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Let A be a finite dimensional, connected, associative algebra with unit over a field k. Let n be
the number of isomorphism classes of simple A-modules. By mod A we denote the category
of finite dimensional left A-modules.

A module T € mod A is called a tilting module if
(i) the projective dimension pd 7" of AT is finite, and
(ii) Exti(T,T) =0 for all i > 0, and
(iii) there is an exact sequence 0 — AA — AT — -+ — AT9 — 0 with ,7° € add AT for all
1< <d.
Here add \T" denotes the category of direct sums of direct summands of A7
Tilting modules play an important role in many branches of mathematics such as repre-

sentation theory of Artin algebras or the theory of algebraic groups.

m
Let @ﬂ be the decomposition of ,7T" into indecomposable direct summands. We call

AT basz'cZ i% ATy % ATj for all ¢ # j. A basic tilting module has n indecomposable direct
summands.

A direct summand M of a basic tilting module AT is called an almost complete tilting
module if A M has n — 1 indecomposable direct summands.

Let 7(A) be the set of all non isomorphic basic tilting modules over A. We associate
—

with 7 (A) a quiver K(A) as follows: The vertices of IC(A) are the tilting modules in 7 (A),
and there is an arrow A7”" — AT if AT and A7” have a common direct summand which is an
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almost complete tilting module and if Exty (T,7") # 0. We call K(A) the quiver of tilting
—_—

modules over A. With KC(A) we denote the underlying graph of IC(A). It has been recently
shown [7] that IC(A) is the Hasse diagram of a partial order of tilting modules which was

—

basically introduced in [10]. From this it follows, that C(A) has no oriented cycles.
— —_

If IC(A) is finite, then it is connected. Examples show that K(A) may be rather com-
plicated. One measure for the complicatedness of a graph G is its genus v(G). This is the
minimal genus of an orientable surface on which G can be embedded.

The aim of these notes is to show that there are finite quivers of tilting modules of
arbitrary genus. To be precise, we prove:

Theorem 1. For all integers r > 0 there is a representation finite, connected algebra A,

such that y(IC(A,)) = 7.

The proof of the theorem is constructive. For each r € N we give an explicit example of
an algebra A, and embed K(A,) in an orientable surface of genus r. This gives an upper
bound for v(K(A,)). Then we use general results from graph theory to show that the bound
is sharp. This will be done in Section 3. In Section 1 we recall some basic facts about tilting
modules and embeddings of graphs. In Section 2 we introduce the algebras A, and derive some

properties of IC(A,.). For unexplained terminology and results from representation theory we
refer to [1], and from graph theory to [8].

Acknowledgement. Part of this work was done while the first author was visiting the
Centre of Advanced Studies in Oslo. She wants to thank the staff of the Centre for the warm
hospitality and the possibility to enjoy the stimulating atmosphere at the Centre.

1. Preliminaries

_
1.1. The construction of /C(A)

Let A M be a direct summand of a tilting module. A basic A-module 5 X is called a complement
to aAM if \M & 5 X is a tilting module and if add M Nadd X = 0. It was proved in [5] that
every direct summand of a tilting module has a distinguished complement 5 X which is
characterized by the fact that there is no epimorphism yF — A X with & € add yM. The
module , X is unique up to isomorphism, and it is called the source complement to A M.
There is the dual concept of a source complement. A complement ,Y to M is called a
sink complement to a direct summand 5 M of a tilting module, if there is no monomorphism
AY — AFE with , F € add yM. In contrast to source complements, sink complements do not
always exist. If M has a sink complement then it is unique up to isomorphism [6]. The
source and the sink complement to an almost complete tilting module M coincide if and
only if oM is not faithful [4]. The following result is basically contained in [4], compare [6].

Proposition 1. Let \M be a faithful almost complete tilting module. Let xX be a comple-
ment to A M which is not the sink complement to AM. Then
(1) there is a complement \Y to \M which is not isomorphic to X,

(2) there is an ezxact sequence 1:0 — A X — \F — Y — 0 with \E € add \M,
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(3) Exti(X,Y) =0 for all i >0, and Ext}, (Y, X) =0 for alli > 1,
(4) the module \Y is uniquely determined by the property (2).

We call 1 the sequence connecting the complements y X and pY to x M. This result allows an
alternative definition of the quiver ITAS which is more useful for calculations. The vertices
are the elements from 7 (A) as above. There is an arrow 7" — AT in m if AT = \M@p X
and AT = A M & ,Y where X and ,Y are indecomposable, and if there is an exact sequence
0—>AX—>AE—>AY—>OW1thAE€addAM

If IC(A) is finite, then it is connected. Then the definition of K (A) yields an algorithm to

—
construct IC(A). We write the tilting module A as a direct sum of indecomposable modules

AN = @ AA;. Then AA; is the source complement to A[i] @ AN If A A; is not the

=1 J#i
sink complement to yAli] we construct the exact sequence 0 — yA; — A F; — AY; — 0 with

AFE; € add AA[i] connecting the complements pA; and AY; to AA[7]. In this way we construct
all neighbors of 5 A. Wﬂ)}vv proceed analogously with the neighbors of yA and all vertices
we constructed. Since KC(A) is finite and connected and has no oriented cycles this algorithm
stops when we constructed all basic tilting modules over A.

1.2. Embeddings of graphs

Let G be a connected, finite graph with p vertices and ¢ edges. We think of G as embedded
on a surface §. Then G forms a polyhedron of genus v(G). From the Euler polyhedron
formula Beinecke and Harary [3] deduce the following lower bound for v(G) which we shall
use in Section 3.

Proposition 2. If G is connected and has no triangles, then v(G) > %q — %(p —2).

In general this bound is not sharp. As an example we consider the following graph G which
will become important in Section 3.

This graph has 18 vertices and 29 edges, hence the formula yields v(G) > —

FNTY
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But G is not even planar, namely it contains the subgraph

which is homeomorphic to

1
2/ 3/
2
1
This graph is isomorphic to the complete bigraph Kj3: . Kuratowski’s theorem [9]

oYy
implies 7(G) > 1. Conversely, we draw G differently and shade some of its faces:

15 17

We push a cylinder through the lower cube, close it under the upper square, adjust the
vertices and edges accordingly and obtain an embedding of G on a torus. To be precise, the
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following figure shows an embedding of G on a torus:

1 3
5 7 14 17 5
6e—e8
10412
9 . 13
11 18 16
2 4

The parallel dotted lines have to be identified. Hence v(G) = 1.

e
2. The algebras A, and properties of K (AT)

2.1. The algebras A,

Let A; be the path algebra of the quiver Kl ;

bound by the relation a8 = 9.
ﬂ
For all » > 1 let A, be the path algebra of the quiver A, :

bound by the relations a3 = vd and rad? = 0, i.e. the composition of two consecutive arrows
H
in A, \ {a} is zero.

The Auslander-Reiten quivers ? A, of A, are as follows:
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and for r > 1
ﬁ
[y,
Py------ S1
Py Se------ 1
b N /
Pa’\:\’ ’%X%Rd;Y’\” ’}Sd ””” 1y
cTT T b=~ ~- c / \
P Sa------ 83 Spo1- - - - - Sy
N NS
Ps Py

Here S, denotes the simple module corresponding to the vertex x, the module P, is the
projective cover of S, and I, denotes the injective hull of I,. Moreover, X is the radical of
Py=1,and Y = I,/socI,, where soc [, is the socle of I,.

For all 1 <14 < we identify an indecomposable A;-module 5, M with the corresponding
Aj-module o, M, j > i, whose support is A;. With this identification T A, 1s a full, convex
subquiver of ?AJ forall1 <1<y <.

We have gldimA; =7+ 1 for all 1 < < r, where gldimA denotes the global dimension
of an algebra A. The simple module Sy is the unique indecomposable module of projective
dimension 2, the modules I;, S;, Sy are the unique indecomposable modules of projective
dimension 3, and for all 3 < j < r the module S; is the unique indecomposable module of
projective dimension j + 1. These observations show:

Remark 1. Let 1 < j < r — 1. A non projective indecomposable module A, X lies in
mod A; \ mod A,_; if and only if pdy, X =j+ 1.

_—
2.2. Properties of the quiver IC(AT)

—_—
The following technical lemmas roughly describe the structure of the quiver IC(A,). Let
r be an integer, r > 2, and let 1 < 17 < 7 < r. We decompose the projective module
A into p Ay = A, A @ p, Pyy. Hence 4, Py; is the maximal direct summand of 4, A; with

add Ajf)ij Nadd Ain =0.

Lemma 1. Let 1 <i < j <7, and let \,T7 and 5, T" be tilting modules over \;. Then
(a) A, T @ a;M is a tilting module over A; if and only if \, M = ,,Py;.

—_
(b) A, T" D p,Pij — A, T ® A, Py is an arrow in K(A;) if and only if \,T" — AT is an arrow
—

Proof. (a) Since 5, P;; is projective, Ext'f\j(Pij, T) =0 for all & > 0. Since no indecomposable
direct summand of T is a successor of an indecomposable direct summand of 4, F;; in
the Auslander-Reiten quiver of A;, it follows that Extf\j (T, P;j) = 0 for all & > 0. Hence
AT @ A, Py is a tilting module. The module 4, P;; is the source and the sink complement to
A, T, hence the unique complement.

(b) There is an arrow 5, 7" @, Pij — A, T @4, P if and only if Ext/l\j (T'e Py, T"®P;) #0
and if AT & ;P and AjT’ @ ;P have a common direct summand which is an almost
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complete tilting module. Equivalently, Ext/l\i (T,T") # 0 and A, T and A,7" have a common
direct summand which is an almost complete tilting module, hence if and only if there is an

—
arrow 5, 7" — A, T in K(A;). O

— — )
In particular, we may identify K(A;) with the full convex subquiver of IC(A,), 1 < i < r,
with vertices 5,7 @ A, P;» where 5, T" are the tilting modules over A;. With this identification,

the building blocks of IC(A,) are the subquivers K(A;) \ K(A;—1) of K(A,) with 1 < i < r.
To simplify the notation we denote by K(A;) \ K(Ag) the subquiver K(A;) of K(A,). The

next lemma gives an algebraic description of the vertices in K(A;) \ C(A;—1) of K(A,) with
1< <r.

Lemma 2. For all 1 < i < r, the subquiver K(A;) \ K(Ai—1) of K(A,) has as vertices all
tilting modules of projective dimension i + 1.

—_—

Proof. With the previous lemma, 5, T € K(A;) if and only if T = 5, 7" & ,, P, with 5, 7"
—_—
a tilting module over A;. Using the lemma again, ,7" ¢ K(A;—1) if and only if there is an

indecomposable, non projective direct summand , X of 5, 7" with ,, X € mod A; \ mod A;_;.
With the remark in 2.1, this holds if and only if pd s, X =7+ 1. O

— —
Next we study arrows in K(A,) between vertices in different building blocks of IC(A,).

Lemma 3. Let 1 <i < j <r. Let 5, 7" € K(A;) \ K(Ai21) and A, T € K(A;) \ (A1) be
tilting modules over A,.
(a) There are no arrows x, T — A, T" in IC(A;).
(b) If there is an arrow 5, 7" — A, T in IC(A,) then pda,T" =i+ 1 and pdp, T =i+ 2. In
particular, 7 =1+ 1.

Proof. (a) Assume there is an arrow 5 T — . T in lm with A, 7" € IC(A;) \ K(A;-1) and
IWVARS /C(Aj_) \K(A;_1) and ¢ < j. Then 7" = AT ® g Pypand AT =, T® A, Pjr, where
A7 and 5, T are tilting modules over A; respectively A;. Note that 5, Pj, is a direct summand
of A, Pyy. Then 0 # Exty (T',T) = Exty (T, T) = Exty (T",T). Since 5, T € K(A;)\K(A;1)
there is an indecomposable direct summand ,, X € mod A;\A;_; of 4, T with Ext}xj (T, X) #
0. This is a contradiction since 5, X is not a predecessor of an indecomposable direct summand

ri
of \,T7"in T',,.

(b) Let 5, 7" — AT in m be an arrow in m with 5, 7" € K(A;) \ K(A;—1) and
AT € K(A)\K(Aj—1). Let n: 0 — A, X — A, E — .Y — 0 be the corresponding sequence
connecting the complements 5, X and 5 Y, where , 7" = 5 X © A, M and T = 5, Y ® 5, M.
Since 5, T € IC(A;) \ KC(A;_1) it follows that 5, Y € mod A; \mod A;_;, hence pd,, Y =j+1.

Let 5, Z € mod A, with Extf\tl(Y, Z) # 0. We apply Homy . (—, Z) to n and obtain pd A, X =
j. Since 5, 1" € K(A;) \ K(A;—1) and i # 7 we get j =i + 1, the assertion. O

As a consequence we obtain
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Lemma 4. Letr > 1.
(a) There is an arrow 5, T" — AT in KK(A,) with A, T" € K(Ay) and A, T € K(Ag) \ K(Ay)
if and only if A, T = A, Sa ® aA, M and T = 7, 1;@ 5, M.
(b) Let 3 < i < r. There is an arrow 5, 7" — AT in K(A,) with 5, 7" € K(A;i—1) and
AT € K(A) \ K(Aim1) if and only if A, T" = A, 5i-1 @ A, M and A, T = 4,5 & 2, M.

Proof. (a) Let 5, 7" — 5. T be an arrow in IC(A,) with 5, 7" € IC(Ay) and 5, T € K(A2) \KC(Ay).
Then pda, 7T = 3 with Lemma 2 and pd s, 7" = 2. Then ,.5; is a direct summand of
A L. Moreover, Lemma 1 shows that 5 P, & 5 P is a direct summand of , 7. Hence
the sequence connecting the complements is the Auslander-Reiten sequence, which implies
that A, 7" = A, Sqa @ A, M and AT = 5 1; ® o, M. Conversely, if ,, 7" = A, Sq & A, M and
AT = ALy @ A, M, the Auslander-Reiten sequence starting in Sy lies in add(x, T @ o, T").

—_— — —_—
Hence we obtain an arrow 5, 7" — A, 7 in K(A,) with o, 77 € K(A;) and 5, T € K(A2) \K(Ay).
—_— _

(b) Let 3 < i < r and let 5,77 — . T be an arrow in K(A,) with , 7" € K(A;_1) and
AT € K(A;) \ K(Ai—1). Then pd, T =i+ 1 and pda, 7" = i. Since 2 < i it follows that
A, 51 1s a direct summand of of , 7" and » 5; is a direct summand of of 5 7. Conversely, if
AT =08 1P A Mand A T =, S;® x, M then the Auslander-Reiten sequence starting in

—_—

A Sio1 llesin add(y, T@® 4, T"). This yields an arrow 5, 7" — 5 T in KC(A,) with ,, 7" € K(A;_1)
and ATT € ’C(Al) \ ’C(Alfl) OJ

—_—
To summarize our observations in this section we obtain the following structure of IC(A,):

—

K(A2)

/A_’\

—_— \ 7| —_— > \ 7| _— \ T v —_—
K(A1) O E@MN\K(AL) | 0 | KAs)\K(AL) | ¢ T L | KEA\K(Ar_1)
— = — —
K(As)

There are arrows from vertices in KC(A;) \ K(A;—1) to vertices in IC(A;) \ K(A;_) if and only
it —i+1.

3. The proof of the theorem

—_—

3.1. An embedding of K(A,)

. . %
We use induction on r to embed K(A,) on a surface of genus 7.
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—
Let r = 1. Direct calculation shows that KC(A;) equals

Xi X3
1 1
X5>X% X14 X117 X5
Vo
Xi=xl
N\
X110>Xl2
%Xéﬁxlllgqa X118 X116
X3 2

where the parallel dotted lines have to be identified. We saw in 1.2 that the underlying graph

K(Ay)) of IC(Al) has genus 1, hence can be embedded on a torus 7. The vertices of IC(Al)
are the tilting modules

Xi=P®PReP.oP, X;=FP,®P.®61.&P;, Xi=P,®&P&,® P,
X1 P.eoL,ol.®P;, Xi=P®P.®XoP,, X1 P3S.oXoP,,
X;:P,,@Sb@X@Pd, =S5, ®S. DX D Py, ngPc@[c@Sc@Pd,

X%OZSbEBSC@YEBPda
Xa=Lol.oY Py,
Xlg=P.®I.®S;® Py,

XL, =S.0I.®Y @ Py,
XL, =PoL,®S P,
X, =Rol,®S;® Py,

XL=56L,0Y & F,,
Xl; =P, ®P.®Sq® Py,
X=L&I.®S:® P,

— _—
Let 7 = 2. The quiver K(A;) is the full convex subquiver of K(Ay) with vertices 5, X? =
— —
A, X} BA, Pra, where p, Pig = A, Py®y, P>. The quiver K(A2)\K(A;) is the full convex subquiver
—
of IC(Ay) with vertices the tilting modules of projective dimension 3. Direct calculations show
that IC(A2) \ IC(Ay) is

le 2 Y22 YQ Y;L 2 Y12
Y52 Y'6 2 Y72 “/8 2 1/5 2
Yy Vi Yy Y/ Yy
Y Yy Y7 Y Vi
¥y s (S
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where we identify along the parallel horizontal, respectively vertical lines. It follows that
—_—s  — —_— —

K(A2) \ (A1) can be embedded on a torus Tp. The vertices of IC(Ay) \ (A1) are the tilting
modules

Yi=Pi®oLi®l.dL,dP DS, Yi=FPdLh®l.®FP.® P &S,
Yi=Piol, ol ®P.&aP&P, Y/ =P&l,&,0l. &P &P,
Y2=PioLi®dl.®L,DS®S), Yi=PidL;dI.®P.®S,dS,
YVP=Pi® 1,0 ®6P.®S0P, Yi=PoLolLol,dSoPh,
)/QQZPdEBId@PbEBIb@SQ@Sl, }q%zpd@fd@Pb@Pc@Sé@Sh
YR=P, o, P, &P ®S &P, Yi=Pal,dPo®dl,dS o P,
Yi=FPielLieoPelL,eP S, Y i=Pol,oP®P.®P &5,
Yi=Piol, oo P.oP &b, Yi=PoL®oPolL,®Poh.

Xty —— Xi5 Yig e—— Y7}

— —
The subquivers @ : l l and Q- : l l
Xiy —— Xis Vi e— V7

—
bound squares on T; respectively T5. In KC(Ag) they are joint as follows:

We cut out the interiors of 51 on T} and 62 on 75 and insert a cylinder connecting 7 and
T5. We obtain a surface of genus 2 on which K(Az) can be embedded:
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Let » > 2. We abbreviate the injective A,-module by , P; @ A, I4 by A, and the projective-

injective A,-module @ A Pi by A, Py.. Direct calculations show that IC(A,) \ K(A,_1) is

ﬁ%

lej@P%‘@Sr@[c@Pc@Sla ZZZI@P%“@ST@Pb@Ic@Sb
Z3:[EBP2TEBST@PbEBPcEBP27 Z4:[@P2T®STEBIC@PCEBP27
Zy=10P, &S, el.&,&S, Zig=10FP, S &Pd,d P
Zi=1®PFP, &S, &P, &P, Zs=1®PFP, S, ®l.dI,PP,.

with

. . % .
We assume by induction that IC(A,_;) is embedded on a surface S,_; of genus 7 — 1 such that

a)

Z, —— 7 Zy —— Zj
— —
Ql:T T and QQ:T T
Zy —— Z} Zy —— 7t
or
b)
Z —— 7k Z —— 7
— —
ngT T and Q4:T T
Zh —— Zi Zy —— 7

bound squares on S,_;. Here Z!, 1 < i < 4, denotes the A,_;-module which we obtain when
we replace the direct summand S, of Z; by S,_; and the direct summand P, by P,,_;. For
r—1=2let P, 1 =0.
—_—
Note that this assumption is satisfied for r — 1 = 2. We embedded K(As) on a surface
Sy of genus 2 and the subquivers

B=Y} —— Z =17 2=V —— =Y

I [ma ] I

Z=Y3 —— Zy=Y} 7=V —— Z=Y,

bound squares on Ss.

—_— —
The quiver IC(A,_1) is the full convex subquiver of KC(A,) with vertices the tilting modules
over A, of the form 5, T @ ,, P, where 5, T is a tilting module over A,_;. Note that there is
s

an arrow 5, Z!' = A Z! ® A, P, — A, Z; in K(A,).
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Let us assume first that we are in the situation (a). We cut out the interiors of the
— —
squares ()1 and ()9 and insert a handle

N2l "
Zé/ *125 Z,/7/ 3
|
Hdld "
1 / /
3% Z3

On this handle we embed IC(A,) \ K(A,_;) and the arrows joining Z! and Z:

—_—
This yields an embedding of IC(A,) on a surface S, of genus r and the squares

Zi —— 7 —]
[ R I
p—) i —

bound squares on S,.
We proceed analogously in case (b), and it follows that v(IC(A,)) < 7.

3.2. A lower bound for y(KC(A;))

If » =1, then v(K(A;)) = 1 as it was shown in 1.2. Hence we may assume that r > 1.

Consider KC(A,) \ K(A;). We embedded this quiver on a surface of genus r — 1, hence
Y(IC(A) \ (A1) <7 —1. The graph K(Ag) \ (A1) has 16 vertices and 32 edges. For all
2 <4 < r, the graphs K(A;) \ I(A;—1) have 8 vertices and 12 edges. Moreover, there are 8
edges joining vertices in IC(A;) \ K(A;—1) with vertices in (A1) \ K£(A;), 2 < i < r. Hence
KC(A)\IC(A1) has p = 16+8(r —2) vertices and ¢ = 32+20(r —2) edges. Since IC(A,) \ (A1)
has no triangles we may use the formula in 1.2 which gives y(K(A,)\K(Ay) > 1¢—3(p—2) =
r — 1, hence y(K(A,) \ K(Ay)) =7 — 1.

We saw above that there are 4 arrows aq, ag, as, ay joining vertices in (A ) with vertices

in K(Az2) \ I(A1). Let K(A,) be the subquiver of K(A,) which we obtain by deleting three
of these arrows, say as,as,as. Then v(K(A,)) > ~v(K(A,)). The blocks of IC(A,), ie.
the maximal connected subgraphs of IC(A,)" which are connected, non trivial and have no

cutpoints are (A1), o o and K(A,) \ K(A;). Since the genus of a graph is the sum of the
genera of its blocks [2], we obtain that

HK(A) = H(K(A)) = 3(K(AD) + (o) +A(K(A) \K(A) = 14047~ 1.

Hence v(K(A,)) = r. To finish the proof of the theorem we have to show that there is an
algebra Ag with v(K(Ag)) = 0. If Ag is the ground field, then IC(Ag) consists of a single
vertex, hence it has genus 0.
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