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Abstract

In a recent paper [1] M. C. Chaki introduced and studied a type of non-
flat Riemannian space (M™, g)(n > 2) whose curvature tensor Rfjk satisfies the
condition

(1) Rk = 2NR, + N Rugji + MRl + ARy,

where )\; is a non-zero vector and comma denotes covarient differentiation with
respect to the metric g;;. Such a space was called by him a pseuso symmetric
space, the vector A; was called its associated vector and an n-dimensional space
of this kind has been denoted (PS),. Tarafder[2] proved that a conformally flat
(PS)n (n > 3) with non-zero constant scalar curvature is a subprojective space
in the sense of Kagan[3], if the associated vector is gradient. In the present paper
we obtain the above result without assuming any restriction on the scalar curva-
ture. Among others it is shown that a conformally flat (PS), can be expressed
as a warped product I x e M™ where M~ is an Einstein space and such space
is a space of quasi-constant curvature [4].
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1 Conformally flat (PS), (n > 3)

It is known [1] that a conformally flat (PS), (n > 3) can not be of zero scalar
curvature and also it is known [2] that in a conformally flat (PS),
R — R—t - nt— R
AL (n— 1)A, AP

Aikj

where R denotes the scalar curvature and ¢ is a scalar.
The above expression can be written as

(1.1) Rij = ag;; + ﬂvﬂ)j
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R—t nt— R Ai . .
where a = ——, f = are two scalars and v; = —— is a unit vector. On
n—1 n—1 vV N

the otherhand, a conformally flat space is conformally symmetric, that is, C”

gkl — 0.
The above equation is equivalent to

1
1.2 Rjyr—Rjrg = — 9B r—gjxR)).
(1.2) b,k ik, 2(n — 1) (g Bk — gjnR1)

The relation (1.1) implies
(13) Rij7k: = QYij + ﬁk’l)i’l}j + ﬁ(’l)j’l)i’k + ’Ui’l)j’k), where Q= Qg and B, k= ﬁk:
Substituting (1.3) into (1.2) we obtain

argit +  Brvju+ Bk +vivk) — cugix — Bivjor — B(orvjg + vjvg)

(1.4) 1

= 2 —1) (g1Ry. — gjxRi)

where Rk = RJ{,.
Since viv; = 1 and (v; )v® = 0, so by transvecting with g/, (1.4) reduces to

(1.5) (n — Do + B — (Bav)or — B('Ukv,aa +v%kq) = % Ry.

Transvecting (1.4) with v/ we obtain

1
(1.6)  (arvr — aqvg) + (Beve — Brow) + Borg — vky) = m(Usz —viRy).
Transvecting again with v! we have
1
(ak + Br) — (@av®)vr — (Bav")vp — B Vka = 57— {Bx — (v*Ra)ur}
2(n—1)
Substituting this into (1.5) we find
a a 1 a _ 1 n—2
L0 (=2 = oy + (aavon = grgyon(vfa) = 5 7y e
Transvecting (1.7) with v*, we get
1
(n — 1) (a,v*) — pos, = §(Rav“).

Thus (1.7) reduces to
(18) Rk = /\’Uk + 2(” — 1)(Clk — ,uvk)

where A = R,v® and p = a,v°.
Substituting this into (1.6), we obtain

(19) (Bkvl — Bﬂ)k) + ﬁ(vl,k — ’Uk;J) = 0.
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Now if v; is gradient, that is, v;,; — v,; = 0, then

(110) Bkvl —Bl’l}k = 0. That iS,

(1.10a) Br = avy where a is a scalar.

Now by (1.8), (1.9) and (1.10) the equation (1.4) reduces to

1

mﬁb(vkgﬂ — Vigjk)

B(uwjk — vivji) =

where ¢ = A —2(n — 1)pu.
Transvecting the above equation with v and using v;; = vy ;, we get

1 o

1.11 . g,

( ) Uj,k 29n—1) B (vkvj = gjk)

Let us consider the scalar function

_ 1 9
= 57"
We have
_ 1 % 1 b B B
fe= 2(n—1)626k+2(n—1) 5 where f, = f and ¢, = ¢ 1.

Again (1.8) implies
Ry = ¢jvr + ¢v; +2(n— 1) (o ; — k)

from which we get ¢;v; = ¢v;, that is, ¢, = Avy, where A is a scalar function.
Thus form (1.10a) and (1.12) fi = By where

st (44

1
Using (1.12), it is easy to show that w; = mqﬁvi is a gradiant vector field.
n—

In fact, w; j = vifj+ fvij = Bvjvi+ fui; = wj ;. Thus (1.11) can be written as follows:
vjr = —fgjr +wrv; where wy, is gradient.

Hence v; is a concircular vector field. Since f # 0, v; is a proper concircular vector.

Hence ); is a proper concircular vector field.

It is known [3] that if a conformally flat space admits a proper concircular vector
field, then the space is a subprojective space in the sence of Kagan. Thus we can state
Theorem 1. If the associated vector of a conformally flat (PS),, is gradient, then the
space is a subprojective space.

In [6] K. Yano proved that in order that a Riemannian space admits a concircular
vector field, it is necessary and sufficient that there exists a coordinate system with
respect to which the fundamental quadratic differential form may be written in the
form
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ds* = (dz')? +cqg(§5dm"‘dmﬂ

where g; = g}5(z") are the functions of z7 only (a, 3, v = 2,3.......... n) and ¢ =
q(x') # constant is a function of 2! only. Since conformally flat (PS),, admits proper
concircular vector field v; the space under consideration is the warped product 1 X
eIM* where (M*,g*) is an (n — 1)-dimensional Riemannian space. Gebarowski [6]
proved that the warped product 1 x e?M* satisfies (1.2) iff M* is an Einstein space.
Thus we state the following theorem :
Theorem 2. A conformally flat (PS),, is the warped product 1 x eI M* where M* is
an Finstein space.

A conformally flat Riemannian space is said to be of quasi-constant curvature [4]
if the curvature tensor Ry;ji s given by

(1.11)  Rpijr = a(9njgix — 9nkGij) + b(9n;0:i0x — gnrbib; — 9ij0n0k + girbnb;)
where a and b are differentiable functions and 0; is a unit vector. Since our space is

conformally flat, the curvature tensor is given by

1 R
Rpijr = " (Rukgij — Rujgix + Rijgnk — Rikgnj) — m(gzjghk — GikGhj)

Now on account of (1.1) the above equation reduces to (1.11), where

_ _ R 2« _ I}
bi = vie= oo m Ty o2 T T2

Hence we obtain
Theorem 3. A conformally flat (PS),, is a space of quasi-constant curvature.
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