
Classi�ation of Loally Symmetri Contat MetriManifoldsAnna Maria Pastore
AbstratWe omplete the lassi�ation of 5-dimensional loally symmetri ontatmetri manifolds stated by D. Blair and J.M. Sierra. Furthermore, in generaldimension we prove the existene of a foliation with totally geodesi leaves loallyisometri to a Riemannian produt Em+1 � Sm(4).Mathematis Subjet Classi�ation: 53C15, 53C35Key Words: ontat metri manifolds; loally symmetri spaesIntrodutionIn [6℄, Z. Olszak proved that for dimensions 2n+ 1 � 5 there are not ontat metrimanifolds of onstant urvature unless the onstant is 1 and in this ase the strutureis Sasakian. On the other hand, in [7℄, S. Tanno proved that a loally symmetri K-ontat manifold is of onstant urvature. Motivated by these results, D. Blair andJ.M. Sierra proposed the question of lassifying loally symmetri ontat manifolds,and in [5℄ they studied the 5-dimensional ase, proving the following theorem.Theorem. Let M be a omplete 5-dimensional loally symmetri ontat metri man-ifold. Then the simply-onneted overing spae is either S5(1) or E3 � S2(4) orH2(k1) �H2(k2) � R , where H2(ki) i = 1; 2 is the hyperboli plane with onstantnegative urvature ki.However, whereas S5(1) and E3�S2(4) admit suh a struture ([2℄; [3℄), the prob-lem of the existene in the third ase remained still open. We reall also that the3-dimensional ase has been studied in [4℄ by Blair and Sharma who proved that a3-dimensional loally symmetri ontat metri manifold is of onstant urvature +1or 0 .In this paper we prove that the third possibility in the theorem of Blair and Sierrahas to be removed . Moreover, in the general ase, we prove that a loally symmetriontat metri manifold M2n+1, 2n + 1 > 5, admits a foliation whose leaves aretotally geodesi and loally isometri to the Riemannian produt Em+1 � Sm(4), fora suitable m.Balkan Journal of Geometry and Its Appliations, Vol.3, No.1, 1998, pp. 89-96Balkan Soiety of Geometers, Geometry Balkan Press



90 A.M.Pastore1 PreliminariesWe reall some results on ontat metri manifolds and for more details we refer to[1℄,[3℄,[5℄.A ontat metri manifold M2n+1 is a C1-manifold with a global 1-form � suhthat �^ (d�)n 6= 0. It is well known that there exists a unique vetor �eld � on M2n+1satisfying �(�) = 1 and d�(�;X) = 0. A manifoldM2n+1 is said to be a ontat metrimanifold if it admits a ontat metri struture ('; �; �; g), where ' is a tensor �eldof type (1; 1) and g is an assoiated metri suh that'2 = �I + � 
 �; g(X; �) = �(X); d�(X;Y ) = g(X;'(Y )):Denoting by L the Lie-derivation operator, the tensor �eld h = 12L�' is a symmetrioperator whih antiommutes with '. Obviously, h(�) = 0 and if � is an eigenvalueof h with eigenvetor X, then �� is an eigenvalue with eigenvetor '(X) . Moreover,we have h = 0 if and only if � is a Killing vetor �eld and in this ase M2n+1 is alleda K-manifold.We have the following formulas, for any vetor �eld X on M2n+1:rX� = �'(X)� 'h(X)(1) 12(R�X� � 'R�'(X)�) = h2(X) + '2(X)(2) (r�h)(X) = '(X)� h2'(X)� 'RX��;(3)where r is the Levi-Civita onnetion and R its urvature tensor �eld, [5℄.Furthermore, in [2℄, the following theorem is proved.Theorem B. Let M2n+1 be a ontat metri manifold and suppose thatR(X;Y )� = 0 for all vetor �elds X and Y . Then M2n+1 is loally the produt of aat (n+1)-dimensional manifold and an n-dimensional manifold of positive onstanturvature 4.Finally, supposing that M2n+1 is a loally symmetri ontat metri manifold wehave r�h = 0, [3℄. Consequently, (3) givesR�X� = �X + �(X)� + h2(X)(4)and the following formulas hold for all orthogonal to � unit eigenvetors X;Y of hwith eigenvalues �, � respetively, ([5℄ lemma 3:3):(�2 � �2)g(r'XX;Y ) = (1� �)[(1� �)g(rX'X; Y )�2�g(rYX;'X) + (1 + �)g(rXX;'Y )℄(5)and ('Y )(�2) = 2(X�)(1� �)g('Y;X) + 2(1� �2)g(rX'Y;X)+2(1� �� �+ ��)g(rXY; 'X)+4�(1� �)g(rYX;'X)(6)



Classi�ation of Loally Symmetri Contat Metri Manifolds 912 The �ve-dimensional aseLet M5 be a loally symmetri ontat metri manifold. If the tensor �eld h vanishes,then M5 is a K-manifold of onstant urvature +1 and it is realized by S5(1) withthe standard Sasakian struture, [6℄, [7℄.Now, suppose that h 6= 0. As disussed in setion 4 of [5℄ , for any p 2 M5 thereexists a unit vetor X 2 Tp(M5) suh that g(X; �) = 0 and RX�� = 0. Using (4), wehave h2(X)�X = 0(7)and sine h(�) = 0, the spetrum of the operator h is given by f0; �;��; �;��g. Wesuppose � � 0 , � � 0 and we denote by f�; e1; e2; e3; e4g the set of the orrespondingeigenvetors. Writing X = P4i=1X iei, and applying (7) we obtain that at least oneof � or � must be 1, say �. Moreover, '(e1) = e2 , '(e3) = e4 and the eigenvalues areonstant along their eigenvetors.Blair and Sierra distingueshed three ases:i) � = 1 ;ii) � = 0 ;iii) � 6= 0; 1.In their proof the �rst ase implies that M5 is loally isometri to the Riemannianprodut E3 � S2(4) via theorem B, the seond one leeds to an empty lass and thethird one implies the loal isometry of M5 with H2(k1)�H2(k2)�R.Now, we shall prove that the third possibility has to be exluded, obtaining thefollowing lassi�ation theorem.Theorem 1 Let M be a omplete 5-dimensional loally symmetri ontat metrimanifold. Then the simply-onneted overing spae is either S5(1) or E3 � S2(4).Proof. Let us suppose � 6= 0; 1. In this hypothesis, Blair and Sierra proved thefollowing results:a) The distribution [+1℄L[�1℄L[�℄ is integrable with at totally geodesi leaves.Here, [+1℄ and [�1℄ denote respetively the eigenspaes related to the eigenvalues +1and �1 and [�℄ is the distribution spanned by �.b) The Levi-Civita onnetion satis�es the following relations:



92 A.M.Pastorer� = 0 re4 = 0re1e1 = ��01e3 re1e2 = �01e3 � 1e4 + (1 + �)�re1e3 = �01e1 + 01e2 re1e4 = 1e2re1� = (�1� �)e2 re2e1 = ��02e3 � �2e4 � (1� �)�re2e2 = �02e3 re2e3 = �02e1 + 02e2re2e4 = �2e1 re2� = (1� �)e1re3e1 = �3e2 re3e2 = ��3e1re3e3 = 0 re3e4 = 2�re3� = �2e4;where �2 = �1� �1 + �1 ; ��3 = �01 ; �(�3) = 0.) Re1e2� = �((1 + �)02 + (1� �)�01)e3.d) The eigenvalue � must be a non ostant funtion, and �(�) = 0, e4(�) = 0:First at all, we dedue some other formulas. Taking Y = e4 and X = ei; i = 1; 2in (6) we get �e3(�2) = 4(1� �)g(re1e4; e2) + 8�g(re4e1; e2)Then, using b), we obtain �e3(�2) = 4(1� �)1 ande3(�) = �21� �� 1:(8)Now, ondition d) implies 1 6= 0 and applying the �rst Bianhi identity to e1; e3; �and using Re3� = 0 we obtain:�21 + e3(�) + (1 + �)(�01 � 02) = 0(9)Again, using Re3� = 0 and ) we �nd:02 = �1� �1 + ��01(10)and substituing (8) , (10) in (9) , we get�01 = 1�1:Finally, by diret omputation, we haveg(Re1e2e1; e2) = �(01)2 � (1� �)2�2 (1)2 + 1� �2:(11)



Classi�ation of Loally Symmetri Contat Metri Manifolds 93Now, we suppose that M5 = H2(k1)�H2(k2)�R and reall that a) holds.Obviously, � has non zero omponent tangent to H2(k1)�H2(k2) , otherwise we haveRXY � = 0 for all X;Y and � = 1. Moreover, sine the foliation spanned by fe3; e4; �gindues foliations by geodesis on eah H2(ki), we an onsider (f1; f2) orthonormalvetors tangent to H2(k1) , and (f3; f4) orthonormal vetors tangent to H2(k2) suhthat ff2; f4; f5g span the distribution [+1℄L[�1℄L[�℄. It follows that e1 and e2 be-long to the spanff1; f3g and, sine the setional urvature K(ff1; f3g) = 0, we haveK(fe1; e2g) = 0 and (11) implies1� �2 = (01)2 + (1� �)2�2 (1)2 > 0:(12)On the other hand, writing � = af2 + bf4 + f5 and using (4) we obtain Rf1�� =(1 � �2)f1 whereas using the setional urvature, we get Rf1�� = a2k1 so that1� �2 = a2k1.We onlude that 1� �2 < 0, ontraditing (12).3 Some results in the higher dimensional aseLet M2n+1 be a loally symmetri ontat metri manifold and suppose that h 6= 0.Arguing as at the beginning of setion 2, we onsider the setf0;+1;�1; �1;��1; : : : ; �r;��rgof the distint eigenvalues of h suh that dim[0℄ = p + 1; dim[+1℄ = m; dim[�1℄ =m1; : : : ; dim[�r℄ = mr and 2n+ 1 = p+ 1 + 2m+ 2m1 + : : :+ 2mr.Here [�℄ denotes the eigenspae orresponding to the eigenvalue �.Theorem 2 Let M2n+1, 2n+ 1 > 5, be a loally symmetri ontat metri manifoldand suppose that the spetrum of h is given by the set f0;+1;�1g with +1 and �1as eigenvalues of multipliity n and 0 as simple eigenvalue. Then M2n+1 is loallyisometri to the Riemannian produt En+1 � Sn(4).Proof. By means of (4), we get RX�� = 0 for any eigenvetorX 2 [�1℄. Consequently,the setional urvatures of the tangent 2-planes ontaining � vanish.If M2n+1 is irreduible, it is Einstein with Ri(�; �) = 2n� tr(h2) = 0 and onse-quently it is Rii-at and then at, ontraditing the result of Olszak in [6℄. Hene,M2n+1 is reduible and the vanishing of the �-urvatures implies that � has to betangent to a at fator. It follows that RXY � = 0 for all tangent vetors X;Y andtheorem B applies.Now,we supposem < n, we put [0℄ = [�℄�V0 (orthogonal sum), andH = [�℄�[�1℄.To prove that the distribution H is integrable we need some lemma.Lemma 1. For any X 2 H we have [�;X ℄ 2 H .Proof. Clearly, for X 2 H we have:X 2 [+1℄) (rX� = �2'X 2 [�1℄;r�X 2 [+1℄)X 2 [�1℄) (rX� = 0;r�X 2 [�1℄)



94 A.M.PastoreFinally, r�� = 0 and [X; �℄ 2 [�1℄ � H follows.Lemma 2. For any X;Y belonging to [+1℄ we have r'YX 2 [�1℄ � H .Proof. We use the following formula stated as formula (5) in [3℄RY X� +R�XY �RhY X� � R�XhY = g(X;Y )� � 2�(Y )X + �(X)Y�g(X;hY )� + 2�(Y )h2X��(X)hY + (r'Y h2)(X):(13)obtaining (r'Y h2)(X) = 0, i.e.,r'YX � h2(r'YX) = 0(14)and this implies r'YX 2 [�1℄. Namely, we deompose r'YX with respet to thediret sum of the eigenspaes:r'YX = A0 +A+1 +A�1 +A�1 +A��1 + : : :+A�r +A��r(15)Then, we haveh2(r'YX) = A+1 +A�1 + �21A�1 + �21A��1 + : : :+ �2rA�r + �2rA��r :Using (14) and (15), we get A0 = 0; A�1 = 0; A��1 = 0; : : : ; A�r = 0;A��r = 0; �1; : : : ; �r being di�erent from +1;�1. Finally, from (15) we obtainr'YX = A+1 +A�1 2 [�1℄ � H .Corollary 1. For any X 2 [�1℄ and Y 2 [+1℄ we have rXY 2 [�1℄.Proof. Apply Lemma 2 to 'X and Y .Lemma 3. For any Y 2 [+1℄ and X 2 [�1℄, we have r'YX 2 [�1℄.Proof. From (13), sine g(X;Y ) = 0, we obtain (r'Y h2)(X) = 0 and we ontinue asin the proof of Lemma 2.Corollary 2. We have: a) (X 2 [�1℄; Y 2 [�1℄)) rXY 2 [�1℄b) X;Y 2 [�1℄) [X;Y ℄ 2 [�1℄Lemma 4. For any X 2 [�1℄ and Y 2 [�1℄, we have r'YX 2 H.Proof. Using (13) we have:2RXY � + 2R�XY = 2g(X;Y )� + (r'Y h2)(X):Lemma 1 and Corollary 2 easily imply that RY X� 2 [�1℄ and R�XY 2 [�1℄:It follows B = 2g(X;Y )� +r'YX � h2(r'YX) 2 [�1℄(16)On the other hand, deomposing r'YX as in (15) and omputing h2(r'YX), we get



Classi�ation of Loally Symmetri Contat Metri Manifolds 95B = 2g(X;Y )� +A0 + (1� �21)A�1 + (1� �21)A��1 + : : :+(1� �2r)A�r + (1� �2r)A��r(17)Comparing (16) and (17) we onludeA0 = �2g(X;Y )�; A�1 = 0; A��1 = 0; : : : ; A�r = 0; A��r = 0so that r'YX = �2g(X;Y )� +A+1 +A�1 2 H:Corollary 3. (X 2 [+1℄; Y 2 [�1℄)) (rXY 2 H; [X;Y ℄ 2 H).Lemma 5. For any Y 2 [�1℄ and X 2 [+1℄ we have r'YX 2 [�1℄.Proof. Using (13), sine g(X;Y ) = 0, we get2RY X� + 2R�XY = (r'Y h2)(X)Now, Lemma 1 and the previous orollaries easily imply that RY X� 2 [�1℄ andR�XY 2 H , so that r'YX = h2(r'YX) 2 H:(18)Again, deomposing r'YX with respet to the diret sum of eigenspaes, (18) impliesA0 = a�;A�1 = 0 : : : ; A��r = 0 ,so that we haver'YX = a� +A+1 +A�1Now, sine 'Y 2 [+1℄, we get g(r'YX; �) = �g(X;r'Y �) = �2g(x; '2Y ) =2g(X;Y ) = 0 and r'YX 2 [�1℄:Corollary 4. (X 2 [+1℄; Y 2 [+1℄)) (rXY 2 [�1℄:[X;Y ℄ 2 [�1℄.Proposition 4.1. The distribution H = [�℄ � [�1℄ is integrable with totally geodesileaves.Proof. The previous lemma and orollaries imply that [X;Y ℄ 2 H for any X 2 Hand Y 2 H . Thus the distribution H is involutive and integrable.Let N be a maximal integral submanifold. Sine rXY is tangent to N for any vetor�elds X;Y tangent to N , the seond fundamental form vanishes and N is totallygeodesi.Proposition 4.2. The integral manifolds of the distribution H are loally isometrito the Riemannian produt Em+1 � Sm(4).Proof. Let N be an integral manifold of H , A loal frame for TN is given by � andthe eigenvetors fei; 'eig; i 2 f1; : : : ;mg orresponding to the eigenvalues +1;�1,and N has a anonially indued ontat metri struture (�; '0; g) where '0 is therestrition of ' to N . Moreover, N turns out to be loally symmetri sine it is totallygeodesi in the loally symmetri manifoldM2n+1. It is easy to verify that h0 = 12L�'0is the restrition of h to N . Now, h0 has eigenvalues +1;�1 with multipliity m and 0
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