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1 Introduction

The study of minimal surfaces in ® has a long and rather fruitful history [10]. In
this note we describe how the methods developed in [7] to construct harmonic maps
of Riemann surfaces into symmetric spaces apply to minimal surfaces. The link is
provided by the Gauss map which is harmonic for surfaces of constant mean curvature
H. In fact, the Gauss map is holomorphic for minimal surfaces H = 0. As is well
known, e.g. [14, 4], the infinite dimensional loop group constructions reduce to their
finite dimensional analogs in this particular case. This note recovers these general
observations for the special case at hand and thereby derives the classical constructions
and formulas used in (local) minimal surface theory. To see this well known example
worked through in somewhat more detail from the loop group point of view might
assist Readers not aquainted with these techniques to become more familiar with
them.

In the first section we briefly overview the so called DPW-method [7] for the special
case of harmonic maps into the symmetric space S2. We then specialize in the next
section to holomorphic maps into S2. We describe all Gauss maps of minimal surfaces
(of a domain) in terms of meromorphic potentials and derive the first and second
fundamental forms of the minimal surfaces from the meromorphic potential. We also
describe all minimal surfaces to a given Gauss map. In the third section we derive
the classical Weierstrass representation for minimal surfaces from the meromorphic
potential, thus identifying the DPW-data with the classical Weierstrass data. Section 4
studies the dressing action on minimal surfaces, or to be more precise, on their Gauss
maps. As to be expected this action is nothing but the finite dimensional dressing
action induced by the SL(2,) action on S2 = P!. Section 5 deals with symmetries of
minimal surfaces using the approach of [6]. The note finishes with a couple of standard
examples illustrating the various constructions described.
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2 The DPW-Method Revisited

We briefly review the DPW—construction [7, 14] for harmonic maps
@:D — S? from a contractible domain D C into the 2-sphere S2. In this case the
harmonic map equation for ¢ reads

Ap + |dp*e =0,

where A = E?—;z + BB—; is the usual Laplacian on = 2. To investigate (1) we consider

the canonical projection 7:SU(2) — S? and lift ¢ to a map F: D — SU(2) with
mo F = . Any such lift (which always exists, since D is contractible) we call a
framing or a frame of . Since F: D — SU(2) is determined (up to left multiplication
by a constant element of SU(2)) by its Maurer—Cartan form o = F~! dF, (1) can be
expressed as an equation on a. To see this we have to decompose the Lie algebra of
SU(2)

su(2) =kadp

into diagonal and off-diagonal matrices. This is the Cartan decomposition of the

symmetric space S? = SU(2)/S! under the inner involution o = Ad( é —Oz )

Thus we can decompose the su(2)—valued 1-form a:T'D — su(2) into k and p parts
a = g + Qp.

The harmonic map equation (1) then becomes

(4) day = —[a, Aay],  dag, + [ A ag] =0,

where, for an su(2)-valued 1-form 8 = §,dz + B: ds on D, we denote by ' = (. dz
resp. 8" = Bzdz its (1,0)-part resp. its (0,1)-part. Notice that the forms g’, 5"
take values in the complexification sl(2,) of su(2) and, since 8 takes values in su(2),
f" = [’ where conjugation is always understood with respect to the compact real
form su(2), i.e. £ = —€*, € € sl(2,). The importance of this reformulation lies in the
fact that equations (2) can be expressed as a single Maurer—Cartan equation involving
an additional (spectral) parameter: consider, for A € *, the sl(2, )-valued 1-form

(5) A=)X"ay + o+ Aaj.
Then one easily checks the following [7, 14]:
i. Ay—1 =«
ii. A is su(2)-valued if and only if A € S* C, i.e. Ay = Ay /xs
iii. dA+ $[AA A] =0 if and only if equations (4) hold.

Thus we arrive at the following recipe to construct harmonic maps ¢: D — S2: find a
*—family of sl(2, )—valued 1-forms A:T'D x * — sl(2,), whose A dependence is given by
(5), satisfying the Maurer—Cartan equation dA+ 2[AA A] = 0. Then the su(2)—valued
1-form a: = Ayx—;: T D — su(2) integrates to a framing F: D — SU(2), F ! dF = a,
of the harmonic map ¢: = 7 o F: D — S2. In fact, instead of evaluating A at A = 1,
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we could have evaluated at any A € S!, thereby obtaining an S'—family of framings
Fy:D — SU(2), F;l dF\ = A,, and corresponding harmonic maps ¢y: = moFy: D —
S2. Clearly every harmonic map (: D — S? comes from this construction. The S*-
family of harmonic maps ¢, to any given harmonic map ¢ we call the associated
family of harmonic maps.

To deal more effectively with the A-dependence it turns out to be useful to study
maps into loop spaces rather than to consider families of maps. Consider the infinite
dimensional loop Lie group

ASL(2,) = {g:S" = SL(2,); g(=A) = og(N)}
with the corresponding loop Lie algebra

AsI(2,) = {€: 8" = sI(2,); €(=N) = o€V}

There are various topologies one can put on these spaces but the choice turns out to
be rather irrelevant for our purposes as long as certain factorization theorems hold. To
simplify arguments (e.g. local existence of solutions to ODE’s) we assume a topology
which makes our loop spaces Banach spaces, e.g. any Sobolev H*—topology with s > %
will do. If we express £ € Asl(2,) as a Fourier series £ = Y, o, A¥¢;, then the twisting
condition £(—\) = g€(\) simply says that £,q¢ € k¢ and &eper, € p©. This is necessary
if we wish to interpret the 1-form A of (2) as having values in Asl(2,). The following
subgroups and corresponding sub Lie algebras will be important: the real loop group

ASU(2) = {g: S' = SU(2); g(—=A) =0g(\)} C ASL(2,)
with Lie algebra
Asu(2) = {&: 8" = su(2); €(-A) = o€(N)} C Asl(2,)
and the groups
A}SL(2,) = {g: S' = SL(2,); g extends holomorphically to |A| < 1 and

9(0) € H}, where H C SL(2,) is asubgroup. If H = SL(2, ) we will omit the subscript
at all and use * if H = {1}. The Lie algebra of A};SL(2,) is

Afsl(2,) = {€:S" = sl(2,) ; € extends holomorphically to [A| < 1 and

£(0) € h}, where h C sl(2,) is the Lie algebra of H. Similarly we define A;;SL(2,) as
those loops g: S' — SL(2,) which extend holomorphically to |[A| > 1 and for which
g(o0) € H and its Lie algebra is defined correspondingly.

With these loop groups and loop algebras in place we can reformulate the harmonic
map problem as follows: find an Asu(2)-valued 1-form A:TD — Asu(2) such that

i dA+i[AnA]=0.

ii. AA is Atsl(2,)-valued and (AA)y—o € Q0 (D) is a (1,0)-form on D.
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By integrating A an equivalent formulation is: find a map F: D — ASU(2) such that
(6) FﬁldF = )\71&,1 + g + /\a1

with a (1,0)—form a_;. Such a map F we will call an eztended framing (of the har-
monic map ¢ = 7o Fy—1). To construct all extended framings on the domain D
from meromorphic data we need two factorization theorems for our loop groups,
the Birkhoff and Iwasawa decompositions [12, 7]. The complexified maximal torus
(81 = * C SL(2,) has the decomposition * = S**, where ¥ C SL(2,) consists of

the matrices ( > with » > 0. Denote this subgroup by B.

r 0

0 1/r

Theorem 2.1 i. ASL(2,) = U,ew A SL(2,) wATSL(2,), where W is the Weyl
group of ASL(2,).

ii. Multiplication A;SL(2,) x ATSL(2,) — ASL(2,) is a diffeomorphism onto the
open and dense subset A7SL(2,) ATSL(2,) C ASL(2,) called the big cell.
Thus every g in the big cell has a unique decomposition
9=9-9+
with g_ € A;SL(2,) and g, € ATSL(2,).
Theorem 2.2 Multiplication ASU(2) x ALSL(2,) — ASL(2,) is a diffeomorphism.
Thus every g € ASL(2,) has unique decomposition
9 = gug+
with g, € ASU(2) and g, € ASSL(2,).

We can now state the DPW method [7] for the construction of all extended fram-
ings F: D — ASU(2) (and hence all harmonic maps o: D — S? ): away from the set
S C D where F fails to take values in the big cell we can decompose

F=F_F,
with F_: D\ S — A;SL(2,) and F,: D\ S — ATSL(2,). One easily checks
-1 0 m
(7) F_dF_ =) <p2 0 )dz

with p;: D'\ S — holomorphic.
Theorem 2.3 The set S C D is discrete and F_ extends meromorphically to D.

We call meromorphic maps F_:D — A_SL(2,) complex extended frames. Notice
that those frames are determined by two meromorphic functions p;: D — as in (7),

0
the Maurer—Cartan form (7) of a complex extended frame a meromorphic potential.
How does one recover the extended frame (and thus the harmonic map) from the
meromorphic potential? Given a meromorphic potential £ = A~y where 7 is a p©—
valued meromorphic 1-form on D we first integrate F._ dF_ = £ to a complex extended
frame F_:D — A;SL(2,). By Theorem 2.2 we can split F. = Fb, where F: D —
ASU(2) and b: D — A}SL(2,).

which assemble to the meromorphic p©—valued 1-form n = ( 1? P ) dz . We call
2
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Theorem 2.4 The map F: D — ASU(2) is an extended framing (with possible sin-
gularities along the pole divisor of F_ ).

Thus we have shown that every harmonic map ¢: D — S? is obtained from some
meromorphic potential £. For a more detailed study of conditions on £ yielding smooth
harmonic maps see [5].

In order to obtain an essentially unique correspondence between harmonic maps
and their potentials we have to introduce base points into our discussion. Choose a
point 2o € D and assume that all harmonic maps ¢ : D — S? satisfy p(29) € 0 = S*,
and their (extended) framings F' satisfy F'(z9) = 1. Then we have the following

Theorem 2.5 Let p,p:D — S2 be harmonic maps with corresponding meromorphic
potentials §,§:TD — Asl(2,). Then ¢ and @ differ by an isometry of S2,ie. p=yp
for some v € S, if and only if € = Ady(€).

Proof. From our discussion above it follows that the extended framings F, F: D —
ASU(2) of ¢, are related by )
F =~Fk,

where k: D — S* has k(z9) = v !. Since yF_F,k = (YF_v 1) (yFy k) and yF_~~!
takes values in A, SL(2,) whereas yF k takes values in ATSL(2,), the uniqueness of
the Birkhoff decomposition (Theorem 2.1) implies F. = Ady(F_) and thus

£ =F' dF = Ady(F~'dF_) = Ady(¢).

3 Minimal Surfaces via DPW

The main geometric reason to study harmonic maps into S? is provided by the fact
that surfaces of constant mean curvature H have harmonic Gauss maps [13]. The two
cases H = 0 and H # 0 are rather different, the former being simpler and well-
studied. The case H # 0 has only recently [11, 8, 3] become more tractable and
the DPW-approach has been strongly motivated by its application to constant mean
curvature surfaces. The aim of these notes is to reinterpret the constructions of DPW
in terms of classical minimal surface (H = 0) theory. First note that the case H =0
is characterized by the fact that the Gauss map ¢: D — S? of the minimal surface
f:D — 3 is holomorphic. Since we view S? = SU(2)/S! its complex structure is
described (at the base point 0 = S!) by the splitting

on_.c_ (00 0 1Y\ _ ~1,0c2 (0,1) @2
ms=o= (0 0) o (1) =mpostanons:

Hence a map ¢: D — S? is holomorphic if and only if one (and hence any) lift
F:D — SU(2) has F~'dF = aj, + ax + o) with

® o= o)

where p: D — . We summarize the discussion so far in
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Theorem 3.1 Let f: D — 2 be an immersion and p: D — S? its Gauss map. Then
the following are equivalent:

i. f is minimal, i.e., H = 0.
ii. @ is holomorphic.

i15. the meromorphic potential £ of p has the form

f:A1<2 8>dz

for some meromorphic p: D — .

Proof. The equivalence of (i) and (ii) is classical. To see the equivalence of (ii)
and (iii) note that our extended frames F' resp. F_ of ¢ are related via the Birkhoff
decomposition (Theorem 2.1) by

F=F_F,.
Hence the meromorphic potential
¢ =F-"dF_ = AdF, (F~' dF) — dFy F{" = X AdF, o(aj),

where Fy o = Fyyjx=0: D = B = T and by (5) F~' dF = A~'aj, + . + Aajj. The claim
now follows from (8).

Together with Theorem 2.5 we obtain the well known fact that the associated
family of holomorphic maps ¢y: D — S? consists of congruent maps.

Corollary 3.1 Let ¢: D — S? be holomorphic and @x: D — S? its associated family.
Then

px = A",
where we interpret A € S* C SU(2).

This follows immediately from Theorem 2.5 and the fact that for v = diag(c,c™1),
ce St
Ady(€) = *¢

if ¢ is a meromorphic potential for a holomorphic ¢: D — S2.
Of course, Corollary 3.1 just expresses the classical fact that the associated mini-
mal surfaces of a given minimal surface all have the same Gauss map up to a rotation.
We now apply our construction to obtain all Gauss maps ¢: D — of minimal sur-

faces f: D — 3: we start with a meromorphic potential £ = A1y, n = ( 2 8 ) dz
and p: D — meromorphic. Then we can explicitly solve

0.9 = g¢, g(z0) =1

and obtain the complex extended frame

(9) g(z)z[-{—)\_l/zn.
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(We assume that p has no residues at its poles and that zp is not a pole of p.) The
Iwasawa decomposition (Theorem 2.2) can be carried out explicitly and yields

g=FF,

with

1 1 —Aq)
10 F=—— — )
(10 \/1+|q|2</\ e 1

where ¢(2) = [ p and

1 1+1q* M\
(11) F 7< 0 e

RV ErTE

To obtain an explicit formula for the holomorphic map ¢ = mo Fx—1: D — S? it

is easiest to view S? C su(2) = 3 as the adjoint orbit of ez = ( ! Oi ), ie.,

p = AdF\—; ! 0. > . We leave this calculation to the reader.

0 —i

Finally, we want to determine the fundamental forms of the corresponding minimal
surface f: D — 3. We recall that given an immersion f: D — ? we may assume that
2z = x + iy are conformal coordinates for f, i.e. |df|> = e“|dz|? for some function
u:D — . If p: D — S? is the Gauss map of f, then we call

(12) F=(e%fs, e %f, ¢):D— SO(3)

the coordinate frame of f. Lifting F' to the universal cover SU(2) — SO(3) yields an
extended framing F: D — ASU(2), which we also call a coordinate frame (of course,
F also frames ¢ in the usual sense, i.e. 7 o F\=1 = ). Then a calculation yields

=V, F7'F = -Vv~,

-11 u/2
(13) F—le:< uz/4  AT'gHe )

A 1Qe /2 —u, /4

where Q@ = (g, f..) is the Hopf differential. For a minimal surface H = 0 and @ is
holomorphic. Computing F~1F, for the frame in (10) and comparing it to (13) yields

(14) u=2In(1+|q%), Q=q.=p.

Unlike in the case of surfaces of constant mean curvature H # 0, the Gauss map
¢ : D — S? does not determine a minimal surface. If f : D — 3 is a minimal surface
with the same Gauss map ¢: D — S2 as f: D — 3, then its coordinate frame F' (12)
must satisfy

F =Fk,

where k = diag(e’®, e=@): D — S* € SU(2). Thus
F7'F, = Adk™Y(F'F.) + k™ k.

which unravels to
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(15) Ur = us + dic,, Q =€e**Q e3(@—u)
Integrating (15, the first relation) yields
(16) a—u=4ia+h

for some antiholomorphic h: D — . Since @ —wu is real valued, (16) says that 4—u: D —
is harmonic. One also checks at once, using (16) and (15 the second relation), that @
is holomorphic, (which it has to be if f is a minimal surface). Thus we have described
all minimal surfaces and all holomorphic Gauss maps starting from a meromorphic
potential. Keeping the above notation we may summarize this discussion in the fol-
lowing

Theorem 3.2 Let & = A1 < 2 8

q: D — be given by q(z) = f;o p(w) dw. Then

) dz be a meromorphic potential on D and let

. 1 =2 . . .
_ 1
i. F = e ( Al 1 ) is a coordinate frame of a minimal surface

f:D — 3 with induced metric |df|* = (14_1W)2|dz|2 and Hopf differential
Q = pdz>.

ii. Every other minimal surface f:D — 3 having the same Gauss map p:D — S?
as f is obtained as follows: choose an antiholomorphic map h: D — and put
@ = u+Reh and a = Im h, where u = 2In(1+|p|?). Then F = F diag(e’®, e~**)
is the coordinate frame of the minimal surface f with induced metric

|df|* = e*|dz|?
and Hopf differential
Q= Qe"?.
4 The classical Weierstrass representation

From the extended frame equations (13) it is straightfoward to derive a formula for the
minimal immersion f: D — 3. Let J :  — sl(2,) be the map J(z) = —% 3 x40, where

oy = < (1) (1) >, gy = < ? BZ > and o5 = ( (1) _01 ) are the Pauli matrices.

Extending .J complex linearly to .J : 3 — sl(2,) we obtain from (12)
" 0 1 T u ab  a?
(17) sz—_§€2 AdF( 0 0 ) _—562 ( _62 _I;a >

for the extended frame F = ( “ g > Equations (13) read

5
(18) ( G

)Z - ( —az‘) 2 ) ( A—?zg/:%“ _u2/4 ) ’



Minimal Surfaces via Loop Groups 33

from which we deduce

N

(19) a=e"%s b=e"

F
with s, r: D — holomorphic. Inserting this into (17) gives

__i—l rs s? _12_2£2 2 . 3
(20) .= 2J (—r2 —rs>_(2(8 r),2(s +r?),rs):D —?*,

which is (a version of) the classical Weierstrass representation [10] of the minimal
surface

f:Re/ f.dz:D = 3.
B
The advantage of this version over the usual formula

i

fz = (%(1_’/2)) 2(1+V2)7 V)N:

where p = s? and v = r/s is the stereographically projected Gauss map, is that no
artificial poles are introduced. Moreover, formula (20) can naturally be globalized by
viewing r and s as two holomorphic spinor fields over a Riemann surface (rather than
as functions on D) [9]. Since

L= la]> +[b]” = e~ % (|s” + |r|*),
we obtain as the induced metric
|df > = (|s]* + |r[*)? |d=]>.

Moreover, from the remaining equations in (18) we derive for the Hopf differential of
f:D —?3
Q =rs, — sr,
the Wronskian of r and s. Finally one can check that the A-dependence of r and s is
given by
1 1
T:A72’f‘0 S:A 25[)

where rg, so are A-dependent. This simply restates the classical fact that the associ-
ated family of minimal surfaces is given by

fA:Re)\_l/ f.dz, Ae st
D

where f is the minimal surface obtained from the Weierstrass data for A = 1.
As an example we specialize to the frame F' obtained by the DPW construction
from the meromorphic potential

g:x1<2 8>dz.

Comparing (10) and (14) with (19) we obtain for the classical Weierstrass data of the
minimal surface f described by F\—;
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z
s=1 r:yz—/p.
20

jdfI* = (1 + [v[*)* |dz?, Q= —v. =p,

where v is the Gauss map (stereographically projected from the south pole) of

Thus

f= Re/z(%(l — 1/2), %(1 —|—V2),I/)d2’.

5 The dressing action on minimal surfaces

In the previous sections we discussed how one can describe minimal surfaces f: D — 3
in terms of their meromorphic potentials (Theorem 3.2) and how this approach relates
to the classical Weierstrass representation (Section 4). An important feature of our
description in terms of loop groups is that we can deform a minimal surface by the
dressing action. Given a meromorphic potential

0 0

(21) E=X""ndz, n=<p 0

), p:D—

with corresponding complex extended frame g = 1+ A~ [: D — A;SL(2,), we can
dress g by an element h € ATSL(2,) using Theorem 2.1:

(22) hg = gb,

where g : D\'S — A;SL(2,),b: D\ S — ATSL(2,) and S C D is the discrete
set where hg leaves the big cell. Calculating the meromorphic potential of the new
complex extended frame § we obtain:

(23) £=57'0.5 = Adby'(6) = A~ ( 2 0 ) dz,

where by = bjy=o = diag(p, p~'), p: D\ S — *. In particular, dressing preserves the
class of minimal surfaces.
Next we calculate the stabilizer group Ag of the “action” g — g = (hg)—: let

_ 1 0, [ a B _ .
g—<>\_1q 1 >andh—<7 6>,thenhg—gbylelds

a+ 2 Bg=a, ~v+Il9¢=7+)1"lag,

o)t
S o

where b = ( > Since h and b take values in ATSL(2,), the above relations

N

imply
dozag:(io:ﬁ:l, 61:0,

where a = }_,., A'a; and similar for the other coefficients. From this we conclude
easily the following



Minimal Surfaces via Loop Groups 35

Lemma 5.1
A+SL(2,)/A0 =XER

where
6={(§ M )iarosey

In particular, the dressing orbit of (the Gauss map of ) a minimal surface is complex
2—dimensional.

This is a well-known fact and can be found in the existing literature in a much more
a M3

0 a-l > € G and a complex

general framework [14, 2, 4]. For an element h = <

extended frame g = < ,11 0 >, the dressing relation hg = gb, b = ( Of @ )
Alg 1 ¥y 0
yields
- q
24 -7
(24) 1= 2% aha

From the discussion in Section 4 we know that —q is the (stereographically) projected
Gauss map, so that (24) is just the standard action of SL(2,) on S? =1 restricted to
G.

6 Symmetries of Minimal Surfaces

This chapter is largely in the spirit of [6]. We obtain a very specific description of
symmetries for minimal surfaces. Let M be a complete, orientable minimal surface
with meromorphic potential £ and coordinate frame F' and denote by ¢ the minimal
immersion of M. We consider the group

Aut ¢ (M) = {R proper rigid motion of *, R¢ (M) = ¢ (M)} .
From [6] we know
For every R € Aut ¢ (M), there exists a g € Aut such that pog=Ro¢.
In particular, g is in the group
Auty = {g € Aut ; there exists R € Aut ¢ (M) : po g = Ro ¢}.

Also we obtain [6]

(25) (Fog)(z, 2, A) =x(g, N) F(z, 2, ) k(g, 2, 2),
where x(g, A) € Asu(2). Moreover, x and k satisfy

X(92 091, A) = €(g2,91)x (92, A)x (91, A)
k(gQ ogl,z,z) = 6(92591) k(QQ,gl(Z),gl(Z)) k‘(gl,Z,Z),

(26)
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where €(g2, g1) = £1. Also, splitting F' = g_F;, we obtain

(27) (9-29)(z,A) = x(9, Mg (2, p+(9, 2, A),
where p, € ATsl(2,). For the meromorphic potential £ this implies
(28) 9+ = py' Epr +p7 dpy .

We have the following

Theorem 6.1 Under the assumptions on M listed above and writing x in the form

U v
XZ(—’U u),wehave

(29) X= < —>\u—01171 21;1 ) ’
(30) P+ = < —H;O*(fz)n tig) )

where p1 € is independent of z.
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Proof. Consider

9= (z,N) =x"g.N)

E D) G D)

U —v 1
A ba+v Algv+u A tbog

= O
N—

([ a—-Xlgoguv —v
T\ A lgu+v+AZggogv+Atugog Algu+u )
This is an element of A*sl(2,) if and only if
i v=wmA+v3A% + ...

i, u=wug+uX? + ...
In the left lower corner of the matrix above, the coefficients of A~ and A3
must vanish. This implies respectively:

iii. —gto+01 +ggogur +uggog=0,
iv. —gua + 03 = 0.

Since v3 and uy are independent of z, v3 = uy = 0. Similarly, all higher—order terms
vanish. This proves (29) and (30).
Actually, (iii) gives an important condition on g, namely

(31) gog:*

Since v; and ug are constant and |ug|? + |v1|> = 1 we obtain

Corollary 6.1

(32) gog=Tyg,
where
_ [ uw —u
(33) T, = ( . ) € SU(2).

Conversely, we have

Ug —U1
U1
satisfies (82). Then g— o g = xg—p+, with x given by the formula (29).

Theorem 6.2 Let T, = > € SU(2). Assume a meromorphic function g

Proof. A careful look at the proof of Theorem 6.1 shows that one can reverse the
order of all arguments.

Remark 1. Let us consider the stereographic projection from the point (0, 0, 1), o :
S? —~given by the formula

T1 + iTs

0(1’1, T2, 1’3) = 1 z
— 43
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Note that since N : D — S2, the composite 0 o N : D — ~makes sense. Moreover,
oo N =v. (Recall that (i, v) denotes the Weierstrass pair for the surface for which

N is the Gauss map). Therefore, the relations (6.1) and v = )\%g induce

uoV — A2,

34 =
(34) veg A2Try + g
which is to say
(35) Vog:S;‘ou,
A Ug —>\2’U1 .
where S = 25 u . Since 0 o N = v we also have
1 0
(36) Nog=S}N.
7 Examples

To illustrate some of the results of this note, we list a number of well-known surfaces,
all of which have the same Gauss map, represented by the map v(z) = z. From (12)
we know that all these surfaces yield the same meromorphic potential, given by

1 1
37 =b=(--)==.
(37) a (=2)==
The catenoid can be obtained on D = — {0} considering
1

Since v(2)%u(z) = dz in this case, we can apply (12) and get ug = u(0, 0) = 0.

Theorem 3.2 then gives the metric ' and the Hopf differential:

(39) el = (1+ )?ldeP?,
(40) Q(2) = a(2)(d2)* = S5 (d2)?.

Any minimal surface of revolution in 3

part of a plane [1].
Another example is the helicoid which is given by

is (up to a rigid motion) part of a catenoid or

(41) u(z) = —:—.de.

The corresponding metric is the same as in the case of the catenoid (39). The impor-
tance of the helicoid among minimal surfaces is emphasized by the fact that any ruled

1t is worthwhile to recall [1] that, given the Weierstrass pair u = h(z)dz,v = v(z), the corre-
sponding metric can be obtained a posteriori from it as ds? = |h|2(1 + |v|?)?|dz|?.
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minimal surface of 3 is, up to a rigid motion, part of a helicoid or part of a plane [1].
Theorem 1 in Section 2.4 showed that two orientable minimal surfaces with coordinate
frames F and F have the same Gauss map N if and only if the corresponding metrics
ds? = e*|dz|* and ds® = e®|dz|? satisfy the property @ — u is harmonic. As already
mentioned, this is the case for the catenoid and helicoid. On the other hand there are
examples of minimal surfaces having the same Gauss map but distinct metrics. En-
neper’s surface defined on and given by Weierstrass pair u(z) = dz (so f(z) = 1) and
v(z) = z has the same Gauss map as the helicoid and the catenoid, but the metric is
ds? = (1+|z]?)?|dz|*. Obviously ug —u = ln(l-{—|z|2)2—ln(l—l—#)2 = In|z|* = 41n|z|
is a harmonic function (where ug corresponds to the Enneper surface and u to the
catenoid or helicoid).

Finally we mention Scherk’s surface defined on the unit disc D = {z € , |z| < 1}
and given by

(42) w(z) = dz, v(z)=z.

1—24
In this case the induced metric is

4
1— 24

(1+]2[*)?

4 ds® =
(43) S | |1 — 242

2L+ |2?)?]d=f? = 16 dz?.
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