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ON THE LAPLACE OPERATOR OF A TUBE SURFACE IN
EUCLIDEAN SPACE

H. S. ABDEL Aziz AND ADEL H. SOROUR

ABSTRACT. In this paper, we study the Euclidean version of tube surfaces in
3-dimensional Euclidean space E® and characterize it by its Gauss map. Moreover,
under the condition ATG = MG where A’ denotes the Laplace operator with re-
spect to the first fundamental form I, A € R we investigate some special quantities
with respect to the Gaussian and mean curvatures. Furthermore, some important
theorems are obtained for that one and we have shown that the tube surface under
study is developable and not minimal. Finally, examples of tube surfaces are used
to demonstrate our theoretical results and plotted.
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1. INTRODUCTION

It is well known that, the theory of Gauss map G is always one of interesting topics
in a FEuclidean space and it has been investigated from the various viewpoints by
many differential geometers. Let Y : M — E? be an isometric immersion of a surface
in Euclidean 3-space. Denotes by G and A, respectively, the Gauss map and the
Laplacian operator of the surface M with respect to the induced metric form that
of E3. Takahashi [1] proved that the minimal surfaces and the spheres are the only
surfaces in E? satisfying the condition

AY = AY (1)

where A € R3%3 the set of 3 x 3 real matrices. Garay [2] extended it to the hypersur-
faces, that is, he studied the hypersurfaces in E"™!. On the other hand, Baikoussis
and Blair [3] studied ruled surfaces such that their Gauss maps satisfy

AG = AG. (2)
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They showed that the only ones are planes and circular cylinders. Also, for the
Lorentz version S. M. Choi [4] showed that the only ruled surfaces with non-null
base curve in a 3-dimensional Minkowski space E? satisfying the condition (2) are
locally the Euclidean plane, the Minkowski space, the Lorentz hyperbolic cylinder,
the Lorentz circular cylinder and the hyperbolic cylinder. L. J. Alias, A. Ferrandez,
P. Lucas and M. A. Merono [5] proved that the only ruled surfaces in E} with null
rulings satisfying the condition (2) are B-scrolls over null curves.

Moreover, on the generalization of equation AG = AG, \ € R, surfaces whose
Gauss map is an eigenfunction of a Laplacian, Dillen F., Pas J., and Verstraelen L.
[6] studied surfaces of revolution in a Euclidean 3-space E? such that its Gauss map
G satisfies the condition 2. Also, D. W. Yoon [7] investigated a non-developable
ruled surface in a Euclidean 3-space whose mean curvature vector is an eigenvector
of the Laplacian operator with respect to non-degenerate second fundamental form
of the surface.

In this paper, motivated by the results given in [7], we investigate a tube surface
in Euclidean 3-space E? satisfying the following conditions:

ATE = AK, MeR, (3)
ATH = \H, (4)
AT 2T, r= & (5)

H
AT =)0, Q=KH, (6)
ATl = ATl, T =aK +bH anda, beR, (7)

2. PRELIMINARIES

In Euclidean 3-space E3, it is well known that to each unit speed curve with at
least four continuous derivatives, one can associate three mutually orthogonal unit
vector fields e1, eo and es are respectively, the tangent, the principal normal and
the binormal vector fields [8]. We consider the usual metric in Euclidean 3-space
E3, that is,

(,) = dai + da3 + dx3,

where (z1, T2, x3) is a rectangular coordinate system of E3. In particular, the norm
of a vector X € E? is given by

X1 = V(X X).
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If X = (x1,22,23) and Y = (y1,y2,¥3) are arbitrary vectors in E®, we define the
vector product of X and Y as the following:

X ANY = (22y3 — x3y2, T3Y1 — T1Y3, T1Y2 — TaY1) - (8)

Let 6 : I C R — E3, § = §(s), be an arbitrary curve in E®. The curve 4 is said to be
of unit speed (or parameterized by the arc-length parameter s) if (§'(s),d'(s)) = 1
for any s € I. Let {ei(s), ea(s), e3(s)} be the moving frame of §, where the vectors
e1, ez and eg are mutually orthogonal vectors. A frame {e;, ea, es} satisfies the
following so called the Frenet equations [9]:

e (s) 0 K(s) 0 e1(s)
ex(s) | = | —rls) 0 7(s) | | exls) |, (9)
es(s) 0 —7(s) 0 es(s)

where
(e1,e1) = (e2,e2) = (e3,e3) =1,
(e1,e2) = (e2,e3) = (e3,e1) =0,
det(eq, e9,e3) = 1.

Let M : & = ®(s,t) C E® be a regular surface. Then the unit normal vector field of

a surface M is defined by
D, N Dy
U=——*"""_, 10
[@ A B 1o

where ¢4 = %. For the components g*/ (i, j belong to {1,2}) of the induced
metric (.,.) on M from that of E3 we denote by {g”} (resp. D) the inverse matrix
(resp. the determinant) of the matrix g;;. Then, the Laplacian A on M is given
by [10]. If ® : M — R, (s,t) — ®(s,t) is a smooth function and A’ the Laplace

operator with respect to the first I fundamental form of M, then from [10],we have

I = gi1ds® + 2g1adsdt + goodt?,
g1 = (D5, Py), g12 = (Ps, Py), g22 = (P4, Py),

and

0
out

1 . 0
Al = (VIDlg"-). 11
512 3 (VP15 (1)
Also, the second fundamental form of the surface M is given by

IT = —(dU,d®) = hiyds® + 2hiadsdt + haadt?, (12)
hiy = <(p887 U>7 hig = <(I)5t7 U>7 hag = <(I)tt’ U> (13)
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The Gaussian and mean curvature of the surface M in E3, respectively, are [10]

_ hi1haa — h3,

K(s,t) ,
911922 — 9%2

(14)

_ g11h11 — 2g12h12 + g22hoo
2 (911922 — 93)

where h;; are the components of second fundamental form.

H(s,t)

: (15)

3. TUBE SURFACES IN E?

Let (o, F) = (a(s), F(s)) be a unit speed curve with frame field F = {e;, es, e3}.
A tube surface is a surface which has a parametrization in the following form:

M: ®(s,t) =a(s) + r(cos[t]@(s) + sin[t]eg(s)), (16)

Calculating the partial derivative of (16) with respect to s and ¢ respectively, we get
O, =Q e — T’T|:Sin[t]62 - cos[t]eg},
Oy = —r [sin[t]eg - cos[t]eg],

where Q = 1 — rk cos[t]. From which, the components of the first fundamental form
are

gi1 = Q* +1*7%, gio =177, gay =17 (17)

The unit normal vector on ® can be directly obtained from (10) getting
U = — cos[t]ea — sin[t]es. (18)
Then, the components of the second fundamental form of ® are obtained by
hii = r7? — kQ coslt], hia=r7, hoa=r. (19)

The matrix (¢%/) reads as follows:

1 r2 —r2r

ijy
(9") r2()2 27 QQ + 272
Based on the above calculations, the Gaussian curvature K and the mean curvature
H of (16) are given by

K cos|t]

K =
rQ

(20)
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1 — 2rk cos|t]
2rQ '
Thus, using (11) we show that the Laplacian AT of M can be expressed as:

H= (21)

— QL<m-sm + K cos[t])% + 4TQ3 ( Ar7! + 42 (k7' — K'T) cos[t]+
T 2
Kk[4 +r?(k% — 47%)] sin[t] — 4rx?sin[2t] + r’k Sln[?)t])% - (&)%qL (22)
1
(o

Jr
82 2 82
Yo+ (= + &)

4. MAIN RESULTS
Now, we shall give a detailed discussion on a tube surface in E?
4.1. Laplacian of the Gaussian curvature
From the equations (3), (18), (20) and (22), the Laplacian of E on the surface (16)

is given by:

6 4 4 6
- (o, Ao + 3 Aicoslit] + 3 Bysinlj], Co+ 32 Cicosfit] + 3. D; sin[jt])
1= 1= 1= =

_ Ancosft] (0, cos|t], sin [t]) ;

rQ
(23)
which implies
Ao+ ZA cos|it] + Z B; sin[jt] = 16Ar2Q%k cos?[t], (24)
=1 7j=1
and
4 6
Co+ Z C; cosit] + Z D;sin[jt] = 16 r*Q*k cos[t] sint], (25)
i=1 j=1
where

Ay = —4r? |:I<v3 [10 +r2(k? + 27-2)} — 2/@”],
Ap = 1273 (3K — ki) + 21k [217%2 +2(15 + 117«272)],
Ay = 8(r’k" —4K) — 1 m[ (72 + 7r?K2) + 872 (4 + 7“2/62)},
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Az = 4r3(3K"% — kK") + rK? [297“2/{2 +4(13 + r272)] ,
Ay = —4r?s3 [8 + 72k 2} As =93kt Ag = —riK?,
= —12r K,[KT K } By = 4r? [/W’(Zl +7r2Kk2) + K'T(8 — r2m2)},
=—12r K,[KT - E/T}, By = 2rK? [m” - K,/T},
Co = —6rik [ i E/T}, C, = 4r3/<c[5/£7" + 7/47],
Cy = —8r2 [m"(Q +7r2k?) + K'T(4 — T2I€2)} C3 = 12r3ﬂ[n7’ — IQ/T} ,
Cy = —2r*K2 [m" — H/T}

and
Dy = 413(3K — k") + 2rK> [11r2/<;2 417 + 1374272)} ,

Dy = 8r2k" — /1[57’2/12(16 +72K%) + 32(1 + 7“27'2)} ,

D3 = 413(3k'? — k") + rr? {317’2/@2 +4(13 + 7’272)},

Dy = —4r?k3 [8 + 7’2&2}, Ds =9r3k*,  Dg= —r*xd.

Now, according to the angle ¢ we have two cases to be discussed as follows:

Case 1.
If we take the angle t = %(271 + 1), n=0, £2, +4, ... , then from (24) and (25)

we have, respectively
32k [1 + r%ﬂ —0, (26)

167 [/{2(1 + 3r27%) + r(kT + 2/47’)} =0. (27)

It refers to the Gaussian curvature K vanishes identically. On the other hand, if
k = 0. Thus M is an open part of a circular cylinder.

Case 2.
The same is hold when ¢ = g(Qn + 1), n==+1, £3, £5,......

From this, our major result states as follows.

Theorem 1. Let M be a tube surface given by (16) in E3. Then, the following are
equivalent:

(1): M is a developable surface or an open part of a circular cylinder.
(2): M satisfies the equation ATK = A\K, \ € R.
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4.2. Laplacian of the mean curvature

From the equations (4), (18) and (21), the Laplacian A’ of H on M is expressed as

6 4 4 6
ﬁ (0, Ao+ - Ajcoslit] + > Bjsin[jt],Co+ > Cicoslit] + > D; sin[jt])
=1 Jj=1 i=1 j=1

A0zt (0, couf] i),

which leads to

6 4
Ao+ Z Aj; coslit] + Z B; sin[jt] = 8\r?Q* cost] (1 - 2rkcos(t]), (29)

i=1 j=1

4 6
Co + Z C; cosit] + Z Djsin[jt] = 8Ar?Q* sin]t] (1 —2rkcoslt]), (30)
i=1 J=1

with the notion
Ay = 4r [Fa[él + 2412 + K2(11 + 72 (K2 + 272)))] — 7"2/4’},

Ay = =2[4+ r2[47% 4 R2[41 4 122162 + 2272)] 4 3r2(3" — )],
Ay =r [n {40 + 722472 + K2(76 + r2(Tr? + 87'2))]} — 47’2/&”} ,

Az = —p? [n2 [54 + r2(29k2 + 472)] + 2r2 (3K — /m”)} ,

Ay = 4r3K3 [8 + r2m2]7 As = —9rikt,  Ag = 1OK°,

By = 2r? [47" +r2k(6KrT" — 5/@’7’)},

By = —4r3 [m"(f) +72Kk2) + K'7(3 — 7‘2/@2)} ,

Bs = 2rtk [6%:7" — 5/@’7’}, By = —2r°k2 [m" — IQ/T},

Cy = 2r3 _2(3:%7'/ — K'7T) 4+ 3r2k2 (k7! — /<;’T)],

Cy = —2r? [47’ + r2rk(14k7" + H/T)},

Co = 413 | (5k7' + 3K'T) + 2r2k2 (k7' — KIT)],

C3 = —27“‘%[6%7’ - 5/1’7], Cy = 2r°k? [/W' - H/T},
and )
Dy = 2|4+ r2[47% + k231 + 2r2(5k2 + 772)) + 12 (3K — fm”)]],

Dy =r [8/&(5 + 3r272) + r2[k3(72 4 5r2kK2) — 4/{”]} ,
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D3 = —r? [Ii2[54 + 72(29K% + 472)] + 2r2(3K"? — kK" |,
Dy = 4r3K3 {8 + TQFLQ}, Ds = —9r%k*,  Dg = r°kP.
Consider now the following two cases:

Case 1.
Ift = g(Qn + 1), n =0, £2, +4,....., we have from the equations (29) and (30)

r [m(:% + %) —rr’| =0, (31)

167 {1 +r2[K2 + 721+ 3r°6%)) + P (k7 + 26'T)| = A (32)
Case 2.

Thus the tube surface (16) has constant mean curvature H = Q—IT and we sum-

marize the following theorem:

Theorem 2. Let M be a tube surface given by (16) in E®. Then, the following
conditions are equivalent:

(1): M has non-zero mean curvature (it is not a minimal surface).
(2): M satisfies the equation ATH = \H, \ € R.

4.3. Laplacian of the form T’ :%
Now, by using (18), (20) and (21), eq. (5) can be expressed as

7
! 5 (0, Ap+ > A, cosfit] +
4r2Q8 (1—2rncos[t] 1=1 Jj=1

Ar (O, 2 cos?[t], sin[Zt]),

= 1-2rk cos|t|

é B, sinljt], Co + f; C; coslit] + i D; sinljt))

=1 j=1

(33)
where the coefficients Ag, A1, ..., B1,...,C1, ..., D1, .., D5 are as follows:
Ag = —2r? [n3 [19r2f<a2 +2(17 + 97"272)} + 3r2k(3K"? — KkK") — 25/'},

A =r [/12 _8(7 + 67272) + r2k2[15r2K2% + 4(35 + 67“27‘2)]} + 672 (5K — 3/15”)] ,
Ag = 4r2/£’;(1 + 2r2k2) — 8k [2 + 72 [27‘2 + k2[14 + r2(8K? + 572)] + 37“2/@’2H ,
As=r |:/€2 _8(5 +2r272) + r2K2[11r2K2 + 2(45 + 41"27'2)]} + 2r2(5K"% — 3/{/4’)] ,
Ay = —2r ;€|:/-€2 [2(11 +r272) 4+ 177“2/{2] + 1r2(3K"? — /%”)},

As = r3g? 26 + 57“2/{2}, Ag = —8rikd, A7 =1Ok5,

B = —27“3/@[257'/(4 +7r2k2) + K'T(1 — 27‘2/{2)],

)
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By = 412 [/@T’(Q + 5r2k2) + 4K/ T(1 — 7“2/&2)} ,

B3 = 727“3/{[/4;7"(8 +3r262) 4+ K'7(1 — 37‘2ﬁ2)], By = 2r*k? {5/4;7" - 4/4;’7'},

Bs = —2r5i3 [m" - /4;’7'}, Cy = —2r*K2 [11&7” + 4/1’7'},

Cy =213k {2&7”(6 + 572k2) + K'7(19 — 107“2/{2)} , Co=—8r? [m"(l + 4r2K?) +
2&’7’},

C3 = 2r3/<;[/£7"(8 +5r2k2) + K'7(1 — 57”2&2)}, Cy = —2r'K? {5/4;7" - 4/47’},

Cs = 2r°k3 |:I€7'/ — ﬁ’T],

and
Di=r {/12

8(8 + 7r27%) + r22(66 + 5r272) | + 202 (5K — 3kx”)|,

Dy =—4 [/@_[4 +7r2[412 + 3K + K2[30 + r2(11K2% + 872)]] — 26" (1 + 7“2/12)] ,
D3 =r {/3 _8(5 +2r272) + r2K2(92 + 97’2%;2)} + 212 (5K/2 — S/m”)} ;

Dy = —2r n[/& [2(11 +r272) 4 177«2/-;2} +r2(3R2 — m”)},

Dy = r3g? —26 + 57’2/12}, Dg = —8r*r®, Dy =1r9x5.

)
T

From (33), when ¢ = §<2n+ 1), n € Z, we get

R(L+7r°m%) =0, (34)
+ k%34 5r21%) + r(k7’ 4+ 2k'T) = 0. (35)
From (20), (21), (34) and (35), we have K = 0 and H = 5.

4.4. Laplacian of the form 2 = KH
As in the above case, by adopting (18), (20) and (21), eq. (6) can be written as

7 5 5 7
m (0, Ao + z:lAi cos[it] + ‘21 Bjsin[jt], Co + 231 C; cosit] + Zle sin[jt])
1= 1= 1= 1=
)\n(172m€cos[t])
4r20)2

<O, 2 cos?[t], sin[2t]>.

(36)
Similarly, straightforward computations at ¢ = g(2n + 1), n =0, £2, +4,..and
= g(zn + 1), n =41, +3, +5,.., lead to

KanndH:i.
2r
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4.5. Laplacian of the form Il= aK + bH

Parallel to the study that considered in the previous cases, eq.(7) can be given as

6 4 4 6
ﬁ (0, Ag+ > Ajcoslit] + > Bjsin[jt],Co + > Cicoslit] + > D; sin[jt])
i=1 J=1 i=1 =1

— *’\(b’2(“;é’;)mos[t]) <0, cost], Sin[t])-

(37)
which leads to

6 4
A + Z A; coslit] + Z B sin[jt] = 8Ar?Q* cos[t] (b — 2(a + br)k coslt]),
i=1 j=1

4 6
Co+ Z C; coslit] + Z Djsin[jt] = 8\r*Q* sinft] (b — 2(a + br)k cos[t]),
i=1 j=1

Here, when t = g(Qn + 1), n € Z, Eq. (37) gives two equations

For?r + k {4@ + 3br + 7“272(4@ + br)} =0,
and
167 [b +r [m2(2a + br)(1 + 3r27%) + rr[br £ 25/ (2a + br)] £ 767 (20 + br)” = \b.

From which )
K=0and H=—.
2r

Based on the above discussions, we state the following theorem

Theorem 3. Let M be a tube surface as given in (16), then Eqs. (5), (6) and (7)
are satisfied if and only if the surface (16) is developable and not minimal.

We now present some of very typical examples.

5. EXAMPLES

Example 1. Let a(s) be a circular heliz in E3 with Frenet frame F = {ey, es, e3}
as follows:
a(s) = (a cos[s], asin[s], bs), a,b € R and a > 0, (38)
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ei(s) = a21 = ( — asinls|, acos[s], b),
es(s) = —(:os[s], sin[s], o), (39)

e3(s) = ﬁ(bsin[s], —bcos|s], a).

In the light of the above, the curvature and the torsion of the curve are respectively,
given by
a b
K= ——>5, T= 5.
a? + b? a? + b?

The map & = (<I>1, P, <I>3) : R?2 — E? defines a tube surface M in E? where:

]) cos[s] + \/:2% sin[s] sin[t],
]) sin[s] — \/% cos[s] sin[t], (40)

b, = (a—rcos

[t
Py = (a —rcosft
O3 =bs+ \/% sin[t].

For this surface, the Gaussian curvature K and the mean curvature H are defined
by

a cos|t]

K— _
r(a? +b% — a rcost])’

(41)

~a®+b* —2a rcoslt]
~2r(a®+ b2 —arcost])

(42)
When ¢ = g(2n + 1), n € Z, Egs. (41) and (42) lead to
K=0, H=—,

2r

i.e., the surface (40) is a developable and not minimal.
It seems natural to see that the tube surface (40) satisfies the Egs. (3)-(7) as shown
in Figure 1.

Example 2. Let §: I ¢ R — E? be a circular heliz in E*> and consider the
tube surface parameterized by

W(s,t) = B(s) +rx, (43)

where

° 2\3/53), (44)

B(s) = (cos[g] ~ 1, sin[3]
22 . s s 2V/2 s 1 >

sin[g] sinft], — sin[g] coslt] — 3 cos[g] sin[t], 3 sin[t]

X=- ( — cos[g] cos[t] +
(45)
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It is easy to calculate the Frenet frame as follows
ei(s) = %( — sin[3], cos[3], 2\@),

es(s) = —<cos[§], Sin[%],()),
es(s) = %(Q\ﬁsin[g], —2v/Zcosl3], 1).

no
w%
[\

The curvature k and the torsion 7 of 8 are given by x = é and 7 =
Let us write down, as usually,

= 2% — 1( (1 - reoslt])sin[£] + 227 cos[§] sint], (1 — 7 cos[t]) cos[§] + 22 sin[£] sin[t],zﬁ), 0)
Uy = %—\f =3 Zﬂsin[g] cos(t] + 3 cos[§] sin[t], 72\/5(:05[%] cos(t] + 3sin[§]sin[t], cos[t]).

A straight forward computation leads to the Gaussian curvature K and the mean
curvature H in the following forms

o coslt]

~ 7(=9 4 rcos[t]) (47)

9 —2rcoslt]

~ —18r + 2r2 cos[t]
From aforementioned data, one can deduce that the Laplace operator on ¥ corre-
sponding to the induced metric form satisfies the Egs. (3)-(7). One can see the
graph of ¥ in Figure 2.

(48)

Figure 1: From the left to the right, some tube surfaces generated by the circular
helix « are shown as follows: 7 = 0.5, a = 2, b = 0.4, s € [—4,4], t € [r,27];
r=205 a=2 b=04, se€[-4,4], t € [-m,n);r=05 a=2 b=04, s¢c
[0,67], t €0, 6m].
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Figure 2: From the left to the right, some tube surfaces generated by the circular
heliz B can be seen as: r = 0.5, s € [—4,4], t € [m,27]; r = 0.5, s € [-4,4], t €
[, 7]; r=0.5, s €[0,6n], t €[0,6m].
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