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Abstract. In the present paper we study isometric actions on compact symmet-
ric spaces for which the principal orbits are tubular hypersurfaces around totally
geodesic singular orbits. We show that in these cases the symmetric space can be
thought of as a compact tube the radius of which is determined by the curvature
tensor. Since the constant principal curvatures of the tubular orbits can explic-
itly be expressed, we obtain a simple method to determine volumes of symmetric
spaces by using volumes of lower dimensional ones. Finally, we discuss the classical
irreducible symmetric spaces of types I and II, each of which admits such special
hyperpolar actions.
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1. Introduction

Recall some basic concepts on isometric actions which will be used throughout the paper.
Regarding an isometric action o : L x N — N of a compact connected Lie group L on a
Riemannian manifold N, a closed (totally geodesic) submanifold C' is said to be a section if
C intersects orthogonally all the orbits of L, and in this case « is called polar. An isometric
action is said to be hyperpolar if it admits sections which are flat totally geodesic subman-
ifolds. In symmetric spaces the actions of isotropy subgroups present evident examples for
hyperpolar ones.
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Concerning the origin of the subject, first R. Bott and H. Samelson studied the so—called
variationally complete actions on symmetric spaces in the paper [4].

L. Conlon has effectively discussed the variationally complete actions and the hyperpolar
ones (see [8] and [9]). The connection of them is rather close, and Conlon has proved that
a hyperpolar action is variationally complete. The classification of hyperpolar actions on
Euclidean spaces was accomplished by J. Dadok (see [10]).

Let us take a Riemannian symmetric space G|K of compact type. A connected subgroup L of
the compact Lie group G is called symmetric if there exists an involutive automorphism p of
G such that L coincides with the identity component of G, = {g€ G | p(g9) = g}. R. Hermann
has pointed out that the action of a symmetric subgroup L on G|K admits flat sections (see
[15] and [16]). Later, using the construction of Hermann, J. Szenthe presented examples for
hyperpolar actions on compact Lie groups (see [23]).

Concerning closed subgroups of G which are not symmetric, E. Heintze, R. S. Palais,
C. L. Terng and G. Thorbergsson have given some sufficient and necessary conditions for an
action to be hyperpolar in the paper [13]. Using these criteria, A. Kollross has completely
classified the hyperpolar isometric actions on compact symmetric spaces (see [19]). It is
important to remark that cohomogeneity one isometric actions on compact symmetric spaces
are always hyperpolar (see [13]).

Let G|K be a simply connected symmetric space of compact type and let o denote the
corresponding involution of G. In this paper we study the isometric action of the symmetric
subgroup L on G|K provided that ¢ and p commute, furthermore, the codimension of the
principal orbits is equal to one and the orbit L(o) of the point 0 = K is singular. We show
that in this case the orbits of L coincide with the tubular hypersurfaces around the totally
geodesic orbit L(o0) (see Proposition 4). The whole symmetric space G| K can be thought of as
a compact tube the radius r of which is determined by the curvature tensor (see Theorem 1).
Moreover, the other singular orbit consists of those points whose distance from L(o) equals
r (see Proposition 5). Since the principal curvatures of these tubular hypersurfaces can
explicitly be expressed (see Proposition 6), we can compute the volumes of the principal
orbits using some results of the paper [12] by A. Gray and L. Vanhecke. This yields a simple
method to compute the volumes of compact symmetric spaces from the volumes of lower
dimensional ones (see Section 4). Finally, we apply the idea described in Sections 3 and
4 to irreducible symmetric spaces of types I and II. Mention must be made that K. Abe
and I. Yokota have already determined the volumes of all the irreducible compact symmetric
spaces using a different technique (see [1]).

Throughout this paper N = G|K presents a d-dimensional (simply connected) symmetric
space of compact type with the relevant Riemannian metric ( , ) and with the Levi-Civita
connection V. The exponential map in N defined on the tangent bundle T'N will be denoted
by Ezp and the Riemannian curvature tensor by R. We refer to the well-known book [14]
of S. Helgason for basic concepts and facts on symmetric spaces. Concerning submanifolds,
the basic concepts, which are used here, can be found in the books [11] and [18]. We always
take the inherited Riemannian metrics and the induced connections on the submanifolds of
N. As usual, the normal vector bundle of a given submanifold M will be denoted by v(M).
Considering a smooth normal vector field ¢ on M, A, will denote the shape operator of M
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with respect to (.

2. Hyperpolar actions of special symmetric subgroups

Let us take such a Riemannian symmetric pair (G, K) of compact type, where K is con-
nected. This means that GG is a connected compact semisimple Lie group and there exists an
involutive automorphism ¢ : G — G such that K coincides with the identity component of
the closed subgroup G,. This induces an involution do of the semisimple Lie algebra g of G.
Considering the eigenspaces of do with respect to the eigenvalues 1 and —1, we obtain the
Cartan decomposition

g==Ft+p, (1)

where £ coincides with the Lie algebra of the subgroup K.

Henceforth we denote the coset space G|K by N and the special coset K by o, too. We
can take the smooth left action a : G x G|K — G|K defined by the equality a(g, hK) = ghK
for g,h€G. It is well-known that the coset space G|K can be equipped with a Riemannian
metric such that the above action « turns into isometric and G|K turns into a symmetric
space. Therefore the elements of G can be considered as isometries of N, since to each
element g€ G we can assign the isometry o, : G|K — G|K, where ay(hK) = ghK holds for
hKeG|K.

As it is well-known, the subspace p can be regarded as the tangent space T,N of N = G|K
at o = K. Namely, considering the natural smooth mapping 7 : G — G|K defined by
7(g) = gK, its tangent linear map 7.7 at the identity element e presents an isomorphism
between p and T, N. Denoting by exp the exponential map of the Lie algebra g onto G' and
by Fxp, the exponential map of the tangent space T,N onto N, it is important to remark
that the equality

exp(Y)K = Ezpo(Tem(Y))

is valid for any Y €p. In this paper p and 7, N are considered to be identified by T.m.
Then concerning the Riemannian curvature tensor at o, for any vectors vy, vq, v3 in p the
relation

R(v1,v2)v3 = — [ [v1, v2], v3] (2)
is valid, where | , | denotes the bracket operation in the Lie algebra g.

Hereafter we assume that G is simply connected. This implies that the closed subgroup G, is
connected (see Chapter VII, Theorem 8.2 in [14]) and the symmetric space N is also simply
connected. Let B denote the Killing form of the Lie algebra g. It is well-known that the
quadratic form B is negative definite. In this paper we assume that for a positive number ¢
the equality

(vi,v2), = —c- B(v1,v2) (v, vV €P) (3)

holds, where ( , )  denotes the inner product on the tangent space T,N = p. Notice that the
above relation (3) is valid if the symmetric space G|K is irreducible.
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Let us take an involutive automorphism p of G such that p commutes o (p # o) and
the symmetric subgroup L = G,. In the following we study the inherited isometric action
a: L x N — N. Observe that since L is a compact Lie group, all the orbits of L are
submanifolds in N (see [5; pp. 301-303]). By the eigenspaces of the induced involution dp
of g we get another decomposition g = [ + n, where [ coincides with the Lie algebra of L.
Obviously, since the involutions do and dp commute, the equalities

(=1INE+[Np, p=pNli+pNn (4)

are valid, and the components of p are orthogonal with respect to the inner product.

Concerning differentiable actions, basic notions and facts can be found in the book [17].
First we determine the tangent space of the orbit L(o) at the point o. For this reason we
introduce some further notation. By the Cartan decomposition (1) an arbitrary vector X in
g can uniquely be written in the form X = X; + X, where X;ct and X, €p.

It is obvious that the tangent space T,L(0) is spanned by the tangent vectors wx(0) of
the smooth curves wy : R = N (X €), where wx(t) = Qeupx)(0) = 7o exp(tX) is valid
for teR. Clearly, the tangent vector wx (0) (X €[) coincides with the component X,,. Hence,
the decomposition (4) of [ implies the following assertion.

Proposition 1. The tangent space T,L(0) coincides with [N p, which is a Lie triple system
mp.

Since [N p is a Lie triple system in p, Fxzp,(I N p) is a totally geodesic submanifold in N.
Using the equality Exp,(Y) = a(exp(Y),0) which is valid for any Y € p, by Proposition 1 we
obtain that Exp,(I N p) coincides with the orbit L(o). Moreover, observe that the isotropy
subgroup L, ={ g€L | ay(0) =0 } equals LN K.

For simplicity, hereafter the totally geodesic orbit L(o0) will be denoted by M, too. There-
fore we get T,M = [Np and v,M = nNyp, where v,M denotes the normal complementary
subspace of T, M.

It is reasonable to consider the involution 7 = o o p of G. Hence, we can take the
symmetric subgroup H = G, and its action on N. Denoting by § the Lie algebra of H, we
obtain that h Np = nNp holds. As in the case of L(0), it can easily be seen that the orbit
H (o) coincides with the totally geodesic submanifold Exp,(h N p).

Let us take a maximal abelian subspace ¢ in n N p and the totally geodesic submanifold
C = Ezp,(c). This means that C' is a maximal dimensional flat totally geodesic submanifold
in the symmetric space H (o). The following result, which is essentially due to Hermann,
verifies that the isometric action o : L x N — N is hyperpolar (for proof see [16] or [13]).

Proposition 2. The flat torus C' intersects orthogonally all the orbits of L.

Clearly, the relations do(l) = [, do(h) = bh, expodo = o oexrp immediately imply that
L and H are invariant subgroups of o. Considering the restrictions of ¢ to these compact
subgroups, we obtain that LN K = L, = H,jg = H N K is valid.

As it is well-known, a connected (totally geodesic) submanifold M is called reflective if
there exists an involutive isometry of N such that M is a component of its fixed point set.
Lists of reflective totally geodesic submanifolds in irreducible symmetric spaces are given
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in the papers [20] and [7]. It is not difficult to show that L(o) and H(o) are reflective
submanifolds in N (for details see [26]). The above statements can be summarized in the
following proposition.

Proposition 3. (L,L N K) and (H, H N K) present Riemannian symmetric pairs with the
involution o. The orbits L(o) = Exp,(p N1) and H(o) = Exp,(p Nn) are reflective totally
geodesic submanifolds in N, which are isometric with the symmetric spaces LIL N K and
H|H N K, respectively.

Regarding an arbitrary element g € L, it is evident that the tangent linear map T'ay of the
isometry o, leaves the normal vector bundle v(M) invariant. Hence, we can take the smooth
action Taw : L x v(M) — v(M) of the symmetric subgroup L on v(M) which is defined by
Ta(g,w) = Tay(w) for g€ L and wev(M). In what follows, Expy; will denote the restriction
of Exp to the normal bundle v(M). Applying geodesics in N which intersect orthogonally
M = L(o), it can easily be seen that the relation

ag o0 Expy, = Expy 0 Tay (5)

is valid for each g€ L.

3. Cohomogeneity one isometric actions on compact symmetric spaces

Recall that the cohomogeneity of the action « is equal to the codimension of the principal
orbits of L. By Proposition 2 we obtain that this number is equal to one if and only if H (o)
is a symmetric space of rank one.

Henceforth RP™, C'P™ and (QP" will denote the n-dimensional real, 2n-dimensional com-
plex and 4n-dimensional quaternion projective spaces, respectively. Furthermore, S™ and Cay
will denote the n-dimensional sphere and the Cayley projective plane. It is well-known that
they present the compact symmetric spaces of rank one, furthermore, in these symmetric
spaces all the geodesics are closed and have the same length.

Assume that the rank of the symmetric space H (o) = Exp,(v,M) is equal to one and the
dimension of L(0) is less than d — 1, where d denotes the dimension of N. Then the closed
geodesics in H (o) which pass through o are sections of a.

We can consider the isometric action of the isotropy subgroup H, = H N K on the
symmetric space H (o), which is a totally geodesic submanifold in N. Then the orbits of
HNK = LNK in H(o) coincide with the geodesic spheres around o. It follows from this that
the smooth action Ta : L x v(M) — v(M) is transitive on the set of unit vectors in v(M).

Let us introduce now the notation

Mt:{ExpM(w) |wev(M), ||lw|| =t} (t>0)

and call M* the tubular hypersurface of radius ¢ around M. The above statement concerning
Ta and the relation (5) verify that M* is an orbit of L for any ¢ > 0. Therefore the following
assertion is true.
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Proposition 4. If the cohomogeneity of the action o : L Xx N — N is equal to one and
L(o) is a singular orbit, then the other orbits of L coincide with the tubular hypersurfaces
around L(o).

Hereafter we always assume that the cohomogeneity of the isometric action « is equal to one
and the totally geodesic orbit L(o) is singular.

Our purpose is to show that N can be regarded as a compact tube around L(o) = M
and to determine the radius r of this tube using the curvature tensor R. Let us take a unit
vector w € v, M (¢ € M) and the self-adjoint endomorphism R, : T,N — T,N defined
by R,(v) = R(v,w)w (v e T,N). Since v,M is the tangent space of a totally geodesic
submanifold in NV, v,M and T, M are invariant subspaces of R,,. Furthermore, it is important
to observe that in this case the eigenvalues of R, do not depend on the choice of the unit
vector w in v(M).

Let us fix now a unit vector v in v,M and the geodesic v : R — N defined by (1) =
Exp,(tu) (T € R). By Proposition 2 the closed geodesic C' = v(R) is a section of the action
a. Concerningthe orbits of L, Proposition 4 implies that L(y(t)) = L(y(—t)) = M* (t > 0)
is valid.

The eigenvalues of R, in T,M, which are non-negative numbers, will be denoted by
a; (1 =1,...,s) and their multiplicities will be denoted by m;, respectively.

Let A be the maximal sectional curvature of the symmetric space H (o) = Exp(v,M)
with rank one. Then the eigenvalues of R, in v,M are by = A\, by = }1)\, bs = 0 with
the multiplicities k1, ko, k3 (ks = 1), respectively. Obviously, ks = 0 is valid if H(o) is a
space of constant curvature. Moreover, ky =1, k; =3 and k; = 7 hold provided that
H(o) = CP" H(o) =QP"™ and H(o) = Cay, respectively. (For details concerning the
compact symmetric spaces of rank one see Chapter 3 of the book [2].)

Let h be the arc length of the closed geodesics in H(0). Then h = \2/—} holds provided that

H (o) is not a real projective space. In the case of H(0) = RP™ (n > 2) we get h = 2=
Let us consider the positive number r defined by the following relation

r = minimum

({57 o406 =1ees) JU{5 ). ©)

We can take the open tubular neighborhood
V' (M) ={w|wev(M), [w]|<r}

of radius r in the normal bundle v(M).

In order to prove Theorem 1, which verifies that N has a tubular structure around L(o) = M,
we need some results concerning M-Jacobi vector fields along normal geodesics (for details
see [3; pp. 220-238]).

Let N be a connected compact Riemannian manifold with dimension d and let M be a
connected compact submanifold of N. Take a point o of M and a unit vector u in the normal
subspace v, M. Then we can consider the geodesic v : R — N, where v(t) = Exp,(tu) holds
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for t € R. Recall that a Jacobi vector field £ : R — T'N along + is called M-Jacobi if the
conditions

(£(t),7(t)) =0 for teR,  £0)eToM, V&4 Au(£(0)) € voM

are satisfied, where A, denotes the shape operator of M with respect to u. The M-Jacobi
vector fields along v form a (d — 1)-dimensional linear space which we denote by J (v, M).
As usual, if a vector w in v(M) is a critical point of Expys, then w (respectively Expy(w))
is said to be a focal point of M in v(M) (respectively in N). It is well-known that the vector
tu (t # 0) is a focal point of M if and only if there exists a non-trivial M-Jacobi vector field
¢ along v such that £(¢) = 0 holds. If the vector eu (¢ > 0) is a focal point of M such that
Tu is not a focal one for any 7€ (0,¢), then cu is called a first focal point of M.

On the other hand, the point y(¢) for some £ > 0 is said to be the minimum point of M
along ~ if the following two conditions are satisfied:

Considering any value t €0, ¢], the distance between M and v(t) is equal to ¢. Furthermore,
if t > € is valid, then the distance between M and ~(t) is less than ¢.

Concerning minimum points of submanifolds, we can state the assertion below the proof
of which is analogous to the proof of the theorem characterizing the cut points of a given
point (see [3; pp. 237-238]). To give a complete proof we have to use the fact that M is a
compact submanifold of V.

Lemma 1. If y(e) (e > 0) yields the minimum point of M along v, then at least one of the
following statements is true.

(1) The vector eu is a first focal point of M.

(2) There is a unit vector wev(M) different from u such that Expy(cw) = 7(g) holds.

Let us return to the discussion of the cohomogeneity one isometric action o : L x N — N.
The following theorem verifies that the simply connected symmetric space N is a compact
tube of radius r around L(o) = M.

Theorem 1. The restriction of Expy to v' (M) is a diffeomorphism, and the relation
Expy (V" (M)) U L(y(r)) = N s valid.

Proof. First we show that the smooth map Expy, : v"(M) — N is regular by using the
method of M-Jacobi vector fields. Since the submanifold L(o) = M is totally geodesic, the
shape operator A, vanishes. Let us take a non-zero vector v; (i = 1,...,s) in T,M such that
R, (v;) = a;v; holds and the parallel vector field n; along v, where 7;(0) = v;. Then the vector
field & : R — T'N defined by &;(t) = cos(y/a; t) n;(t) is M-Jacobi. Moreover, let 9; (j = 1,2)
be a non-zero vector in v, M such that R,(v;) = b; 9;, and consider the parallel vector field 7;
along 7y, where 7;(0) = ;. Obviously, the vector field £; defined by &;(t) = sin(/b; ) 7;(t) is
also M-Jacobi. These vector fields generate the linear space J (v, M). Regarding the formula
(6) which presents the radius 7, we can see that for any non-trivial M-Jacobi vector field &
along v the relation £(¢) # 0 is valid provided that t € (0,r). Since L acts transitively on
the set of unit vectors in v(M) by the tangent linear maps, we obtain that the restriction of
the smooth map Expys to v (M) is regular. Moreover, Proposition 4 implies that the orbits
L(y(t)) = M* (0 <t <) are (d — 1)-dimensional.
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After this we prove that the map Fxzpy : v" (M) — N is injective which follows from the
statement below.

Considering a point p = y(t) (0 <t < r), the distance between M and p is equal to ¢ and
v([0, ¢]) presents the unique minimizing geodesic segment which joins M and p.

Indirectly, suppose that the above assertion is not true for some t € (0,7). Since Tu is not
a focal point of M for any 7 € (0,t), by Lemma 1 this implies that we can find a number
e (e < t) and a unit vector wevy,M (g€ M, q # o) such that Expy(eu) = Ezxpy(ew)
holds. Assume that € is the least positive number having this property. Then the orbit
M™ = L(y(r)) (0 < 7 < ¢) is principal and the isotropy subgroup L., does not depend
on the choice of 7€ (0,¢). Since L(o) = L((0)) is a singular orbit, the isotropy subgroup
L7 is included in L, = L N K. Let us take now an element g € L such that Ta,(w) = u
holds. Since ay(q) = o0 and ay(y(g)) = 7(e) are true, we obtain that the isotropy subgroup
L. of L at the point (e) is larger than L,(,) because g is not contained by L,. Therefore
we have got the (d — 1)-dimensional orbit L(~y(e)) which is not principal. However, since
the symmetric space NV is simply connected, by one of the results of Conlon all the maximal
dimensional orbits of L are principal (see Proposition 2.2 in [8]). This contradiction verifies
that - presents the unique minimizing geodesic segment which joins M and ~y(t). Since the
action Ta : L x v(M) — v(M) is transitive on the set of unit vectors of v(M), the relation
(5) implies that the mapping Expy, is injective on v"(M).

It remained only to prove the second assertion of the theorem. We can easily show that the
distance of each point of N from the submanifold M is not greater than r. Considering a
point p of N, let x : [0, ] — N be a minimizing geodesic segment which joins M and p, where
x(0) = w is a unit vector in v(M) and x(d) = p. Then the relations § < W (1=1,...,s)
hold since the vector 7w (0 < 7 < ¢) is not a focal point of M, furthermore, 6 < % is also valid.
It follows from this that the inequality 6 < 7 is true. Therefore the set Expy (v"(M)) U M”
coincides with the symmetric space V.

Finally, observe that in consequence of the above facts the elements of M are minimum

points of the submanifold L(o) = M. O

The following proposition shows that the symmetric subgroup L has two singular orbits.
Proposition 5. L(v(r)) = M" is another singular orbit of L.

Proof. Considering an element X € [ and a point p € N, let us take the smooth curve
wxyp : R = N defined by wx ,(7) = eaprx)(p) for 7 € R. Denoting by wx ,(0) the tangent
vector of this curve at 0, we get

T,L(p) = { wx,p(0) | X el }.

Regarding an element X € [[ we can take the vector field £x : R — TN along the fixed
geodesic 7, where £x (t) = Wx,(1)(0) is valid. It is well-known that the transversal vector fields
of a geodesic variation are Jacobi vector fields along the geodesics. Consider the geodesic
variation I'y : R x (—€,€) — N of v defined by I'x (¢, 7) = eap(rx)(7(t)), where € is a positive
number and t € R, 7€ (—¢,€). Then £x coincides with the transversal vector field of this
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geodesic variation, and it can be seen that {x is an M-Jacobi vector field along . Therefore
we obtain the equality

={&®) [&eT(v, M)} (t>0). (7)

The relations (6) and (7) imply that if either H (o) is not a real projective space or 2r < h
holds, then ~(r) is a focal point of L(o) = M. Hence, the codimension of the submanifold
L(~(r)) is greater than one.

Finally, assume that H (o) = RP™ holds and 7(r) is an antipodal point of 0 = (0) on
the closed geodesic C. Regarding the isotropy subgroup of L at (r), it can easily be seen
that the orbit L(vy(r)) is not principal. As we mentioned it in the proof of Theorem 1, since
N is simply connected, all the maximal dimensional orbits of L are principal. This implies
that the orbit L(vy(r)) is singular, and L(+(r)) consists of the focal points of M. O

Remark 1. The even integer % presents the number of points of the intersection of the
circle C' = y(R) and a principal orbit L(vy(t)) = M* (0 <t < ).

Let ¢ denote the smooth unit normal vector field on the hypersurface M (0 <t <)
defined by the condition ((v(t)) = 7(t). Clearly, the shape operator A of M has constant
eigenvalues, which are called principal curvatures of M*. Using the endomorphism R,, we
can explicitly express these eigenvalues by the following statement which is a special case of
Theorem 1 given in the paper [25]. Notice that by our notational convention b; = A and
by = i)\ hold in Proposition 6 described below.

Proposition 6. The constant principal curvatures of the hypersurface Mt = L(v(t))
(0<t<r) are pz( ) = V@i tan(y/a;t) (1 =1,...,s) with multiplicities m; and f[i;(t) =
—/bj cot(\/b;t) (j=1,2) with multiplicities k;, respectively.

4. Volumes of tubular hypersurfaces around L(o0)

In this section first we review some basic formulae concerning volumes of tubes around a
compact submanifold. For details and proof see the paper [12] and the book [11].

Let N be an orientable complete Riemannian manifold with dimension d and let M be
an m-dimensional connected orientable submanifold with compact closure (1 < m < d — 2).
Denote by k the codimension of M in N (k = d — m). Assume that the restriction of Expy,
to v"(M) is a diffeomorphism for a suitable number » (r > 0). Let us take a unit vector
u€v,M and the normal geodesic v defined by ~(t) = Expp(tu) for t € R. Denote by wy the
volume form of N and by w, the canonical volume form of the normal bundle v(M). Then
for a suitable number 9, (¢) the equality

(Ezpy) wn (tu) = 9u(t) - wy (tu)

holds, where (Exzpy;)*wy denotes the transform of wy by Expys. The mapping ¢, : R - R
is called the infinitesimal change of volume function corresponding to u. Obviously, 9,,(0) = 1
is valid. Denote by T'r As ) the trace of the shape operator of the tubular hypersurface M’
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with respect to 4(t). Then the restriction of the function 9, to (0,r) satisfies the differential
equation
(1) k—1

O Tr Ay 0<t<r). (8)

The volume of the hypersurface M* (0 < t < r) is given by the formula

vol(M?) = / / u) dm, (9)
Sk—1]

where S*71[1] denotes the unit spheres in the normal subspaces v,M (q€ M) and du denotes
the volume forms on them, furthermore, dm denotes the volume form of M.

We can apply the above formulae to cohomogeneity one hyperpolar actions discussed
in the preceding section. In this case the tubular hypersurfaces around M = L(o0) are
isoparametric and the function ¢, does not depend on the choice of the unit vector wu.

Using Proposition 6 and the equation (8), we can easily verify the equality

I(t) = g2 \T2" 1k -sin® (VA t) - sin® ( \/_t) Hcosm"(\/a_it), (10)

=1

where ki + k; = k — 1. Notice that the above expression (10) can be regarded as a special
case of Proposition 3.1 of the paper [21]. Concerning the volumes of the principal orbits
L(y(t)) = M* (0 <t <), the relation (9) implies

vol (M) = vol(M) - vol (S*~1[1]) - t*~19(¢). (11)

Hence, by Theorem 1 we obtain the equality

vol(N) = /OTvol(Mt) dt = vol(M) - vol(S**[1]) - /Ttk_lﬂ(t) dt. (12)

0

Since M = L(o) is a lower dimensional symmetric space, the above formula presents a simple
method for computation of volumes of several symmetric spaces.

Remark 2. K. Abe and I. Yokota have computed the volumes of all the compact irreducible
symmetric spaces in a different way (see [1]). Their method is based on the results of S. A.
Broughton (see [6]).

Remark 3. Assume that N = G|K is an irreducible compact symmetric space with
dimension d. Then the Riemannian metric of N is given by the equality (3). Let s be the
maximal sectional curvature in N. It is clear that in this case the products Ko vol(N) and
K2 -vol(M) do not depend on the choice of the positive factor c.



L. Verhé6czki: Special Cohomogeneity One Isometric Actions ... 67

5. Examples for special cohomogeneity one isometric actions on irreducible sym-
metric spaces of type I

In this section we apply the earlier results of the paper to classical irreducible symmetric
spaces of type I. Some concrete hyperpolar actions on the classical structures will be discussed
in detail.

We always take an action a : L x N — N such that M = L(o0) is a totally geodesic
singular orbit of the symmetric subgroup L and H(0) is a symmetric space of rank one.
Hence, the closed geodesics in H (o) which pass through o present sections of a, furthermore,
by Theorem 1 N is a compact tube around L(0). Among others, we compute the radii of the
tubes and the functions ¥ : (0,7) — R which determine the volumes of the principal orbits
by the relation (11).

As earlier, x and A will denote the maximal sectional curvatures of N = G|K and H (o),
respectively. On several occasions the maximal curvature of a given symmetric space will be
indicated as a subscript (for instance N, H(o),).

Using the isotropy subgroups, we get evident examples for isometric actions on the sym-
metric spaces of rank one, where the principal orbits coincide with the geodesic spheres.
Therefore we consider only those Grassmannian manifolds the ranks of which are not less
than 2.

Concerning matrix Lie groups, we use the notation of the book [14] (in particular, see Chapter

X). Regarding an element X of the complex matrix group Gi(n,C), X and X7 will

denote its conjugate and its transpose, respectively. Furthermore, FE will denote that matrix

in Gl(n,C), where the entry in s-th row and s-th column is equal to 1 and all the other

entries vanish. The identity element of GI(n, C) will be denoted by I,,. Moreover, we shall

use the notation

Lg=FE1+-+E)—(Epp1+---+E,) withp+qg=n,

Ip = ( (} Iél) and F,, = ([16"1 IO ), where F,,, J, €Gl(2n,C). The isomorphism
—1p P,

of two Lie groups will be denoted by the sign ~.

5.1. Compact symmetric spaces SU(n)|SO(n) (n > 3) of type AI

In this case we have the equalities G = SU(n), ¢(X) = X for X€G and K = G, = SO(n).
For simplicity, the symmetric space SU(n)|SO(n) will be denoted by AI(n). Let us take the
involutive automorphism p : G — G defined by p(X) = I,-11XI,—1 1, which commutes o.
Then we obtain the symmetric subgroups L = G, = S(U,—1 x U1) , H =G, =~ SO(n) and
LNK =S5(0,1x 0y).

In order to characterize the orbit L(0) we need the vector Z = i(E1+- -+ E,_1—(n—1)E,)
of [Np and the subspace a = { X €lnNyp | B(X,Z) = 0 } which is a Lie triple system in
p. Then Exp,(a) is a totally geodesic submanifold in N which is isometric with AI(n —1),.
The closed geodesic S = Exp,(RZ) has the arc length I (S*) = /2n(n — 1) mx~2. It can be
shown that L(o) = M is covered by the product of Exp,(a) and Exp,(RZ), more precisely,
M is isometric with (AI(n — 1), x S')|Z,_1, where Z,_; denotes the cyclic group of order
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n — 1. Therefore we get

vol(M) = vol(AI(n —1),) -

It is easy to verify that H (o) coincides with the real projective space RPf_l.

Using the equality (2), we can determine the eigenvalues of the restricted endomorphism
R,|T,M (and their multiplicities), which are a; = £ (my = 1), ap = 1k (me = n — 2) and
az = 0. Furthermore, by virtue of (6) and (10) it can be shown that the equalities

! = u ! in""%(y/kt) cos(vk
K=—)\ A=-K, r:m, ﬁ(t)zwsm (VK t) cos(vkt)

hold. Finally, by the relation (12) we obtain the recursive formula

V2n n

(n_l) ™K

where vol(AI(2),) = 4nk~! is true because of AI(2) = S2.

vol(AI(n),) = vol(AI(n — 1),) - vol(S"?[1]) - (n > 3),

(VI3

5.2. Compact symmetric spaces SU (2n)|Sp(n) (n > 3) of type AII

In this case the equalities G = SU(2n), o(X) = J,XJI for X€G and
K = Sp(n) = SU(2n) N Sp(n, C) are valid. For brevity, AII(n) will denote the symmetric
space SU(2n)|Sp(n). Consider the involution p defined by p(X) = F,,_11 X F,_11 for X €G,
which satisfies the condition ¢ o p = p o 0. Therefore we get the symmetric subgroups L =~
S(Uzp—2 x Us), H =~ Sp(n) and LN K ~ Sp(n — 1) x Sp(1).

For describing the orbit L(o) we need the vector

Z=iE1+-+E,_1—(n—-1)E,)+i(Ep1+-+ Eypm1—(n—1)Ey,)

and the subspace a = { X e€lnNyp | B(X,Z) =0 } which is a Lie triple system in p. Then the
totally geodesic submanifold Ezp,(a) is isometric with AII(n — 1),.

As in the previous case, we obtain that L(o) = M is isometric with (AII(n — 1), x S*)|Z,_1,
where S = FExp,(RZ). The other totally geodesic orbit H (o) coincides with the 4(n — 1)-
dimensional quaternion projective space QP;L’I.

The eigenvalues of the self-adjoint operator R, in T,M are a; = k (m; = 1), ay =
ik (mg = 4n — 8) and az = 0. Considering the relations (6) and (10), by straightforward

4
calculation we get

1 s 1

— _ _ _ i ,4n—>5
R = C~4n’ A—H, T—m, ﬁ(t)—WSIH (\/Et) COS(\/Et).
Hence, (12) and the equality vol(S*"~5[1]) = % imply the formula

/271 71_271—1 %—Qn
vVn—1 (2n —2)! "

Remark that vol(AII(2),) = 7k~ 2 holds because AII(2) = S° is true.

vol(AII(n),) = vol(AII(n — 1)) -

(n > 3).
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5.3. Compact symmetric spaces SU(p+q)|S(U, xUy) (p > q > 2) of type AIII

We need the Lie group G = SU(n) with n = p+¢, the involution defined by o(X) = I, , X1, ,
for X € G and the symmetric subgroup K = S(U,xU,). The complex Grassmannian manifold
SU(p+q)|S(U, x U,) will be denoted by G(p, q). Let us consider the involution p: G — G,
where p(X) = I,,_11X1I, 1. Hence, we get the symmetric subgroups L = S(U,_; x U;)
and H ~ S(Upy1 x U,_1). It can be seen that L(o) = M is isometric with G%(p,q — 1), and
H (o) presents the 2p-dimensional complex projective space CPy.

The eigenvalues of the restricted endomorphism R,|T,M are a; = 1x (mq = 2¢—2) and
as = 0. Moreover, we can verify the equalities

K= —1 A=K, 1= T I(t) = —22p_1 sin2p—1(l\/ﬁt) cos2q_1(l\/gt)
Cclptq) T (YRt 2 27

5.4. Compact symmetric spaces SO(p + q)|SO(p) X SO(q) (p > g > 2) of type
BDI

Let us consider the Lie group G = SO(n) with n = p + ¢, the involution defined by
o(X)=1,,XI,, for X € SO(n) and the identity component K = SO(p) x SO(q) of the
subgroup G,. The oriented real Grassmannian manifold SO(p + q)|SO(p) x SO(q) will be
denoted by G%(p, q). Take the involution p : G — G, where p(X) = I,_11 X1, 1 is valid.
Then the identity components of the symmetric subgroups G, and G, are L = SO(n — 1)
and H ~ SO(p + 1) x SO(q — 1), respectively. It can be seen that L(o) = M is isometric
with G%(p,q — 1), provided that ¢ > 3 holds, and L(0) = M coincides with the sphere S? of
constant curvature § if ¢ = 2 is valid. H(o) always gives the p-dimensional sphere S¥.

The eigenvalues of the restricted endomorphism R, |T,M are a; = +x (m; = q—1) and

2
as = 0. By means of the relations (6) and (10) it can be shown that the equalities

1 1 - o ot
m:m, )\zém, r:m, ﬂ(t)zmsm (VAt) (VAt)

are valid.

5.5. Compact symmetric spaces SO(2n)|U(n) (n > 3) of type DIII

In this case we have G = SO(2n), o(X) = J,XJT for X € G and K = G, ~ U(n). For
simplicity, the symmetric space G|K will be denoted by DIII(n). Let us take the involution
p: G — G defined by p(X) = F,_11XF,_11, which commutes 0. Then we obtain the
symmetric subgroups G, ~ S(Oz,—2 X O3) and H = G, =~ U(n). Consider the identity
component L ~ SO(2n — 2) x SO(2) of G, and its isometric action on DIII(n). It can
be seen that L(o) = M is isometric with DITI(n —1)_. Moreover, H(o) coincides with the
complex projective space C’P;f_l.

The eigenvalues of the self-adjoint operator R, in T,M are a; = ilﬁ) (my; =2n —4) and
as = 0. Furthermore, we can verify the relations

1 T 1

“= sy Mor T YO= s

sin®* 3 (VK t).
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If we calculate the volume of DIII(n) (n > 3) by using the equality (12), then DITI(2) = S?
and vol(DIII(2),) = 4nk~! are needed.

5.6. Compact symmetric spaces Sp(n)|U(n) (n > 2) of type CI

In this case the equalities G = Sp(n), o(X)= X for X€G, K = G, ~ U(n) are valid.
Henceforth, the symmetric space G|K will be denoted by CI(n). Consider the involutive
automorphism p : G — G defined by p(X) = F,,_11XF,,_11. Then we obtain the symmetric
subgroups L = G, = Sp(n — 1) x Sp(1), H=G,~U(n)and LNK ~U(n—1) x U(1).
The totally geodesic orbit M = L(o) is isometric with the product CI(n—1), x S?, and H (o)
presents the complex projective space CPf_l.

Using the equality (2), we can show that the eigenvalues of the self-adjoint operator
R,|T,M are a; = %,‘i (my =2), as = %K (mg =2n —4) and a3 = 0. By virtue of the
relations (6) and (10) we obtain

1 1 ™ 1 - 2n—3 2
n:m, )\25/@, r=—r= ﬁ(t)zmsm (VAt) cos? (V).

Concerning the formula (12) on the volume of CI(n), (n > 2), observe that CI(1) = S? is
valid.

5.7. Compact symmetric spaces Sp(p + q)|Sp(p) X Sp(q) (p > g > 2) of type
CII

Let us consider the Lie group G = Sp(n) with n = p+ ¢, the involution o(X) = F, , X F,, , for
X € Sp(n) and the symmetric subgroup K = S(p) x Sp(q). The quaternion Grassmannian
manifold Sp(p + ¢)|Sp(p) x Sp(q) will be denoted by G9(p,q). It is reasonable to take the
involution p : G — G, where p(X) = F,_11XF,_1, is valid. Hence, we get the symmetric
subgroups L = Sp(n—1)x Sp(1) and H ~ Sp(p+1) x Sp(¢—1). It can be seen that L(o) = M
is isometric with G9(p, ¢ — 1), provided that ¢ > 3 holds, and L(o) = M coincides with QPP
having the maximal curvature § if ¢ = 2 is valid. Moreover, H(o) gives the quaternion
projective space QFP5.

The eigenvalues of the restricted endomorphism R,|T,M are a; = %FL (m; =4g—4) and
as = 0. Furthermore, we can verify the equalities below

1 1 T 24p—1
k=———", A==k, 7=—, V({t)=—rw——
o 0= e

c(n+1) 2
As in the other cases, by means of the relation (12) the volume of G?(p, ). can be expressed
from the value vol(G%(p,q — 1),).

1 1
sin*~* (gﬁt) cos4q’1(§\/Xt).

Finally, some results of Section 5 are summarized in the following table.
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N L M = L(o) H(o) | &| v
Al(n) S(U_1 x Uy) (AL(n—1) x SY|Z,1 | RP" | 4| =
AIL(n) | S(Usmzx Us) | (AII(n—1) x S| Zyy | QP | 1| S5
G°(p,q) S(Uny x Uh) G°(p,q— 1) crro| 1| =
G"(p, q) SO(n — 1) G"(p,q—1) S 12|75

DIII(n) | SO(2n — 2) x SO(2) DIII(n —1) cpt| 1| =

CI(n) | Sp(n—1)x Sp(1) CI(n—1) x S Pt 2|

G%p,q) | Sp(n—1) x Sp(1) G%(p,q - 1) QP | 2| %
Table 1.

6. Examples for special cohomogeneity one isometric actions on irreducible sym-
metric spaces of type II

Let us consider a connected compact Lie group G with semisimple Lie algebra g. Regarding
the product group G=Gx G we can take the smooth action & : G x G — G which is defined
by &((g1, 92), h) = gi1h(gs) ! for g1, g2, h€G. Endow G with a biinvariant Riemannian metric
(', ) which is derived from the inner product

(, ) =—c-B (ceR, ¢>0)

on the tangent space T.G = g at the identity element e. Then G turns into a symmetric
space of compact type, and the mappings Fxp., erp defined on g coincide.

On the other hand, we can take the canonical involution & : G — G defined by
7(g1,92) = (g2,01) for g1, g2 € G. Then the subgroup of the fixed elements coincides with
AG ={(g9,9) | g€ G }, and (G, AG) presents a special Riemannian symmetric pair. As it
is well-known, the coset space G | AG can naturally be identified with G.

For simplicity, assume that G is simply connected. Let us consider an involutive automor-
phism p of G and the connected compact subgroup L = G,. Then we can take the symmetric
subgroup L =L x L of G and the inherited isometric action & : L x G — G. Using the for-
malism of Section 2, in this case we have N =G, o=e, M = IA/(e) =L and v.,M =n. It
can be seen that the totally geodesic submanifold ezp(n) coincides with the orbit H (e) of the
other symmetric subgroup H = { (g, p(g)) | g€ G } . Obviously, the maximal dimensional
flat totally geodesic submanifolds of H (e) which pass through e are sections of &.

Recall that the irreducible symmetric spaces of type II are the compact Lie groups with
simple Lie algebras. In this paper we consider only the classical matrix groups SU(n) (n >
3), Sp(n) (n > 2) and SO(n) (n > 5). Although the Lie group SO(n) is not simply
connected, we can apply the method described in Section 3 to SO(n), too. Using the relevant
cohomogeneity one actions, it can be seen that the symmetric spaces SU(n), Sp(n) and
SO(n) are compact tubes around the “totally geodesic orbits” S(U,,_1 xU;), Sp(n—1)xSp(1)
and SO(n — 1), respectively.
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Some results relating to these special symmetric spaces are summarized in the following
table, where r denotes the radius of the tube, furthermore, £ and A denote the maximal
sectional curvatures of G and H (e), respectively.

~

G - L = L(e) H(e) | 2] r
SUm) | 4n SUur xU1) | CP™1| 1| 2
Sp(n) | 4(n+1) | Sp(n—1) x Sp(1) | QP | 2| ;7=
SO(n) | 4(n —2) SO(n—1) RP™1 | 2 Y

Table 2.

Concerning the functions ¥ : (0,7) — R which present the volumes of the principal orbits by
the equality (11), we obtain

1 - on_s . — SU(n
I(t) = T (V) cos(VAt) if G =SU(n),
1 :4An—5 3 : _ n
I(t) = Tk (VAt)cos*(VAt)  if G = Sp(n),
It = — 1 s 22VAe) i G = SO().

2Vt

Hence, among others we can verify the following recursive formulae

V2n n, i-n

vol(SU(n),) = vol(SU(n — 1)) - D (2! " K2 (n > 3),
vol(Sp(n),) = vol(Sp(n — 1),) - ﬁ 72 g (n>2).

Regarding the above relations, observe that SU(2) = Sp(1) = $% and vol(S?) = 272k 2 are
valid.
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