400). Taking u; = vi,ug = Vg, ..., Uy = Up, Uptl = Upi2 =
co.=ugn = (v +v2 + ...+ v,)/n and applying (2), we find

V1 +Uv2+ ..+ Uy
n

v+ Ve Uy, Ul—l—vg—i—...—i—vn—i—(Q"—n)
o )= -

Uy t+ug+ ...+ Uy +Upy1 + ...+ Ugn

< (g(u)g(us) - -~ g(un)g(ttns1) - - - guzn)) />

(2n—n)/2"
n V1 +vy+ ...+ v,
= (9(v1)g(v2) -~ g(vn))""? g< — )

or equivalent

V1 +v2+ ...+
g (M) < ) g g(0) ®)
Assume that n > 2. Let k € {1,2,...,n—1}. For vy = v9 = ... = v = x and
Vg1 = Ugt2 = ... = v, = y the inequality (3) becomes
k k _
o (e (1-3) ) = ter ot ()
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Since any rational number d € (0,1) has a form k/n, our inequality (4) holds, for
all z,y € [0,+00) and for any rational d € (0,1). If 8 € (0,1), then there exists a
rational sequence (d;); C (0,1) NQ convergent to §. Then, since g : [0, 4+00) — R is
continuous we have

9Bz + (1= B)y)= lim g(djz + (1 —d;)y) < lim g(x)%g(y)'"~% = g(x)’g(y)"' "

j—+oo T j—+oo
Now we obtain the Lyapunov inequality (IL),

n

Z (b};)a(bZ)l_a _ szt—k(l—a)r _ g(at + (1 o Oé)?")
k=1

k=1
n a n -«
< glt)g(r)1-" = (z bz) (zbz) |
k=1 k=1

Lemma 8. The Cauchy mean inequality (MGA) and the Rado-Popoviciu inequality
(RPB) are equivalent.

Proof. (RPB) implies (MGA). It is clear that from 1 > (G, /A,)" we obtain A, >
Gh.

(MGA) implies (RPB). Assume that n > 2. Let k € {1,2,...,n — 1}. Since
Gl = ak+1G£ and (k + 1)Agy1 — kEAr = agy1, we observe that the inequality

k+1
<Gk)k> (Gk+1)k+1
Ay ) 7 \ Ak

can be written in the following equivalent form

<kAk + ap41

k1
> Ak
E+1 > = U185

But this follows from the Cauchy mean inequality (MGA),

A(Ak7 Aka oo Ag, ak-i—l) > G(Akv Ay - - 7Ak7 ak’—i—l)‘

Lemma 9. The Cauchy mean inequality (MGA), the Cauchy trivial inequality (CTT)
and the Rado-Popoviciu inequality (RPA) are equivalent.
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Proof. (RPA) implies (MGA). It is clear that from 0 < n(4, — G,) we obtain
A, > Gy,

(CTI) implies (RPA). (see [9],p.18) Assume that n > 2. Let k € {1,2,...,n—1}.
From the trivial inequality (CTI), for a = G /ak+1, we have

( G )’“ _ (akaGk)’““
ap1/) — \(1+k)aga '

<Gk+1>k+ _ Grag41 < <Cbk+1 —i—sz:)kH

Ak+1 ayty (1 + E)ak+1

or equivalent (k+1)Ggy1 < agy1 + kGy. Since agy1 = (k+1)Ag1 — KAy we obtain

It follows that

(k4+1)Gpy1 < (k+ 1) Ap1 — kA + kG < k(A — Gg) < (k4 1)(Akr1 — Giy1)-

Lemma 10. The Rogers-Hélder inequality (RHA) and the Minkowski inequality
(MI) are equivalent.

Proof. (RHA) implies (MI). Let p,q € (1,400) such that 1/p+ 1/q = 1. We have
the followinf identity

n

S::Z(ak—i-bk Zak ak—f—bkp l—f-Zbk ak+bk)

k=1 k=1 k=1

Since ¢(p — 1) = p, applying the Rogers-Holder inequality (RHA), we obtain

" 1/p / n 1/q 1/p s n 1/q
S < (Z a§> (Z ay, + by) 1P~ 1) (Z bp> (Z ar, + bk)q@—”)
k=1 k=1
n l/p n 1/p n l/q
= <Z aﬁ) - (Z bz) (Z(ak + bk)l’>
k=1 k=1

k=1

n 1/p n 1/p
S < (Z ag> ( b§> Si/a,
k=1 1

(MI) implies (RHA). (see [7]) Let p,q € (1,+00) such that 1/p+1/¢ = 1 and
a,b,t € (0,+00). From the Bernoulli inequality (BIB), we have (1+tb/a)? > 1+qtb/a

or equivalent

£
Il
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or equivalent (a + tb)? > a? + qtba?™'. Let k € {1,2,...,n}. For a = a,lf/(q_l) and
b = by, we obtain
_ q _
qtbray < {ai/(q Dy tbk} - ai/(q b,

Then, summing over k from 1 to n, we obtain

qtzn: apby < zn: [ai/(qﬂ) + tbk} T Zn: az/(qfl).
k=1 k=1 k=1

Since p = ¢(q — 1), from the Minkowski inequality (MI), we have
n n 1/q n 1/q q n
qt Z apby < <Z aZ/(q1)> 4t (Z bz) _ Z %/(q 1)
k=1 k=1 k=1 k=1

or equivalent

n n 1/q n 1/q71 n
thakbk < ( a,i’) +t (Z b%) — Zai.
k=1 k=1

We consider

3

1/q
A= ap and B = (Z bp) )

Now consider the function f : [0, +00) = R, f(s) = (A9 + sB)%. It follows that
- t)— f(0
qkz_lakbk < f()tf(), t € (0,400).

Then

qzakbk < %l\r"% M _ f/(O) _ qBA(qfl)/q _ qBAl/p.

t
k=1

Lemma 11. The Cauchy mean inequality (MGA) and the Maclaurin inequality
(MLI) are equivalent.

Proof. (MLI) implies (MGA). Indeed, we observe that

1/n
ap+az+...+an t 1/ tn
n cy oo (C>

n

= (ajag - - an)l/” = Gy
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(MGA) implies (MLI). (see [10], p.36) Consider the function h: R — R
h(z) = 2" —t1z" L Ftox™ 2 — L (=D)" M1z 4 (—1) .
Let k € {1,2,...,n} and let z € R. A computation shows that

hR) (@) = Ap—kak — 4 AP TR 4 (CD)E T ATTE e (— )R AT
From the Viete relations, the roots of equation h(xz) = 0 are aj,as,...,a,. It
follows that the roots of equation h(" %) (z) = 0 are all positive real numbers.
Let z1,22,...,2; € (0,400) the roots of equation A% (z) = 0. We put cj =
x1xo - - xp/xj, for all j = 1,2,...,k. Now, using the Cauchy mean inequality
(MGA), we obtain

(0162-~-Ck)1/k§ 01—1—02—;...4-61C

or equivalent

1
k—1)/k
(:legu-xk)( )/ < - Z Ljy1Zjg * Ly
1<51<j2<...<jr-1<k
Since, from the Viete relations, 21y - - -z = tx A5 /AN = 1, /C* and
—k —k k—1
> TjyTjy -+ Tjyy = 1 Ag g AR = Ktk1/Cy
1<j1<g2<...<jr—1<k
we find that (t,/CF)E=D/k < ¢, /Ck1,

Lemma 12. The Rogers inequality (RIB), the power mean inequality (PMI), the
Rogers-Holder inequality (RHB) and the Rogers-Hdolder inequality (RHA) are equiv-
alent.

Proof. (RIB) implies (PMI). Assume that 0 < s < t. Let r € (0,4+00) such that
0 <r < s < t. Using the Rogers inequality (RIB) we have

n t—r n s—r n t—s
t
(Z ozwzi) < (Z ak:pk) (Z akxz> .
k=1 k=1 k=1

For r \, 0 we have that

n t n s n t—s
t
(z) < (2) (z) ,
k=1 k=1 k=1
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or equivalent
n t n s n t—s
(M(s)s Z ak> < (M(t)t Z ak> (Z ak> .
k=1 k=1
Using this inequality we obtain M (s)** < M (¢)!*. This inequality becomes M (s) <

M(t). Now assume that s <t < 0 and let r € (0,+00) such that 0 < r < —t < —s.
Using the Rogers inequality (RIB), we have

S]] () (B0

For r ™\, 0, we have that

n -5
k=1

) () (r)’

k=1

N
TR
NgE

Q

ol
N———

T

»
X
-

)

ol

8

-
N——
|

or equivalent

Using this inequality, we obtain M (t)™*¢ < M(s)™*!. This inequality becomes
M(s) < M(t). Finally, we assume that s < 0 < ¢. Let u,v € R* such that
s<u<0<wv<t Then M(s) < M(u) and M(v) < M(t). It follows that
M(s) < il/n%M(u) = M(0) :ii{%M(v) < M(t).

(PMI) émplies (RHB). Assume that 1 < ¢ < +o0. Then the inequality M (1) <
M (t) can be written as

a1 + aoxo + ...+ antn, < <a1m§+a2$§+...+anxz>l/t
o t+ag+...+ay o ar+oag+...+ao,

or equivalent
n n 1-1/t n 1/t
Sons (Vo) (o)
k=1 k=1 k=1

(RHB) implies (RHA). Let t = ¢ € (1,+00). Then 1/p = 1 — 1/t. Since
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p+ q — pq = 0, applying the Rogers-Holder inequality (RHB), we have

n

n n n 1-1/q 1/q
Z apby = Z ai(a,lcfpbk) < (Z ai) (Z ai(aipbk)q>
k=1 k=1 k=1

k=1
n /p s n 1/q
k=1 k=1

(RHA) implies (RIB). We prove that (RHA) implies (RBI). For « = 1/p and
1 — a =1/q, applying the Rogers-Holder inequality (RHA), we have

n

D k) O = 3 (0 b (a0
k=1

k=1
n 1/p n 1/q
< (Z(ai/tbk)pat> <Z(ai/rbk)qr(la)>
k=1 k=1
e

Remark 4. The Young inequality (YIA), the Young inequality (YIB) and the Young
inequality (YIC) are equivalent. The Bernoulli inequality (BIB) and the Bernoulli
inequality (BIC) are equivalent. The Rogers inequality (RIA) and the Rogers in-
equality (RIC) are equivalent. Finally, we note that the Bernoulli inequality (BIB)
implies the Bernoulli inequality (BIA).

Lemma 13. The Rogers inequality (RIC) and the Young inequality (YIA) are equiv-
alent.

Proof. (RIC) implies (YIA). Trivial.

(YIA) implies (RIC). We proceed by induction. Let n € N* with n > 2 and
b1,b2, ..., by, bpt1 € (0,400). Suppose that t1,t2,...,tn, tht1 € (0,400) are such
that t1 +to+ ...+t +tpy1 =1. Let s=1—tp41 =t1+to+...+t, € (0,1). Thus,
by the inductive assumption, we have

b - = () < S bt

t t t
<s [8151 + ;252 +...+ ;bn:| + tnt1bpt1 = 1101 +tabo 4. A+ tpby + t1bpga.
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Lemma 14. The Bernoulli inequality (BIC) and the Young inequality (YIA) are
equivalent.

Proof. We observe that the Young inequality (YIA) can be written in the following
equivalent form (a/b)* <1 — a(l —a/b).

(BIC) implies (YIA). For 1 4+ 2 = a/b € (0,+0c0), from the Bernoulli inequality
(BIC) we have (a/b)* <1—a(l —a/b).

(YIA) implies (BIC). For b = 1 and a =  + 1 € (0,+00), from the Young
inequality (YTA) we have (1 4+ 2)* <1+ az.

Lemma 15. The Bernoulli inequality (BIB), the power mean inequality (PMI),
the Rogers inequality (RIA), the Cauchy mean inequality (MGA) and the Young
inequality (YIA) are equivalent.

Proof. (BIB) implies (PMI). (see [3], p.109) Let k € {1,2,...,n}. Assume that
0 < s < t. Since t/s > 1, using the Bernoulli inequality (BIB) we have

() = [(Gie) | o 5t [ -

Now, summing over k from 1 to n we obtain

n
Zakxk_Zozk+ Z ka:k Zak
k:l

or equivalent
M(t) >t - - t t
ap > g + 7M(S)s o — — .
(3r) Do = o+ oMo L= 13-

This implies that M (t)! > M (s)!, that is M (t) > M(s). Now assume that s < t < 0.
Let k € {1,2,...,n}. Since s/t > 1, using the Bernoulli inequality (BIB) we have

e [ | R

and summing over k from 1 to n we obtain

1 n
W;amz > Z o + M(t)t;akxz_jzak
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or equivalent

( j) Zakizaﬁ Zak_fzak

This implies that M (t)~° > M(s)™*, that is M (t) > M(s). Finally, we assume that
s <0<t Letwu,veR"such that s <u <0 < v <t Then M(s) < li}%M(u) =
u

M(0) = lim M(v) < M(1).

(PMI) implies (RIA). We observe that the inequality M (0) < M (1) is equivalent
to the Rogers inequality (RIA).

(RIA) implies (MGA.). Trivial.

(MGA) implies (YIA). (see [6]) Assume that n > 2. Let k € {1,2,...,n — 1}
For ay = ay = ... = ar = a and agy1 = agyo = ... = a, = b the Cauchy mean
inequality (MGA) becomes

or equivalent

ak/mpl=kim < Ea—}- ( - k) b
n n
Then for all d € (0,1) N Q we have a®'~¢ < da + (1 — d)b. If 8 € (0,1) then
there exists a rational sequence (d;); C (0,1) N Q convergent to 8. It follows that
a%kﬁZIMlﬂwk@SJMIwa+ﬂ—d)) Ba + (1 — B)b.

Jj—+oo Jj—+oo

Lemma 16. The Young inequality (YIC), the Rogers-Holder inequality
(RHA), the Cauchy-Bunyakovski-Schwarz inequality (CBS), the root mean square
inequality (RMS), the Euclid ordinary inequality (IOE), the Cauchy mean inequality
(MGA) and the Young inequality (YIA) are equivalent.

Proof. (YIC) implies (RHA). Let k€{1,2,...,n}. Put

1/p " 1/q

zn:aé’ , B= Zb?
j=1 j=1

and up = ai/A, vy, = by /B. Using the Young inequality (YIC), we have

b uf ol ab b?
Yk o < k4 %k = Ok Ok
A B P q pAP  qBY
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and summing over k from 1 to n, we obtain
1 n
— Z akbk < 1
AB P

which is the Rogers-Holder inequality (RHA).

(RHA) implies (CBS). The Cauchy-Bunyakovski-Schwarz inequality (CBS) is a
special case of the Rogers-Holder inequality (RHA).

(CBS) implies (RMS). For by = by = ... = b, = 1 the Cauchy-Bunyakovski-
Schwarz  inequality ~ (CBS) is  exactly the root —mean  square
inequality (RMS).

" a? + b2 a+b

(RMS) implies (IOE). We observe that 5 > 5
equivalent to (a—b)? > 0. On the other hand the Cauchy ordinary inequality (IOE),
ab < ((a+b)/2)? is equivalent to (a — b)?> > 0. Finally, note that, the assertions,
the Euclid ordinary inequality (IOE) and the Cauchy mean inequality (MGA) are
equivalent, the Cauchy mean inequality (MGA) implies the Young inequality (YIA)
and the Young inequality (YIA) and the Young inequality (YIC) are equivalent, are
proved.

is
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