A Convex Polygon as a Discrete Plane Curve

Stanistaw Gd6zdz

Abstract

In this paper we examine a convex polygon as a discrete substitute of a
plane curve. We introduce a polygon with constant length of a diagonal as a
counterpart of an oval with constant width. Moreover we define a convex polygon
with constant perimeter of a special class circumscribed polygons.
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1 Introduction

In papers [1,3,4,6] applications of Fourier series to plane curves are presented . Plane
curves examined in these papers are expressed by the following formulas:

(1.1) tn—)z(t):/0 f(s)e®ds or z(t):/0 k-(s)f(s)eiK(s)dS’

where f is a periodic function. The representation of considered curves is associated
with the integral. Therefore we search for a geometrical domain associated with a
finite sum instead of an integral. The geometrical domain is included in the class of
all convex polygons in the plane. To define a representation of a convex polygon we
imitate formula (1.1). Therefore we consider a periodic sequence instead of a periodic
function. Next we introduce a discrete Fourier series for a periodic sequence as follows:
Let x1,x2,x3,... be a periodic sequence of real numbers with the period n,i.e.:

Tytn = Ty, v =10,1,2,....
Then we apply a known trigonometrical interpolative polynomial

. 2wyt
n="L

= ot
y(t) :a0+;[a]~ cos —=— +bjsi 1,
]_

where
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1 ”z‘:l 1 ”z‘:l 2m. o, _ 1 ”z‘:l 2
an = — s = — —_ s = — —_ .
0= T, @ = Ty COS —=j i= Ty Sin —j
n=0 pn=0 n=0
The trigonometrical interpolative polynomial satisfies the condition:

y(v)=x,, v=0,1,...n— 1.

If we substitute instead the continuous variable ¢ € (—o0, +00) the dicsrete variable
v=0,1,2,..., then we obtain
= 2mju 2mju
1.2 Ty =a aj cos —— + bjsin——]|.
( ) v o+ ]2:;[ J n + J n ]

In the sequel we call the formula (1.2) a discrete Fourier series of a periodic sequence
{z,}. We apply the discrete Fourier series to an n-polygon in the plane. The n-polygon

2
is a polygon with n sides having the same interior angles equal to 27 — —W, see [2,1].
n

In the paper n-polygon is ”a discrete curve”.

With reference to formula (1.1) we recall the following relations. There exists a
strict correspondence between a property of curve (1.1) and a property of the function
f. For example the following are known:
Lemma A.(see [5,1]). A curve (1.1) is closed iff Fourier coefficients Ay, By of f
vanish, i.e.: Ay = By =0.
Lemma B.(see [6]). If a closed curve represented by (1.1) is a curve with constant
width ,then Fourier
coefficients Asy, Boy, of f vanish, i.e.:As, = Ba, = 0.
Lemma C.(see [2,1]). If a closed curve represented by (1.1) is a curve with constant
perimeter of a circumscribed m-polygon, then the Fourier coefficients Ay,j, Bmj, j =
1,2,3,... vanish, i.e.:Ap; = Bpj = 0.
Remark A.
If f is a constant function (different from zero), then equation (1.1) forms a circle.
This means that in this case all Fourier coefficients of f vanish with the exception of
Ap.

In a discrete domain, n-polygon is represented as the sum

27y

k
(1.3) ki zp = mpel
v=0

where {z,} is a sequence and £k =0,1,...n — 1.

There exists a correspondence between a property of an n-polygon and a property
of a sequence {z,}. At the discrete domain a counterpart of a curve with constant
width is a 2n-polygon with constant diagonal (see p.7).

For 2n-polygon with constant diagonal the following counterpart of the Barbier the-
orem is satisfied:

sin T
(1.4) L=r—7>214,

2n
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where L denotes the perimeter of 2n-polygon and d is the length of a constant diag-
onal.

A counterpart of a curve with constant perimeter of a circumscribed m-polygon
is an mn-polygon with constant perimeter of a b-circumscribed m-polygon defined as
follows:

Let P be a convex polygon with vertices wy,ws,...,wy,, n > 2. To circumscribe
a polygon with k sides (3 < k < n) on polygon P, we arbitrary choose vertices

Wiy y Wigyeeny Wiy, -

Next we draw a straight line l;, ,1;,, . . ., [;, through vertices w;, , w;,, ..., w;, . We con-
sider only straight lines I;,,1;,,...,l;, passing through the outside angles of polygon
P. The point of intersection of successive straight lines I;_,l; ., s=1,2,...,k—1
is a vertex of the circumscribed polygon. We call the circumscribed polygon b-
circumscribed on polygon P if and only if all straight lines l;, , l;,, - . ., [;, are bisectrices
of the outside angles of the polygon P.

A property of a plane curve (represented by (1.1)) and ”a discrete theory plane
curve ” are connected with the main result of the paper.

Perimeter 277 of a circle with radius r can be obtained as the limit of perimeters
of well-shaped regular polygons circumscribed on the circle. The above-mentioned
idea and the counterpart of the Barbier theorem suggest that perimeter wd for an
oval with constant width d can be obtained in the similarly way. To reach this aim
we prove the following:

Theorem 1.1 Every 2n-polygon circumscribed on an oval with constant width & is a
2n-polygon with constant diagonal equal to

0

-
COS —

2n

Theorem 1.2 Every mn-polygon circumscribed on an oval with constant perimeter

l of a circumscribed m-polygon is mn-polygon with constant perimeter lﬂ of b-
cos

) ) mn
circumscribed m-polygon.

2 Properties of a periodic sequence

A periodic sequence has some properties similar to a property of a periodic function.
Therefore we recall (see [6,1]) those properties of a periodic function concerning of the
discrete domain. Let f be 2w-periodic function having uniformly convergent Fourier
series,

1) = %Ao + )[4y cos(nt) + By, sin(nt)].
n=0

Theorem A. Ezxpression f(t)+ f(t+7) is a constant function iff Fourier coefficients
Asj, By, j=1,2,... vanish.
Theorem B. Ezxpression
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f(t)+f(t+%)+f(t+2%r)+...+f<t+(m—1)%>

is @ constant function iff Fourier coefficients Ay,j, Byj, 7 =1,2,... vanish.

Theorems A and B have the following counterparts at the discrete domain:
Let z, be a 2n-periodic sequence,i.e.: Tyj12, = x,, v = 0,1,2,.... In this case
sequence x, has the discrete Fourier sum in the form

2n—1 . .
Tjv . Tjv
Ty = j COs —— i sin —].
v =ap+ E [aj cos - + b; sin - ]
Jj=1
We prove two following lemmas:

Lemma 2.1 If {z,} is a 2n-periodic sequence, then the discrete Fourier sum of x, +
Zyyn has the form

n—1

27lv . 2mlv
Ty + Tytrn = 2a9 + 2 ;[am cos — + boy sin T]
Moreover
Lemma 2.2 If
! Tjv Tjv
Ty = Gy + Z;[ajcosT +bjsin7]
J:

is the discrete Fourier sum of 2n-periodic sequence {x,}, then the sequence {x,+T 4, }
is a constant function if and only if asy = boyy =0 forl=1,2,...,n— 1.

Proof. To prove the lemma we verify that if z, + z,4n =¢, v=0,1,..,
then as; = by =0, [ =1,2,...,n — 1. Indeed we have

2n—1
1 T
ax = o E x, cos(ZZEu) =
n=0
27l 4l 27l 4l
= —(xg +x1cOS— +T3c08— + ...+ T c08—n+ Ty cos—(n+1)+...) =
2n n n n n
1 27l 4l
= —((xo + zpn) + (21 + 214n) cOS - + (z2+24n) cOs W +..)=

2n
2ml 4rl
:£(1+cosi+c05i+...):0,
2n n n

because
iz jn=Dn
l+e'»+...+e"" = =
hence sum
n—1 or
cos— =10
n
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vanishes. Similarly we compute that by—o,l = 1,2,...,n — 1. So lemmas 1 and 2
are strict counterparts of the relation between Fourier coefficients of a 27-periodic
function f(t) and the function f(¢) + f(t + 7) = C. Theorem B has the following
discrete counterpart:

Lemma 2.3 If {z,} is a m - n-periodic sequence and the discrete Fourier sum

m-n—1

2
Ty = ag + Z [a; cos Y

i=1 '

o
+bjsinﬂ]
m-n

is given, then the sequence Ty + Tyin + Tot2n + ... + Tyy(m—1).n has the discrete
Fourier sum in the form

Ty + Tygn + Togon + -+ Ty (m—1)n =

s 2mlv 2mlv
= + ) C0S —— + by sin —|.
mag +m ;[aml - mi S —> ]

Moreover

Lemma 2.4 If the discrete Fourier sum of m - n-periodic sequence is given, then the
SeqUence Ty + Tytn + Tytan + - + Top(m_1)n 8 constant if and only if

aml:bml:0, l:1,2,...,n—1.

3 Convex polygons

Let z, be an n-periodic sequence of real numbers . In this section we consider a
polygon line represented by (1.3):

k
27wy
kb—>zk:vae’ no

v=0

The correspondence (1.3) describes the polygon line whenever n > 2. This means that
for each fixed sequence x, points z;, k =0,1,2,... are vertices of the polygon line
in the Euclidean plane, see Fig.1.
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_ iz i22m
29 = Xg + T " + X2

;2
Z1 =Tg +x1E" ™

zZ0 = 2o

Fig.1 Polygon line zj.

Obviously the value z, k =0,1,...is equal to the distance between points z;_1
and zj. Polygon line with vertices z; becomes a convex polygon if we assume that:

(a) Ty >0,
(b) ay = b1 =0.

Indeed, applying assumptions (a) and (b), we easy compute that

k+n k+n
s 27y s 27U
Zkan = vae’T =z, + Z Tpel .
v=0 v=~k+1
Next we analyse the sum
k+n k+n 2w k+n 2w
S = ifze 200 in 227
Z Tye Z Ty COS ” +1 Z Iy SIN ”
v=k+1 v=k+1 v=k+1
By the periodicity of sequence x, we have:
hin 27w
Z Ty COS — =
n
v=k+1
2r(k +1) 2r(k +2)
= Tp41 CO0S —————— + Tp42 COS ————— + ...+
n n
2mn 2r(n+1) 2n(k +n)
+T,co08 — + Xp41 COS———— + ...+ Tfpp COS———— =
n n n
27 27k 2n(k + 1) 27r(n — 1)
= Tp+T1COS—+... L COS—— +Tpy1 COS———+...+&p_1 COS———— = naj.
n n n n

Similarly we compute that
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k+n

. 27
Z T, Sin — = nby.
n
v=k+1
Finally we obtain
(3.5) Zk+n = 2k + n(ay + iby).

Equality (3.5) implies the following;:

Lemma 3.1 The polygon line with vertices zy, is closed if and only if the coefficients
a1 and by of the discrete Fourier sum of sequence x, vanish.

The above-mentioned lemma is the strict counterpart of Lm.A.

A polygon line with vertices z; becomes a well-shaped regular polygon with n sides
whenever z, is a constant sequence. Therefore, comparing Remark A with formula
(1.3), we state that a well-shaped regular polygon is a discrete counterpart of a circle.

4 On n-polygons with constant diagonal

In this section we examine 2n-polygons represented by formula

k
(46) 2k = vaei’fn_”’
v=0

where n > 2 and the sequence x, satisfies the following conditions:
(i) =z, >0,

(il) xygon =z, v=0,1,..,

(iii) xy +Zpyn=c¢, v=0,1,...,

(iv) a1 =b=0.

Then the sector between points zj and zpy, is a diagonal of the polygon.
Such a diagonal is called %—diagonal of 2n-polygon because the number all vertices
of the polygon between zj and zpy, is equal the number all vertices of the polygon
between zjyp, and zj.

Now we prove the main result of the paper.
Theorem 4.1 If vertices of a 2n-polygon are determined by formula (4.6) and the

1
sequence x, satisfies conditions (i)-(iv), then all E-diagonals of the polygon have the

same length.

Proof. We consider a 2n-polygon represented by equation (4.6). Let p;. denote
1 .
a E—dlagonal of the polygon. We put

PETPES Pl 0L A
Tp=e€'ne'2m = 2n and Ng =1iT,.
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The vectors Ty, Ny are parallel to bisectrices of outside and inside angle at vertices
zk, K =0,1,... of 2n-polygon, respectively. Vectors Ty, N establish a basis for
k=0,1,.... Therefore

pr = D Tr — digNg,

where di, = [pg, Tx] and Dy = [pk,Ng] are determinants of two pairs of vectors
Pk, T and pg, N, respectively. Now we obtain the discrete Fourier sum of dj, and Dy,.
First

k+n jxv kDT
di = [pr, Tl = ) wfe’™ e 2 | =
v=k+1
k+n
B . RE+ D7 mv,
= Z Ty sin( o - )=
v=k+1
W Qk—2v+ D
= Z Ty S0
v=k+1 n

On the other hand we have the following formula

n—1
20 + 1)vm . 20+ Dor
Ty = ap + Z[ale cos 7) + boyy1 sin Q]
=1
and we insert it into the formula d;, . Hence we obtain
k+n
. (2k—2v+ D)7
dy = -_
E = Qo Z sin o +
v=k+1
n—1 k+n
20+ 1 2k — 2 1
+Z <a2l+1 Z cos( +n Jum sin( ZZ+ )™ +
=1 v=k+1
& @+ Dor . 2k—2v+ Dr
+ bai41 Z sin - sin o > =
v=k+1
" sin %

Similarly we compute that D, = 0. So we have

ag

Pk = — T
SIH—2
n

This means that every %—diagonal of the 2n-polygon has the same length equal to

k| = —=2
pk_sin%'
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Let L be a perimeter of 2n-polygon with constant diagonal and let d be a length
of an %—diagonal. Then we have the following counterpart of the Barbier’s formula:

sin &~
(4.7) L=n22ng
2n
because 1 1
ag = %(mo + x4+ ... +£C2n_1) = %L

The relation Dy = 0 means that

Corollary 4.1 Fach %—diagonal of 2n-polygon determined by a sequence x,, satisfying
conditions (i)-(iv) is a bisectriz of an inside angle of the polygon.

To define a 2n-polygon with constant diagonal by formula (4.6) we need a sequence
x, satisfying conditions (i)-(iv). This means that we solve the linear system n + 1
equations with 2n unknown quantities. We solve these equations for n = 3,4. The
sequence xg = d,x; = m —d, x> = d,x3 = m —d,xqy = d,x5 = m — d determines
6-polygon with constant diagonal by formula (4.6) for fixed numbers d > 0 and
m —d > 0. Then

Zo = d,

21 = d+ (m—d)e's,
2y = 21 + de??%

23 = 29+ (m—d)e’,
Z4 = 25 + dets |

25 = zg+ (m—d)e?s.

To define a 8-polygon with constant diagonal we apply the following sequence.

g = a,

r = %(a+e)+e\%—c%,
T2 = ¢,

T3 = %(a+e)+a%—c\%,
Ty = e,

Tz = %(a+e)—e\%+c%,
Trg = a+e—c,

T7 = %(a+e)—a% +c\/i§,

where a, ¢, e are arbitrary numbers changed such that z, > 0,v=0,1,...,7.

Now we present a simple method of defining a 2n-polygon with constant diagonal.
Let f be a 2m-periodic real positive function such that

fO+ ft+m)=C for all t.
Then the Fourier series of f has the form (see[8]):

F(8) = 3 Ao+ D" [Asg cos((2) + 1)1) + B sin((2] + 1]
j=0

Moreover we assume that the series is uniformly convergent to f. Keeping the above-
mentioned notions we prove the following lemma:
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Lemma 4.1 For each fized t the sequence
Ty :f(t+vﬁ), v=0,1,...
n

determines the 2n-polygon with constant diagonal by formula (4.6) .

Proof. Conditions (i) and (ii) are obvious. We verify the remaining relations.
(i)

Ty + Typn = f(t-{—v%) + ft+ (v +n)%) =C,

(iv)

n—1
v UT
2 = t+ —)cos— =
nap gf( n) -

i
L

1 - . v i ) o s
§A0 + Z[A2j+1 cos((2j + 1)(t + ;)) + Byjy1sin((2j + 1)(t + 7)) cos —~ =

<
Il
=]

i=1
1, '« o & -— o v
= 5AO ; cos —~ + ]2:; <A2j+1 UX(:) cos((2j + 1)(t + 7)) cos 74—

n—1
. . T v
+B2j+1 Z sm((?y + 1)(t + 7)) COS > =0.

n
v=0

To verify that the sums:

n—1
Zcos((2j + 1)t + U—W)) cos U—W,
n n

v=0
il o v
in((25 +1)(t+ — —
> sin((2j + 1+ ) eos T

vanish, we apply simple trigonometric relations and we successively compute that

icos(@j F(E+vD) + %”) =
v=0

sin(UEUT _ 955 —4)  sin((j(2 —4) + L — 4)r — 24t — 1)

QSinw 2sin((£ + L)7)
fcos(@'ﬂ)(tﬂf) ELUL
0 J n n o
sin(LE — 25t — ¢) sin(j(L — 4)r — 2jt — 1)

2sin(4T) 2sin(25) sin (25 + (2 + 1)(t + %))
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n—1

3 sin((2) + 1)(t + u%) + %) =

v=0

_ cos((£ +p)m =2t —t) cos((j(z —4) + 7 - —2jt—t)

nn n . =0
2sin((£ + 1)) 2sin((£ + L))
isin((2j+ 1)(t+v%) - %”) -
v=0

B cos(%r —2jt—t)  cos(j(£ —4)m — 2jt —t) _ 0
o 2sin(40) 2sin(LZ j) e

To verify the above-mentioned equalities the computer programm ” Derive” was used.
Therefore a; = 0. Similarly we compute that b; = 0.

4.1 On 2n-polygons circumscribed on an oval with constant
width

In this subsection we prove the Th.1.1. i.e.:
All 2n-polygons circumscribed on an oval with constant width 6 are 2n-polygons with
constant diagonal equal to

Proof. Let an oval in arc length parametrization be represented by equation

We will denote a curvature,tangent and normal vectors at point z(s) by k(s),Ts, N,
respectively. Moreover we define K(s) = fos k(t)dt. Now we apply function ¢(s) =

K~ (K(s)+Z), where K~ is an inverse function of K. Denoting ¢"(s) = (¢ ... ¢(s) ..
——

v—times

we easy observe that " = K~1(K(s) + 7). Obviously

|2(5) — 2(0"(5))] = |2(p(s) — z(¢"F'(5))| =0, see Fig.2.

)
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Fig.2. 2n-polygon circumscribed on an oval.

Next we consider the following expressions
dy = [JU(SOU(S)) - m(¢v+1 (3))7T<p”(s)]7 v=0,1,...,2n -1,

Dy = [z(p"(s)) — 2("T(s)), Nyv(sy], ©v=0,1,...2n —1.

Applying the same considerations as in [6 p.373] we solve the following system of
equations:

2(7(s)) + EuTpo(s) = 2(0"T(5)) + moTpotrs), v=0,1,....
Hence we obtain the points
A i z(s)+ [=Do — dyp cot %]Ts,
m
B :z(¢"(s) + [-Dn — dy cot ﬁ](_TS)'
Now we compute the length of the diagonal AB:
|AB| = |2(s) = 2(¢"(5) + [(=Dn = Do) + (=dn — do) cot %]TSI,
but
z(s) — 2(p"(s)) = —6N
D, + Dy = —6sinE
n
dy, +do = 6(1 — cos E).
n
Inserting these relations we express the length |AB| as follows

|AB| =| — 6N, —6[sinﬁ + (1 —cosﬁ)cot E]Ts| =
n n n
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)

o
COS n

= 0| — Ny +tan — Tj| =
2n

This implies that a perimeter of 2n-polygons ( circumscribed on the oval) tends
to md. Indeed we have
sin - )
W(%) —+— T as n+— 0o.
n COS n

5 On m-polygons circumscribed on an m-n-polygon

The results of this section are discrete counterparts of theorems presented in
papers [1,3,4].
In the section we examine m - n-polygons represented by the formula

k
(5.8) 2k = Z zpein
v=0

where n > 2, m > 3 and a sequence x, satisfies the following conditions:
1° z, >0,

2°  Tyymn =Ty, v=0,1,...,

3% Tyt TytntTot2nt . FTyym-nn=¢ v=0,1,...,

4° a;=b; =0.

We consider an m-polygon b-circumscribed on an m-n-polygon. For a fixed integer
k we draw bisectrices of outside angles in vertices

Zky Rk+ny Rk+2ns -« + 5 Fk+(m—1)n-

This m-polygon b-circumscribed on m - n-polygon has vertices defined as a point of
intersection of two successive bisectrices passing through vertices zkjn, Zk4 (j+1)n-
Keeping notions as before we show

Theorem 5.1 All m-polygons b-circumscribed on an m - n-polygon have the same
perimeter whenever the sequence x, satisfies conditions 1° — 4°.

Proof. To prove the theorem we denote vectors parallel to bisectrices of inside and
outside angels at vertex zj, of the polygon by Nj and Ty, respectively. Applying Fig.3
we easy observe that

Comk s - (2k+1)7
T, = ek vt = i

and Ng =1iTy.
To compute the perimeter of b-circumscribed m-polygon we use the following vectors
Titjn =&’ Tk, and Nyjjn = iTpijn,j=1,2,...m — 1,
where € = cos %’T +isin %’r Next we solve the following system of equations
Zitjn + Ehpin€ Tk = 2kt (Griyn + Mhpn® T Te, §5=0,1,2,...m — 1.

The geometrical meaning of the above-mentioned equations is illustrated in Fig.3
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bk-i-jn

bkt (j+1)n

|2k+jn s = Ekvins  [Aj2ZesGr1)n] = Metjn

Fig.3.

Solving these equations we obtain

j j+1
. [Zh+(+1)n — Zhtin, € Ti] ¢ [Zh+(+1)n — Zhtjn, €77 Ti]
ktjn = - ktjn = - .
tan sin 2Z ’ i sin 2Z
m m

Let Ly denote a perimeter of b-circumscribed m-polygon . The Fig.3 suggests that

m—1

Lk = Z (£k+vn - nkJrvn)-

v
Inserting all formulas on &, 7, we obtain

1 m—1
L= sin 2T Z ([Zk-l‘(v-l-l)n - Zk+vn;€v+1Tk] - [Zk+(v+1)n - Zk+vn>5ka]) =
m y=0
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m—1

1 o _
= Z (E™ " (Zht (o1 — Zhton)s Tl = €™ (Zrt (ot 1)n — Zhton), Th)) =
m  v=0
1 1 m—1
-~ [(2_e_ "= m—v T
sin % [( € 5) vz::o £ Zk-l—vna k])

but 2—e — 1 =2 — 2Re(e) = 4sin® Z. Hence putting

m—1
Pk = E gm_vzlﬁ-vn

v=0

we express Ly as follows
T
Ly = Q[pk, Tk] tan —.
m
Now introducing notions dy = [pg, Tx] and Dy = [pr,Ni] we express vector pj as

follows
pr = Dy Tr — dpNg.

In conclusion we show that discrete Fourier sums of sequences dj, and Dy have the
form

m—1 k+jin (2ka)
. 27w c+1)m
d, = [pr, Tk] = 5m7]zxe’”" e | =
7=0 v=0
par i (2k+1—-2v+2jn)m
= Ty sin =
mn
j=0 v=0
m—1k+jn m—1n—1
ml + s)v
= Z (ao + Z Z [am1+s cos ————~ ( Jv +
j=0 v=0 s=1 [=1
. 2m(ml + s)v C(2k—2v+1+9n
+bmits Slnu ) sin ( jn)m =
mn mn
m—1k+jn i
. . (2k—=2v+2nj+ )
Sa Y Y sin =
j=0 v=0
m—1n—1 m—1k+jn .
ml+s) . (2k—2v+2nj+ )m
+
S s 303 cos 2 sin =
s=1 [=1 j=0 v=0
m—1n—1 m—1 k+jn .
ml+s) . 2k=2v+2nj+ O)m mag
+ Z Z bmits Z Z sm sin o = S
s=1 [=1 7=0 v=0 mn
Similarly we compute that Dy = 0. Hence we finally obtain
s magp s
Ly = 2[pg, Tg]tan — = 2——— tan —.
b [Pes T R 2sin 1 R

This means that all b-circumscribed m-polygons have the same perimeter independent
of index k.
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O

Moreover we observe that every vector pr = —diN; has the same length equal to
mao . .
. We put d = |pg|, then we express perimeter L of mn-polygon with a constant

2sin
mn

perimeter of b-circumscribed m-polygon by the following relation

(5.9) =2 (ﬁﬁ) d,
m

mn
because mnL = xg + 1 + ... + T;mp—1- Tending to infinity with n we obtain

=2

m

Formula (5.9) is a discrete counterpart of Th.1.[3] and becomes formula (1.4) for
m = 2. To define an mn-polygon with a constant perimeter of a b-circumscribed

m-polygon we apply a 2w-periodic positive function f such that

m—1 o B

We assume that function f has uniformly convergent Fourier series and this series has
a form

1 o0
fit) = 5 z_: [A; cos(lt) + By sin(lt)],
where A,,; = Bpm; =0, j=1,2,... see [4,1]. Putting
2
Ty :f(t—l—ﬂ), v=0,1,...
mn

we obtain (for a fixed variable t) a sequence which satisfies conditions 1°—4°. Therefore
a mn-polygon represented by equation

Zr = x,uei 2m";)
has the constant perimeter of each m-polygon b-circumscribed on it.

5.1 On an oval with constant perimeter of a circumscribed
m~-polygon and on an mn-polygon
In subsection 4.1 we proved that every 2n-polygon circumscribed on an oval with

—. In this

2n

constant width d is the polygon with a constant diagonal equal to

subsection we prove Theorem 1.2. i.e.:

All m-polygons b-circumscribed on an mn-polygon which is circumscribed on an
oval with a constant perimeter of a circumscribed m-polygon have the same perimeter
equal to
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l
Vis )
cos —

mn
where | denotes the length of m-polygon circumscribed on this oval.
Proof. We keep notion as before. Let z(s) be an oval with a constant perimeter of
a circumscribed m-polygon. Putting ¢(s) = K '(K(s) + 2Z) we easy observe that
©™"(s) = s+L and that mn-polygon circumscribed on the oval is tangent (to the oval)
at points z(¢"(s)), v = 0,1,2,.... Then vertices of an mn-polygon circumscribed

on the oval are expressed as follows:

2(0"(8)) + &uTpo(s)), v=0,1,2,...,

where 5
™
§=—Dy —dycot mn’ Dy = [z(¢"(s)) — Z(‘Perl(S)):NW(S))]

and dy, = [2(¢"(s)) —2(¢"*'(5)), Tyv(s))]- Now we consider m-polygon b-circumscribed
on mn-polygon, see Fig.4.

Apt(j+1)n

k+(j+1)n

14

i (5)

Aktjn

Fig.4. m-polygon b-circumscribed on mn-polygon which is circumscribed on the oval.

We denote by Tkjn the tangent vector at point z(p*ti%(s)) for fixed k and
j=0,1,...,m — 1. To compute the perimeter of m-polygon b-circumscribed on mn-
polygon we solve the following system of equations (Fig.3 and Fig.4):

2(@"77()) + ErpinThajn + EhpjnThijne' ™ =

= 2(@FTUTI(8)) + &y (1) Tt G 1yn + Mot jn Tt (G41)n€' 77

where j =0,1,...m — 1.

Moreover the length of sectors |z(o*77 (s)) Appjn| and |2(@F+HUFIR($)Ap (ji1),] 18
denoted by &k jn and &4 (j4+1)n respectively. The length of sectors |ag jn Brijn| and
|BitjnAk+(j+1)nl is denoted by &5, and mg, ;) respectively. Moreover vectors
Tkﬂ-neiﬁ and T,H_(H_l)neiﬁ are parallel to bisectrices of outside angles of mn-
polygon. Obviously perimeter I, of m-polygon b-circumscribed on mn-polygon is equal
to



46 S.Gé#d7

Iy = Z (Ehrjn — Mot jn)-

Jj=0

—_

At first we compute f,%ﬂn

Ehin = —[Tk+jn€i#,;k+(j+1)neiﬁ] (z(@kﬂ'”(s)) - Z(SOHOH)TL(S)%Tk+(j+1)neiﬁ]+
HkinTitin = St 0nThtG+0m Ter (1ne ™7]) =
ﬁ% ([Z(Sokﬂn(s)) — 2(PFTUI (), Ty (j1yne’ ™o |+
+Ejpjn sin M — &t (j41)n SID %)
and
i = sm%_’f ([Z(kaﬂn(s)) - Z(‘Pk+(j+1)n(5))aTk+(j+1)nei#]+
mn

mn

. . 2n—-1)m
+£k+jn sin m + £k+(j+1)n sin u) .
Inserting relation Tjijn, = €/Ty, €™ =1, # 1 we obtain

m—1
W= ([ (s) = 2("FUH(5)), Tp jpayne’ ™ |+
7j=0

+ = [ (s)) = 2 (@ FIED(8), Ty (j41)ne 7)) =

= [Epk — P — Pr. + €pr, Tre'mr ],
where

By (3.1)[4,p.374] prx = —dN}, ( where d denotes n-width of the oval) we obtain

W = (E+¢ — 2)[pr, Tre' ™7 | = —4dsin® T cos .

m mn
It is easy to observe that

m—1 m—1
Etjn = D Ert(j+iyn-
Jj=0 Jj=0
The sum
m—1
§k+jn
Jj=0

is equal to
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S Coiin = — 3 [ H(5)) — 2 (), Ny jul+
i= i=0

H(5) = 2 (9), T ] cot —) =

=

= S ([ (R () — e (R (5)), Ny
=0

. . . . 2
e T2k (s)) — ™2 (PHHI (5)), Tl cot =) =

2
= —(lpr — N - Ty] cot — =
([pk — Pr+15 Ni] + [Pk — Pr+1, Tkl co o,

.27 s 2
= d(sin — — tan — cos —).
mn mn  mn

Finally we obtain perimeter [;, as the following expression

—4dsin® = cos Z-
m mn

Iy = .92
—sin 2~
1 . C@n+Dr o7
+— in(SIN ———— —sin — )+
—sin 22 JZ:; Shtin mn mn)
! T (2n —1)
+ 2 Gerron(—sin o —sin = | =
i=
2 2
= 2dtan E(cos ~_ tsin L(sin =T _ tan — cos _7r)) =
m mn mn'  mn mn  mn
= 2dtan — —.
m cos 2

mn

But by [4,p.373] [ = 2dtan - is equal to the perimeter of m-polygon circumscribed

on an oval . Therefore
l

Iy, = -
cos —

mn
This means that all m-polygons b-circumscribed on mn-polygon have the same
perimeter. Moreover if n tends to infinity then perimeter [; tends to the perime-
ter of m-polygon circumscribed on an oval. O
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