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Abstract

Using the theory of the symmetry groups for PDEs of order two ([7], [17],
[20]), one finds the symmetry group G associated to Titeica surfaces PDE. One
proves that Monge-Ampere-Titeica PDE which is invariant with respect to G,
where G’ is the maximal solvable subgroup of the symmetry group G, is just
the PDE of Titeica surfaces. One studies the inverse problem and one shows
that the Titeica surfaces PDE is an Euler-Lagrange equation. One determines
the variational symmetry group of the associated functional, and one obtains
the conservation laws associated to the Titeica surfaces PDE. One finds some
group-invariant solutions of the Titeica surfaces PDE. All these results shows
that Titeica surfaces theory is strongly related to variational problems, and
hence it is a subject of global differential geometry.
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1 Introduction

The symmetry group (or strong symmetry group [19]) associated to a PDE is a Lie
group of local transformations which change the solutions of the equation into its
solutions. The theory of symmetry groups has a big importance in Geometry, Me-
chanics and Physics ([3]-[9], [11], [13], [14], [17]-[21], [25]). We apply this theory in the
case of Titeica surfaces PDE in Geometry, determining the symmetry group, some
group-invariant solutions, a Titeica Lagrangian, and conservation laws.

The centroaffine invariant K

= o0
where K is the Gauss curvature of a surface ¥ and d is the distance from the origin
to the tangent plane at an arbitrary point of ¥, was introduced by Titeica ([22]). A
surface X for which the ratio % is constant, is called Tifeica surface.

For the aplication of the theory of symmetry groups ([17]-[20]), we shall consider
the case in which ¥ is a simple surface, being given by an explicit Cartesian equation

Y ou=f(z,y),
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where f € C?(D) and D C R? is a domain. In this case, the Gauss curvature of the

surface X is )
Uggplyy — Ugy
- 2 2)2’
(1 + uz + uy)
and the distance from the origin to the tangent plane at an arbitrary point of X is

_ |zug + yu, — ul

V1+u+ud

Given the nonzero function I (centroaffine invariant), the condition

d

K
P
transcribes like a PDE
(1) U lyy — uiy = I(zuy + yuy — u)4.

Moreover, the conditions d, K # 0 are equivalent to
(2) TUg + YUy — U £ 0, Ugplyy — uiy # 0.

One proves that the symmetry group G of PDE (1), with I = constant, is the
unimodular subgroup of the centroaffine group.
PDE (1) is a Monge-Ampére equation

(3) UpgUyy — uiy =H(z,y,u, Uy, Uy).

Therefore PDE (3) will be called Monge-Ampere - Titeica equation.

2 Symmetry group of a PDE of order two

Let D be an open set in R? and u € C?(D). The function u(? : D — U®? =
U x U; x Us,

2) . .
u( ) = (u;uz:uyauzz;uzy:uyy)

is called the prolongation of order two of the function u.

The total space D x U?) whose coordinates represent the independent variables,
the dependent variable and the derivatives of dependent variable till the order two,
is called jet space of order two of the base space D x U.

We consider the PDE of order two

where F': D x U®) — R is a differentiable function.
Definition 1. PDE (4) is called of mazimal rank if the associated Jacobi matrix

JF(m,y,u(2)) = (F:l‘,Fy;Fu;Fuw7FUy;FUmm7Fuwy7FUyy)

has rank 1 on the set described by the equation F(z,y,u?) = 0.
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In this case the set
S ={(z,y,u?) € D x UP|F(z,y,u®) = 0}

is a hypersurface.
Definition 2. The symmetry group of PDE (4) is a group of local transformations G
acting on an open set M C D x U with the properties:

(a) if u = f(x,y) is a solution of the equation and if g- f has sense for g € G, then
v=g- f(x,y) is also a solution.

(b) any solution of the equation can be obtained by a DE associated to PDE
(hence any solution is G-invariant g - f = f, Vg € G).
Definition 3. Let

X = (e )y + o 0) g + 9o u)

be a C* vector field on an open set M C D x U. The prolongations of order one
respectively two of the vector field X are the vector fields

0 0
WX =X +0"— + &YV —
Pt + Ouy + duy’
0 0 0
5 Ox —prVX -7~ L PV~ L VY~
(5) P P * gy * Ougy * Ouyy’

where
o* = Qsz + (d)u - Cz)uz — NzUy — Cuui — Nu Uz Uy,

Y = ¢y — (yug + (pu — ny)uy — CulgUy — nuuz
and respectively
or = ¢zz + (2¢xu - Cmc)uac — Nzaly + (¢uu - QCzu)Ui_
- 277zuuacuy - Cuuug - nuuuiuy + (¢u - QCz)Umc - 27790“903;_

- 3Cuuzuzz - nuuyuzz - Znuuzuzy;

B = Poy 4 (duy — Coy)Ua + (Puz — Ney)tly — Cuytts + (Puu — Cuz—
= Tuy)Ually — Nuatty — Cytize + (Gu — (o = Ny Uy — Naliyy—
= Qullylige — 2Mulyley — 2CuUaley — NulleUyy — Cuullity — Nuulazy,
PV = Py + (2duy — Myy)uy — CyyUa + (Puu — 277uy)“32; — 2GuyUag Uy —
nuuu?; - Cuuuacuz + (Pu — 2my)uyy — 2CuUay — 3Ny ytyy—
= CulaUyy — 2CuUylyy.

For the determination of the symmetry group of PDE (4) is used the following
criterion of infinitesimal invariance [17].
Theorem 1. Let
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F(',I:7 y7 u(2)) = 07

be a PDE of mazimal rank defined on an open set M C D x U. If G is a local group
of transformations on M and

(6) prIX[F(z,y,u®)] =0 whenever F(z,y,u?)=0,

for every infinitesimal generator X of G, then G is a symmetry group of the considered
equation.
Proposition 1. If PDE (4) defined on M C D x U is of mazimal rank, then the set
of infinitesimal symmetries of the equation forms a Lie algebra on M. Moreover, if
this algebra is finite-dimensional, then the symmetry group of PDE is a Lie group of
local transformations on M.

Algorithm for determination of the symmetry group G of PDE (4):

-one considers the field X on M and its prolongations of the first and second order,
and one writes the infinitesimal invariance condition (6);

-one eliminates any dependence between partial derivatives of the function u using
the given PDE;

-one writes the condition (6) like a polynomial in the partial derivatives of u, and
we identify this polynomial with zero;

-it follows a PDEs system in the unknown functions ¢, n, ¢, and the solution of
this system defines the symmetry group of PDE (4).

3 Symmetry group of Titeica surfaces PDE
We consider the Titeica surfaces PDE,

(1) Upalyy — U2, = a(zu, +yu, —u)!, o€ R*

with the conditions (2), which assure the maximal rank.
Let

0 0 0
X = C(m,y,u)a +77(33;y,u)8_y +¢(x7y)u)%

be a C° vector field on the open set M C D x U. In the case of PDE (1'), the
condition (6) becomes

—daCug(Tuy + yuy, —u)® — danuy (zuy + yuy — u)® + dag(ruy, + yu, —u)>—
—4az®® (zu, + yuy, —u)® — day®¥ (vu, + yuy — u)® + S uy, —
—2®"Yuyy + ¥y, =0.

Replacing the functions ®*, &Y &% $*¥  PYY given by the relations (5) and
eliminating any dependence between partial derivatives of the function u (determined
by the PDE (1')), we obtain

Uy Pyy + Ualiae (TPyy + Ulyy) + Uylies (Yyy — 2uduy + 2un)yy)—

_muiuzszy + Uacuyumc(uCuy — YCyy + 2TPyy — xnyy)"'
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+u§um (2ybuy — Ubuu — Ynyy + 2UNuy) — UYL Cuy+
e (Uuu — Yuy + Thuu — 280uy) + U5 tar (YPuu — 29Ty + W) —
—BUSUS Ugn Cuu — UaWillan (TNuu + YCun) — YUy UaaTuy + 2UtlayBay+
+ 20 Uy (Uuy — Ty — UCay) + 2UyUsy (Udus — YDry — UNzy)—
=202 gy (TPuy — Tlay + Uluy) + 2UaUyUay (Ubuy — Thus — YDuy + YCoy — Ulua+
FT0ay — Wluy) — 2UnUay (YPue — YMay + Wua) + 20U Uy Cuy + 205ty Uy (YCuy+
+2Cus — Uuu + Ty — Thun) + 20Uy (YCuz + Ylluy + TNz — Wy — Ybuu)+
2y gy e + 20U Uy Uy Cun + 20500 Uy (Y Cun + TTu) +
F2Y U U Uy Tuu — Wy Gz + Uptlyy (Ton — 2ury + uya)+
Fuytyy (TOes + UNga) + uiuyy(2x¢)zu — UPyy — Tz + 2Ulpr)+
FUglyUyy (2Ybay — Yoz — Taa + 2Uleu) — YU UyyTlea+
G gy (TPuu — 22Cou + uluu) + UptiyUyy (YPuu — 2YCou = 227eu+t
FUNu) = 2Y Ul Taw — TUigthyy Cuu — Uy Uy Uy (YCur + TNu) —

— YUy T — 20, (26 — 226, — 2y$y — u(du — G — ny))+
+uxuiy(4C —4yCy — 2x(y + 2any + 280y, — 4uly) + 2uyuiy(2n — 2zm,—
—y(ny — G — Pu) — 2unu) + 2usstyy(2¢ — 22¢, — 2ydy — u(du — G —1My))—
—2U U Uyy (2C = 2yCy + 2(Pu — G +1y) — 2ulu)—
—2uyUggyy (20 — 2215 + Y(Pu + G — ny) — 2umy) = 0.

Looking at this condition as a polynomial in the partial derivatives of the function
u, and identifying with the polynom zero, we obtain the PDE system

Cacy =0, ny =0, Cuu = 0, Cuy =0,

Nez = 0, Nyy = 0, Nuw = 0, Nuz = 0,

¢z =0, Qszy =0, sty =0, d)uy =0,
d)uu = 2nuy; quz =Ney, MNuy = Cuz; 2¢zu = sz;

20 — 22, — 2y¢y - u(qsu —(z — ny) =0,
2¢ - 2:’/Cy - x(cz — Ny — qu) - 2ug, =0,
2n — 2z, + y(¢u + (o — 77?,/) — 2un, =0,

whose solution defines the symmetry group of the equation (1'). The general solution
of this PDE system is

C(m,y,u) 01$+C3y+04ua
(7) 77(51% Y, U’) = C5$ + C2y + CGU'a
d(z,y,u) = Crz+ Cgy — (C1+ C2)u,
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where (', ...,Cs €R, and consequently the infinitesimal generator of the symmetry
group G is

0 0 0 0 0 0
X=G (mﬁx _u8u> + 0 <y8y _u8u> +03y8x +C4u8x+
0 0 0 0
+C5$a—y + C’aua—y + 07'27% + ng%

Theorem 2. The Lie algebra g of the symmetry group G associated to Titeica surfaces
PDE is generated by the vector fields

0 0 0 0 0 0

(8) Xl_m%—u%, Xz—ya—y—uay X3—1/%; X4—U%
0 0 0 0
Xs—l”a—y, XG—Ua_y; X7—l”—u, X8—y%,

and G is the unimodular subgroup of centroaffine group.
The constants of the structure of the Lie algebra of the group G are finding from
the table

[se] X1 X2 X3 Xa X5 X6 X7 Xg
X, 0 0 —Xs —2X, X5 —Xs | 2x; | Xg
Xo 0 0 X3 —Xa — X5 —2Xs X7 2Xg
X3 X3 —X3 0 0 XoeX: | —Xs4 | Xs 0
Xa 2Xa Xa 0 0 Xs 0 —X1 —X3
X5 — X5 X5 Xi1—X>2 — X5 0 0 0 X7
Xs Xs 2Xs Xa 0 0 0 — X5 —Xo
X; | —2x7 | —X» —Xg X, 0 X5 0 0
Xs — X3 —2X3g 0 X3 — X7 Xo 0 0

Now we shall study the converse of the Theorem 2: given the Lie group G of trans-
formations, determine the most general Monge-Ampere-Titeica PDE which admits G
like group of symmetries. This implies the using of a maximal chain of Lie subalgebras
of the algebra g of the group G, in the case in which g is solvable.

Since the Lie algebra g of the symmetry group G is not solvable, one considers
the maximal solvable Lie subalgebra g’, described by the vector fields X, X2, X3, X7.
Denote G' C G the corresponding subgroup.

Theorem 3. The PDE of type Monge-Ampere-Titeica of mazximal rank, which admits
G' like group of symmetry, is a PDE of type Titeica.
Proof. We consider the maximal chain of Lie subalgebras of the Lie algebra g’,

9) {Xs} C {X3, X} C {X3, X7} C {X41, X3, X7} C {X:1, X5, X35, X7}

We impose the condition that PDE (3) to be invariant with respect to every of these
subalgebras, denoting

_ 2
F =uppuyy —uy, — H(z,y,u,uz,uy).
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1) We start with {Xg}: Xg = y% and pr® Xg = y% +
The condition (6) implies pr® Xg(F) = 0. It follows

el
Ouy

_ 2
F = ugpuyy —u

zy Hl(mayauxayuy - U’)'

2) If we use {X3, Xg}: X3 = ya% and
0 0 0 0

A X; =y— —up— — -2
br 3 yam Uy 8uy Uz auzy Ugy 8uyy’

then we obtain

_ 2
F = ugpuyy —u

2y — Ho(y, u, ug, vuy + yuy — u).

3) For {X3, X7}: X7 = CC% and prP X, = m% 4 822’
we find

_ 2
F = uzauyy — Uy

4) For {X1, X3, X7}: X1 =22 —ul, with

— Hs(y, 2ugs + yuy —u).

2y =9 9 g9 0 a0 45 0 0
P YT %0 T ou “Ou,  YOuy, Oy Yougy, V" ouy,’
we get
F = ugptyy — uiy — (zug + yuy — u)* Hy(y).

5) Finally, {X;, X5, X3, X7}: Xy = ya% —uZ and

0 0 0 0 0 0 0

_z—_2 a3 zz—_2z—_3 a0
ay  ou  "ou, “yauy T g “yauzy “yyauyy

F = ugguyy —ul, — a(zu, +yu, —u)', a €R,

zy
and consequently the Monge-Ampére-Titeica PDE is reduced to Titeica PDE

Ugallyy — us, = a(zu, +yuy —u)?, a € R.

Ty

If a # 0, then the condition of maximal rank is satisfied.

4 Inverse problem associated to a PDE

The simple form of the inverse problem in the calculus of variations is to determine
if an operator with partial derivatives is identically to an Euler-Langrange operator
with partial derivatives ([1], [2], [12], [17], [20]). We quote

Theorem 4. Let T be the operator associated to PDE (4). T is identically to an
Euler-Lagrange operator if and only if the integrability Helmholtz conditions

oT _ oT 1 90T
Oug - DI (Bumw) + Dy (5 Bumy)
aT _Dx(1aT)+D(8T)

Ouy 2 OUgy Y\ Ouyy )

(10)
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are satisfied, where

- 0 8 0 0
ox +Uug ou + Uza Oy + Uzy Ouy ?
ol

1) o
— 2] [é] 2]

In this case, there exists a Lagrangian L such that the Euler-Lagrange PDE
E(L)(u) = 0 is equivalent to the PDE associated to the operator T, in the sense
that every solution of the equation T(u) = 0 is a solution of the Euler-Lagrange
equation F(L)(u) =0 and conversely.

For the associated Lagrangian of order two

L= L(xayauaux:Uyaumauzy:uyy)a
the Euler-Lagrange operator of order two is
oL oL oL
B(L)uw) = %-D,(2)-D,(&)+
# Dex (5 + Do (555) + D (35
Definition 4. An operator T is equivalent to an Euler-Lagrange operator E(L), if

there exists a nonzero function f = f(z,y,u,us,uy) such that f -7 = E(L). The
function f is called variational integrant factor.

(12)

5 Lagrangians associated to Titeica surfaces PDE
We consider the PDE of type Titeica (1") under conditions (2). The operator

T(u) = UggUyy — uiy — a(ru, +yu, —u)!, o€ R*,

which defines the equation (1'), is not identically to an Euler-Lagrange operator, since
the integrability conditions (10) are not satisfied.

Theorem 5. The operator T is equivalent to an Fuler-Lagrange operator.

Proof. Suppose there exists a variational integrant factor,

f = f(xﬂyauauwauy)a
such that f-T = E(L). In this case, the integrability conditions (10), for f-T', become

i) d i
( Uyy(a£+“w f) Uzy (8£+u98_£)+
+a 2l (zu, + yu, —u)! + dazf (zuy +yu, —u)® = 0
% Bua x T YUy z T YUy
ter (55 + G ) = ey (5 +ue5h) +
+a 2l (zuy 4+ yuy —u)* + dayf (zug +yuy, —u)® = 0
\ Buy x T YUy Y x T YUy .

Equating to zero the coefficients of partial derivatives of second order of the func-
tion u, we obtain the following PDE system
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( %-%uz% =0
g_i"'uy% =0
(xuz+yuy—u)8—8u€ +4zf = 0

| (@us +yuy —uw) gt +4yf = 0.

The solution of this system is

C

C e R".
TUy + Yuy — u)

f(x,y,u,u,;,uy): ( 4

Hence, PDE of Titeica surfaces, written in the initial form

K

— =aq,

is an Euler-Lagrange equation.
Theorem 6. A Lagrangian of order two associated to Titeica surfaces PDE is
’U’(U’?cy — Ugaliyy)

1 L (2)) = — o
( 3) (m,y,u ) (CC’U/QU + Yu, — U)4 au

Proof. Using formula (12), after tedious computations it follows

2
Uggplyy — U

BI)w) = . _x5)4 —a

6 Variational symmetry group. Conservation laws

We will make a short presentation of the variational symmetry group ([17], [20]) for
the functionals of the form

»C[U]Z// L(z,y,u?)dzdy,
Do

where Dy is a domain in R2.
Let D C Dy be a subdomain, U an open set in R and M C D x U an open set.
Let u € C*(D), u = f(z,y) such that

r,= {(:U,y,f(x,y))I(:U,y) € D} C M.

Definition 5. A local group G of transformations on M is called variational symmetry
group for the functional

(14) o] ://D L(z,y,u®)dady,

if for g. € G, g-(v,y,u) = (Z,7,a), the function @ = f(Z,9) = (g- f)(z,7) is defined
on D C Dy and
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//_L(i“,ﬂ,pr(z) f(z, ‘))dffd17=// L(z,y,pr'? f(z,y))dzdy.
D D

The infinitesimal criterion for the variational problem is given by
Theorem 7. A connected group G of transformations acting on M C Do x U is a
group of variational symmetries for the functional (14) if and only if

(15) prP X (L) + L Divé =0,

forV(z,y,u®) € M® C D x U and for any infinitesimal generator

X = (o pu) 4o+ 0l )

of G, where £ = (¢,n) and DivE = Dy( + D).
Theorem 8. If G is a variational symmetry group of the functional (14), then G is
a symmetry group of Euler-Lagrange equation E(L)(u) = 0.

The converse of Theorem 8 is generally false.
Definition 6. Let PDE (4) and let P = (P!, P?) with Div P = D, P' + D, P?, the
total divergence. The consequence Div P = 0 of PDE (4) is called conservation law.
The function P! is called flow , and P? is called conserved density associated to the
conservation law.

By the preceding Definition, there exists a function ) such that

(16) DivP=Q-F.

The relation (16) is called the characteristic form of the conservation law, and @
is called the characteristic of the conservation law.
Definition 7. Let

0 0 0
X = C(mayvu)a +n(xay7u)a_y +¢(xay7u)%

be a vector field on M. The vector field
Xo=Q=—, Q=0¢—Cuz; —nu
Q I’ x s

is called wvector field of evolution associated to X, and @ is called the characteristic
assoctated to X.

Theorem 9 (Noether Theorem). Let G be a local Lie group of transformations,
which is a symmetry group of the variational problem (14) and let

0 0 0
X = C(m,y,u)a +77(33;y,u)8_y +¢(x7y)u)%

the infinitesimal generator of G. The characteristic Q of the field X is also a character-
istic of the conservation law for the associated Euler-Lagrange equation E(L)(u) = 0.
There follows the existence of P = (P!, P?), such that

DivP=Q-E(L) =0
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to be a conservation law (in the caracteristic form) for the Euler-Lagrange equation
E(L)=0.
One proves ([17], 356) that for the Lagrangian L = L(z,y,u(?) we have

(17)  P=—(A+L&=—(A' + L(, A% + Ln) = (P', P?), A= (A1, 47),

where
(18)  A'=Q BV + D, (@ ECID)) + 3D, (- BV (L)),
4= Q- BW(D) + 1D, (- B (1) + D, (@ BW(L)),
and
(19) EW(L) = aali — 2D, <£—i> - D, <£5y) :
EW(L) = g—jy - D, <ai—i> - 2D, <£5y> :
Be(L) = 5 BO(L) = S B(L) = S

are Fuler operators of superior order.

7 Group of variational symmetries of the functional
attached to Titeica PDE. Conservation laws

We consider the functional

2
UggUyy — Uz, .
20 Llu] = —a|dedy, a € R",
(20) ] //D“<(xuz+yuy—u>4 “) T, o
where D is a domain in R?, u € C*(D) and the condition (2) is satisfied for any
(z,y) € D.

Theorem 10. The Lie algebra of the variational symmetry group of the functional
(20) is described by the vector fields

0 0 0 0
(21) Yl—ma—ua, 2_y8_y_u6u’
0 0
Y3_y£7 Y4—$6—y

Proof. According Theorem 8, the vector fields which determine the Lie algebra of the
variational symmetry group are founded between the vector fields of the Lie algebra
of the symmetry group of the associated Euler-Lagrange equation. The condition (15)
must be verified only for the vector fields in the Lie algebra (8) of the symmetry group
of PDE (1'). One considers
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8
X = Z C: X;,
i=1

where C; € R and X; are the infinitesimal generators of the symmetry group G
associated to Titeica surfaces PDE. One determines the real constants C; such that
the relation (15) is satisfied. Using the relation (5), the second prolongation of the
vector field

0 0 0
X = (Clil? +Csy + C4u)£ + +(C5.27 + Chy + Ceu)a—y + (07.27 + Csy — (01 + CQ))%,

is given by the functions
®° = Cr — (2C1 + Cr)uy — Csuy — Cyu? — Cougty,
®Y = Cg — Csuy — (Cl + 202)Uy — C4uxuy - CGU,?/,

O = —(3C1 + C2)uggy — 2C5uzy — 3CsUzUgy — Colylge — 2CeUzUgy,

O = —Csuze — 2(Ch + C2) gy — Cottyy — Catiytze — 2C6UyUgy—
—2C4UzUyy — CoUglyy,

QY = —(C1 + 3Cy)uyy — 2C5usy — 3Csuytyy — Catiplyy — 2C4Uylygy,.
Substituting L and X with £ = (Cyz + C3y + Cau, Csz + Coy + Csu), and Divé =
C1 + C5 + Cyuy + Cguy in the relation (15), after computation, it follows

Crz + Csy + Cyuuy, + Ceuuy =0,

and thus Cy = Cs = C7 = Cs = 0. It results that the infinitesimal generator of the
variational symmetry group for the functional (20) is

X =01X1 + 02Xy + C3X3 + C5X5.

Denote Yi = Xl, }/2 = XQ, YE; = X3 and Y;l = X5.
Proposition 2. For the vector field

0

Ve = —y—
3 yama

the flow and respectively the conserved density of the conservation law are

(22) P! = —ayu + e

(xuz + yu, — U,)4 (“wy(yuy - U‘) - yumuyy))

Ug

pP?=—
(zug + yuy, — u)?

(Uge (yuy —u) — yuxuzy)-

Proof. The caracteristic associated to the vector field —Y3 is
Q= YUy.

Replacing in the relations (18), we obtain
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1_ U?/(“?cy — UggUyy) Ugy (Uly — YUy) yu%uyy
(Tug +yuy —u)t  (uy +yuy —u)t  (Tup + yuy —u)t’

2 u
A = (Z”U/m + yzy _ U)4 (Um(yuy - U’) - yuxuzy)

Introducing £ = (—y,0) in the relations (17) it follows that the functions P!, P?
have the form (22).

Analogously one determines the conservation laws corresponding to the charac-
teristics of the vector fields (21).

8 Strong/weak symmetry group

The symmetry group introduced in the Definition 2 is called strong symmetry group.
Definition 8. The weak symmetry group of PDE (4) is a group of transformations
acting on M C D x U and which satisfies only the condition (b) in the Definition 2
of the strong symmetry group.

Consequently a weak symmetry group did not transforms solutions of PDE into
its solutions.
Proposition 3. Let G be a connected Lie group of transformations on M, with in-
finitesimal generators Xi,...,X,. Let Q',...,Q° be the characteristics associated to
these vector fields. Then any G-invariant function v = f(x,y) must satisfy the sys-
tem of equations

(23) Q¥ (z,y,u) =0, k=1,.. 5.

Any G-invariant solution u = f(x,y) of PDE (4) is also a solution of the system
(23), and hence of the system

F(z,y,u®) = 0
(24) {Qk(x,y,u(l)) = 0, k=1,..,s.

The converse is true only for the case in which G is a strong symmetry group.

One proves ([19])
Theorem 11. Let G be a group of transformations acting on M C D X U and (4) a
PDE of order two defined on D. Then G is always a symmetry group of the system
(24) and hence always a weak symmetry group.

Every s-parameter subgroup H of the strong symmetry group G (8) determines
a family of group-invariant solutions. The problem of classification of the group-
invariant solutions is reduced to the problem of classification of Lie subalgebras of
the Lie algebra g of the group G ([14], 186). For the 1-dimensional subalgebras one
considers a general element X and this can be simplified as much as possible, using
the adjoint transformations.

We shall determine some solutions of PDE (1’) which are invariant with respect
to the strong symmetry group G.
Remarks.

1) The finding of the adjoint representation Ad G of the Lie group G, can be
realised using the Lie series
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(25)  Ad(ezp(eX)Y) = n;) Z—T(adX)"(Y) =Y —e[X, Y]+ %[X, [X, Y] - ...

2) If u = f(x,y) is a solution of PDE (1’), then the following functions

U(4) = f(l' - E’U’(4)7y), U(S) = f(xay - 6%’), U(G) = f(xay - EU(G))a
ul = f(z,y) +ex, u® = f(z,y) +ey, e€R,
are also solutions of the equation since every l-parameter subgroup G; generated by
X, 1=1,...,8, is a symmetry group.
3) The adjoint representation Ad G of the Lie group G which invariates the Titeica
equation, is determined using the Lie series (25). This way we obtain

Ad X Xo X3 X4

X, X, X €€ X3 > Xy

Xo X Xo e " X3 ef X4

Xz | X1—eX3 Xo4eX3 X3 X4

Xy | X1—2eXy | Xo—eXy X3 X4

X5 | Xi4eXs | X2—2eXs5 | Xz—e(X1—X2)—c2X5 Xa+eXs

Xo | X1—eXs | X2—2¢Xs Xz—eX4 X4

X7 | X1+42eX7 | Xo+eXq X3+eXg Xy—eX1—2 Xy

Xg | Xi4+eXs | Xo+2eXg X3 Xa4—eX3
Ad X5 X6 X7 Xg
X e X5 e Xo e"2 X, e Xg
Xo e X5 e%¢ X e "Xy e 2 Xy
X3 | Xs—e(X1—X2)—e2X3 Xe+eXa X7—eX3 Xs
X4 X5—eXe X¢ Xo4eX1—e2Xy Xg+eX3
X5 X5 X6 X7 Xg—eX7
Xe X5 X¢ X74eXs Xg+eXo—e2Xg
X7 X5 Xe—eXs X7 Xsg
Xg Xs+eXr Xg—eXo—c2Xg X7 Xg

Finally, we determine some group-invariant solutions of the equation (1), corre-
sponding to 1-dimensional subalgebras generated by X; — X3, X5 — X3.

a) For the vector field
o} 0

Xi—-Xo=2——y-—
1 2 m@x y@y’
one looks for solutions of the form u = ¢(xy). In this case the PDE (1') becomes
2t " + " + a2t — o)t =0,

where ¢t = zy. This DE admits particular solutions of the form ¢(t) = tP, with the

condition imposed in (2). For p = —1 and a = %, we obtain
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as a solution of PDE (1'). According to the preceding remark 2, it follows that

1 1
'U/(Jf,y) = x_y +ex, U’(may) = 1’_y +5y, U’(may) = + 2w, €,€1,62 € R7

(z —e1y)y

are also solutions.
Other particular solution of the preceding DE is p(t) = /1 + at, for a® + 4a=0.
For a0 < 0, it follows the solution

u(z,y) =+/1+axy, a € R,

of PDE (1'). According to remark 2, the functions

u(z,y) = 1+azy +ex, ulz,y) =1+alz—cy)y +ew, €,61,62 ER,

are also solutions of PDE (1).
b) For the vector field

0
+r—

X5 — X3 —ya By’

one looks for solutions of the form u = p(r), where r = \/2? + y2. Replacing in the
PDE (1') we obtain the DE

1
—¢l¢" = alre' —¢)*.

This DE admits particular solutions of the form ¢(r) = rP. For p= -2 and a = —
it follows

4
277
1

u(z,y) = W

as solution of PDE (1'). According to remark 2, the functions

1

— 4+, g,61,2 €R,
(z —e1y)” +y2

u(z,y) = +ex, u(z,y) =

1.2 +y2

are also solutions of PDE (1'). The DE admits also a particular solution of the form
o(r) =V1+ar?, a e R* for a = a?. If a > 0, then it follows the implicit solution

w? +a(z® +y?) =1, u>0,
of PDE (1'), and according to remark 2, the equations
W +allx—ey)’ +y?) =1, u>0,

(u—cx)’ +a@®+y*) =1, u—ex >0, ¢ €R,
define also solutions of PDE (1').
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Now we refer to weak symmetry groups and the corresponding solutions of PDE
(1).
a) Let

0 0
X = —2ly—+ —.
i + ou

We obtain C; = u — 2

zy’

Cs = y. Hence
(2.5) = — + h(y)
u(z,y) = 0 Y).

Replacing in the PDE (1'), it follows the DE
3 2n 3 !
—+——=a|l——+yh ' —h] .
2yt oy a( zy >
As h = h(y), by identification we deduce b =0, yh'—h =0, a = 21—7, hence
h(y) = Cy, C € R. Consequently
1
u(z,y) = —+Cy, CeR
Ty

is a solution of PDE (1').
b) Let
0 0
X = 2uz— 2_1)=.
uT o + (u )8u
Since C = “2_1, Cs =y, it follows

u(z,y) = V1 +zh(y),

for u > 0.
Replacing in PDE (1') we obtain h(y) = Cy, C €R*. The corresponding solution
of PDE (1') is

u(z,y) =14+ Czy, u>0, CeR*, 14 Czy>0.
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