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Abstract

Using an entended version of the Ionescu Tulcea-Marinescu ergodic theorem
we give a refined spectral analysis of general lipschitzian kernels.

Mathematics Subject Classification: 46E15, 47A75, 47B06, 47B48
Key words: contraction coefficients, spectral radius, essential spectral radius, Doeblin-
Fortet property.

1 Introduction

The aim of this paper is to obtain some spectral properties of general lipschitzian
kernels. To state these properties we use a basic tool which consists in the extended
version of the Tonescu Tulcea-Marinescu ergodic theorem. We also bring into evidence
that the contraction coefficients play a key role in the study of lipschitzian kernels.
The impact of these coefficients being so noted, the spectral radius of the transition
operator in the Banach space of continuous functions is established. In Section 3 we
obtain a refined spectral analysis of general lipschitzian kernels. The main result of
this paper enables us to conclude that the transition operator is quasi-compact on
the Banach space of Lipschitz functions and moreover to obtain some informations
about the spectral radius, respectively the essential spectral radius of this operator.

2 Preliminaries

Let (W,d) be a compact metric space. For any function f € C'(W) = the collection
of all bounded continuous complex-valued functions on W, set

| [ loo= sup{| f(w) [w e W},

s(f) :SUP{%M),W ew, w;éw’},

1A =1 loe +s(f).-

Let LW)={f]| feCW), |[fll <o} bethe collection of all bounded Lipschitz
complex-valued functions on W. As is well known, C'(W) and L(W') are Banach spaces
under | | and || ||, respectively.
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Let {(W, W), (X, X), N,u} be a quadruple, where
1) (W, W) and (X, X) are arbitrary measurable spaces;
Du:WxX—>Wisa(W®X, W) - measurable map;
3) p is a transition measure from (W, W) to (X, X) i.e.
Yw € W p(w, ) is a finite positive measure on (X, X))
VA e X u(,A) is a measurable function on (W, W).

We also assume that
sup{| (, A) o] A € X} < oo,

sup{s(u(,4)) | A€ X} < 0.

We denote by (™) the element (zi,...,x,) € X" For any n € N*, let us define

recursively the maps u(™) : W x X™ — W by the equation
w(w,xz,), if n=0;
u(n+1) (U), x(n+1)) _ ( 1)
w(u™ (w, ™), x,y1), if ne N~

We shall simply write wz™ for u(™ (w,az(”)), whenever no confusion is possible.
Using this convention, the above equation becomes

wry, if n=0;
wr ) =
(w1, if ne N*
For every w € W, n.€ N* and A € X\ let us define
u(sz)7 if n =1
[T [y plwe®, dzi ) Xa(§V), if \ > oc.

It is obvious that, for n € N* fixed, u, is a transition measure from (W, W) to
(X", &),

pn(w, A) = {

3 Spectral Properties

Let B(W,W) be the Banach space of bounded W-measurable complex-valued func-

tions f on W, under the supremum norm.
Let us define the transition operator U : B(W, W) — B(W, W),

Ufw) = [ s, do).
Jx
The iterates of the operator U are given by
Uf(w) = (wa™ Y (w, dz™),  n e N*.

JX™

Let us define the contraction coefficient, ¢(U™), of the operator U™ by

dlwe™ 'z
sup / Mun(w,dm(")) | w,w' e W, w#w' 5.
n d(w,w")
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Taking into account that c(U™*") < ¢(U™)c(U™), let us put

= . ny\1l/n
c(U) = lim ¢(U™)!/".

U acts on C(W) and L(W) with spectral radius #(U) and r(U) respectively.

Clearly, we obtain
F(U) = lim |U" Y "= Lim |U"1 Y.
n— o0 n—oo

But the aim of this paper is to give a more refined spectral analysis of U. So, we
also consider the essential spectral radius r.5s(U) of U. In the sequel we shall obtain
deeper properties of U using an extended version of the Ionescu Tulcea-Marinescu
ergodic theorem.

Let us recall this theorem.

Theorem [3], [5]. If a bounded linear operator U on a Banach space Y with spec-
tral radius r(U) and essential spectral radius r¢5s(U) has the Doeblin-Fortet property
DF(r), where r >0, i.e.,

L.U: Y, ) = (Y, ]|) is a compact operator

2.¥n € N*, 3R, r, € Ry such that

lim inf(r,)"/" =r < r(U)

n— oo

WUyl <rallyll + R |y |, Yy ey,

then 1es5(U) < r < r(U). Moreover U/r(U) is a quasi-compact operator on (Y, |]).
The above theorem allows us to study the action of the operator U on the class
of Lipschitz functions and to obtain a much more precise result.
Theorem. If ¢(U) < oo, then the operator U acts on C(W) and L(W) and has
on C(W) the spectral radius

F(U) = lim | U"1 |/ .
n—oQ0

It ¢(U) < #(U), then U/r(U) is a quasi-compact operator on L(W), r55(U) <
c(U), r(U) = #(U), r(U) is an eigenvalue of U of maximal order between the eigen-
values of modulus r(U) and the corresponding eigenfunction is positive.

Moreover, if U is an irreducible operator, i.e. for any w € W and for any positive
and non-zero function f € C(W), there exists an integer n > 1 such that U™ f(w) > 0,
then r(U) is the only eigenvalue of modulus r(U) and the corresponding eigenspace
is generated by a strict positive function.
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