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Abstract

The spectrum Spec? (M“l7 g) of eigenvalues of the Laplace operator on dif-
ferential p-forms, 0 < p < d, on compact Riemannian and Kéahler manifolds
(M 4 g) determines the geometry to a considerable extent; though isospectral
manifolds need not be isometric, even locally, and further the spectrum does
not necessarily determine the topological invariants on a Riemannian manifold.
This paper continues a study of the geometric consequences of isospectrality on
different classes of almost Hermitian manifolds. We consider the implications of
isospectrality on constant curvature and conformally flat Hermitian manifolds
as well as on Bochner-flat spaces.

Mathematics Subject Classification: 53C55
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1 Preliminaries

1.1 Almost Hermitian manifolds

Let (M, g, J) be an almost Hermitian manifold of real dimension m = 2n, with almost
complex structure J on the tangent bundle T' (M), J : T, (M) — T, (M) for p e M
with J? = —id, and Riemannian metric g such that J is an isometry, g (JX,JY) =
g(X,Y) for C* vector fields X,Y on M. The Kéahler form on M is then given by
Q(X,Y)=g((JX,Y).

An almost Hermitian manifold is almost Kahler if the differential form 2 is closed,
that is, d2 = 0 and hence, 2 is harmonic since the codifferential 6 = 0 here as
well. While an almost Hermitian manifold is nearly Kahler if Q is a Killing (2-)form
since dQ) = 3V where V is the covariant derivative with respect to the Riemannian
connection on M. An almost Hermitian manifold is Kéhler if VQ = 0, and if M
is Hermitian it suffices that df? = 0. The Hermitian semi-Ké&hler manifolds [7] are
complex Hermitian spaces on which the K&hler form is co-closed, Q2 = 0. Within this
class are the complex parallelizable spaces (that is, there exist on M, n holomorphic
vector fields everywhere linearly independent), which are flat; and when compact are
Kahler if and only if they are complex tori [12]. Three important classes of almost
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Hermitian manifolds (M, g, J) defined by identities on the Riemann curvature tensor
are:
AH, : R(X,Y,Z,W)=R(X,Y,JZ JW),

AH, : R(X,Y,Z,W) =R (JX,JY,Z,W)+R(JX,Y,JZ,W)+R (JX,Y, Z,JW),

AH3; : R(X,Y,Z,W)=R(JX,JY,JZ,JW).
While the Ricci curvature tensor is defined by

Ric (Xpa Yp) = Z R (eiv Xp: Y;D: ei)

i=1
for p € M, the Ricci*-tensor is given by

Ric” (Xpa Yp) = Z R (ei, X,D) JYP: Jel) )
i=1
where {e; | i = 1...m} is an arbitrary orthonormal basis of T, (M). Further, Ric =
m
Ric* on an AH; space. The scalar curvature is defined by p = ZRic (e;,€;) and

i=1
m
the *-scalar curvature is p* = Z Ric* (e;, e;). On a Hermitian semi-Kéahler manifold
i=1
*

p=p

1.2 Spaces of constant curvature, the Weyl conformal curva-
ture tensor and conformally-flat spaces, and the Bochner
curvature tensor and Bochner-flat spaces

The Weyl conformal curvature tensor C'= C (X,Y, Z,W) on a Riemannian manifold
(M, g) of dimension m > 3 is defined by

C(X,Y,Z,W)=R(X,Y,Z,W)—

—ﬁ [9 (X, W) Ric(Y,Z) — g(X, Z) Ric(Y,W) +

+g(Y,Z) Ric(X,W) —g(Y,W) Ric(X, Z)]
p

+m [g(X,W)g(Y,Z) —g(X,Z)g(Y,W)].

(1.2.1)

When m > 4 the manifold is conformally flat, that is, conformal to a flat metric, if
and only if C' = 0. A Riemannian manifold of constant curvature is conformally flat
and Einstein, and conversely.

Since an almost Hermitian manifold of constant curvature is AH3 [6], we have
Corollary 1. A conformally flat almost Hermitian Einstein manifold is AH3.

The Bochner curvature tensor B = B (X,Y, Z, W) is given by
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(1.2.2)

Bhijr = Rhijk — i (Rijgnk — Rikgnj + Rurgij — Rujgir + Fij Fy Ry —

— FiFy Ryj + RyjFu By — RopFij FY — 2Ry Fjp By — 2R, FyiFT) +
p

ignk — Gikgn; + FijFar — FinFng — 2FniFjr) .
+(2n+2) 2n+4) (9ij9nk — Gikgnj + FijFhr ik Fhj hiFjk)

and the manifold is said to be Bochner-flat if B = 0. Since on an AH3 or Einstein
space the Ricci tensor is J-invariant, that is, Ric(JX,JY) = Ric(X,Y) (or in local
coordinates R;; = Ry F{*F}), a direct calculation gives the following

Lemma 2. A Bochner-flat manifold that is either Einstein or AHs is AH;.
Lemma 3. If (M, g,J) is an almost Hermitian FEinstein manifold of dimension m =
2n > 4 with B = 0 and p # 0, then the manifold is Kahler with constant holomorphic
curvature

p

and conversely,

Lemma 4. A Kdhler manifold with constant holomorphic curvature is Einstein and
Bochner-flat.

Lemma 5. On an almost Hermitian manifold with Ric = Ric*, the square-length of
the Bochner tensor is given by [3]

2p?

8
1.2.4 B|)? = |IRI]” - — ||Ric|]” + —————
(1.2.4) IBII" = ||R]| n+2”ld|+(n+1xn+2y

while on an almost Hermitian Einstein manifold [4]

p*> = 3pp*

1.2. B> = |R|]
(1.2.5) 1Bl |WH+RW+D,

and since on an almost Hermitian manifold with constant holomorphic sectional cur-
vature h, p+3p* = 4n (n + 1) h, then for the Bochner tensor on an almost Hermitian
Einstein manifold with constant holomorphic sectional curvature h [5],

2p*

2 2
(1.26) IBIF = 1B + s

— 4ph.

1.3 The Laplace spectrum

On a compact connected C* Riemannian manifold (M, g) of dimension m = 2n, the
Laplace operator on the space of differential p-forms C'* (AP (M)), 0 < p < m, is
defined by A = dd + dd, where ¢ is the adjoint of d with respect to the metric g and is
defined by the Hodge star operator. The spectrum of the Laplacian, Spec? (M, g) =
Qip 10< Xp < Aop <o < Agp <. oo} s the set of eigenvalues A; , of A, thus
satisfying Aw, = A; pwp, wp € C° (AP (M)), where the eigenvalues are written with
multiplicities. The eigenspace of A; o = 0 is the harmonic functions on M.

Essential to the results here on the spectral geometry of almost Hermitian mani-
folds is the Minakshisundaram-Pleijel-Gaffney asymptotic formula for the trace of the
heat operator or heat kernel determined by the spectrum given by
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o0 (oo}
1
(1.3.1) > exp(Aipt) — = Ykt
i=1 20T (4mt) k=0
where, for p = 0,1, and 2 respectively, the first three coefficients are given by [11]:

(

ago :/dM:vol(M),
M

1
(1.3.2) p=0:{ 0= g/PdM’
M
_ 1 2 - 12 2 )
azo = 505 [ [56° = 2| Ricll® + 2 | &I | d;

\ M

(1.3.3)

apg = Qn/dM = 2nvol (M),
M

n—3
p:l% 01171: 3 /de7
M

az,1 / [(Sn —30) p* + (—2n + 90) || Ric|” + (2n — 15) | RI* | dM;

T 180
\ M
(1.3.4)
)
a2 = (2n* —n) /dM = (2n* — n) vol (M),
M
2% — 1 12
410 = % / pdM,
p=2: M
1
@22 = 355 / [(10n2 — 1250 4 300) p? + (—4n” + 362n — 1080) || Ric||”
M

+ (4n? — 62n + 240) ||R||2] dM.

\

2 Results on isospectrality

2.1 Bochner-flat manifolds and the spectrum

We shall concern ourselves here with the following spectral results on almost Hermi-
tian Bochner-flat manifolds.
Theorem 6. If (M, g,J) is a complex space form of constant holomorphic curvature

h #0 and (M,g, j) is an AH3 Bochner-flat manifold with nonzero scalar curvature

p and Spec? (M,g,J) = SpecP (M,g, j), then (M,g,f) is a Kdhler manifold and
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h=h for 4 <m < 10 when p = 0, for 10 < m < 102 when p = 1, and for m = 6,8
and 14 < m < 188 when p = 2. If, further, p is constant then the results hold for
m # 12 when p =0, m # 6 when p =1 and, m > 4 when p = 2.

Proof. [3] This result follows immediately since B = B = 0 and (]\;I,g, j) is AH;.

Often the results in spectral geometry (e.g., the previous result) assume pairs
of isospectral manifolds from two classes - one a subset of the other - such as a
Riemannian space and a real space form, or two K&hler spaces one a complex space
form, and then it is proved that isospectrality characterizes up to isometry the smaller
class within the larger. The spectral methods may be applied to classes with no such
relation. Here it may be proved that if the manifolds are isospectral then they are
isometric and lie in a smaller class than that of either space without the isospectrality.

Theorem 7. If (M,g,J) is Hermitian semi-Kdhler Einstein and (M,g, j) is AH3

Bochner-flat with constant scalar curvature p # 0 and

Spec? (M, g, J) = Spec” (M,Q, J)

forp=0,1o0r2, then (M,g,J) and (M,g, j) are holomorphically isometric complex
space forms for m > 14 when p =0, m =4, 8 < m < 14 or m > 104 when p = 1,
and m =4 or m > 190 when p = 2.

Proof. By Lemma 2, M is AH;. Further, p = j from the first and second equations
in each of (1.3.2)-(1.3.4). Further, from the third equations in each, and equations
(1.2.4) and (1.2.5) in Lemma 5, we have

5n? + 4n + 3) p?
/ ( )7 s | an =
n(n+1)
5n% + 4 3)p? - _ 2 -
@.11) :/ (5n? +4n+3) p N 2n+12HEH e
/ n(n+1) n+ 2

(5n® — 26n* + 18n + 15) p?

2n — 15) | B||* | dM
A“ - + (20— 15) |1 B]|
(2.1.2) (503 — 260 + 180 + 15) 5> —2n2 4+ 102n + 60 || ~ 12| , -
_/ - || axt
J n(n+ 1) n+2
M
(2.1.3)

10n* — 11703 + 362n? — 183n — 60) p?

4n? — 62n + 240) ||B||?
IO + (4n n + 240) ||B||

dM

/

/ (10n* — 117n% + 362n* — 183n — 60) p*
n(n+1)
N

43 2 _ _ n2l -
N 4n’ + 386n° — 852n — 240 HEH }dM
n+2
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From, respectively, (2.1.1) in dimensions m > 14, (2.1.2) in dimensions m = 4,
8 <m < 14 or m > 104, and (2.1.3) in dimensions m = 4 or m > 190, we have that

B = E =0, so that (M,g,J) and (M,g, j) are holomorphically isometric complex

space forms.

2.2 Conformally-flat and constant curvature manifolds and
the spectrum

A Kéhler manifold (AH; is sufficient) of constant curvature is necessarily flat, while a
constant curvature manifold that is either almost Kahler ([1], [8], [9], [10]), or nearly
Kahler with m # 6 ([13]), is Kéhler and flat. A similar result holds for still a different
class of almost Hermitian manifolds. We prove this and then consider the spectral
geometry of such spaces.
Lemma 8. If (M, g,J) is Hermitian semi-Kdhlerian with constant curvature k, then
the manifold is flat and therefore Hy, and further, locally Kdhler.
Proof. We have that

|IR|® = 4n (2n — 1) K2

and
2 P
=2n(2n-1 R||" = —/7——.
p=2m@n-1x, so | =
Further, by Lemma 5,
2 *
2 2, P —3pp
I1BII" = IR]]" + ———~
n(n+1)
Since p = p*, we obtain
P’ 20> =3p°(n-1)

2
151" = n2n—-1) nmn+1) nm+1)2n-1) <0,
and therefore B = 0. Hence p = k = 0 and the curvature tensor vanishes.

To complete the proof of the lemma we appeal to the following result [2]:
Theorem 9. An even-dimensional Riemannian manifold with an analytic metric
which is flat is locally Kdhlerian. Conversely, an even-dimensional Riemannian man-
ifold with constant curvature is locally Kdhlerian only if the curvature is zero.

Since a conformally flat Einstein space has constant curvature, we have that a
conformally flat almost K&hler Einstein or nearly Kéhler Einstein manifold is K&hler
and flat, and
Corollary 10. If (M,g,J) is Hermitian semi-Kdhler Einstein and conformally flat,
then the space is flat Hy and locally Kdhler.

We turn to the spectral geometry of the spaces considered thus far.

Theorem 11. If (M,g,J) is Hermitian with constant curvature k, hence Hy ([6]

and [7]) and (M,g, j) is Hermitian semi-Kdahler Einstein with Spec? (M,g,J) =
SpecP (M,g,j) for p = 0,1 or 2, then (M,g,J) and (M,g,j) are flat Hy and
locally Kdhler for m > 4 when p =0, m # 6 when p =1, and m # 16 when p = 2.

Proof. Since M has constant curvature &,

IR||* = 4n (2n — 1) 5 and p = 2n (2n — 1) &,
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so that

2

2 _ p

Further, M has constant holomorphic curvature h = k, and (1.2.6) gives

IBIP = IBIP + — 22— — dpn
n(n+1) pr-
So
IBI = p’ N 20> 2" 3(n—-1)p
" n2n—-1) nn+1) n@2n-1) nh+1)2n-1)

For the case p = 0 we consider, on the constant curvature space (M, g, J),
(2.2.1)

5p — 2||Ric|* + 2 || R||*

2
P 2p
52—y P
p n+n(2n—1)
(10n* — 7n + 3) p?

n(2n —1)
. (5n2+4n+3)p2_ 3(n—1)p°
B n(n+1) 2<n(n—|—1)(2n—1)>
(5n2 + 4n + 3) p?

- —2|BJI*.
n(n+1) 1Bl

2

While for the Hermitian semi-Ké&hler Einstein space (M , 0, J ) we have

e _12 (5n? +4n + 3) p? P
22 52| 2R - LI )
n(n+1)
Then from (1.3.2), (2.2.1) and (2.2.2)
5n% + 4n + 3) p?
[ A TR I
M n(n+1)
(2.2.3) ,
5 4n + 3 TR B
-/ Mgmub)u a.
IY; n(n+1)

The first and second equations of (1.3.2) give p = p since they are constant and,
consequently, (2.2.3) gives B = B = 0. Hence p = p = 0 and the curvature tensors R
and R vanish so the manifolds are flat H; and locally Kéhler.

Similarly, for the case p =1 we consider on M,
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(5n — 30) p? + (—2n + 90) ||Ric||” + (2n — 15) || R|]”
(—n +45)p*>  (2n —15) p?

— _ 2
= (6n=30)p" + n n(2n —1)
_ (10n® — 67n? + 123n — 60) p?
(2.2.4) N n(2n—1)
5n® —26n” + 18n + 15) p? -1)p?
:(n n®+ 18n +15) p — 2n— 1) 3(n—1)p
n(n+1) n(n+1)(2n—-1)
(5n® — 26n* + 18n + 15) p? 5
= —(2n — 15)||B||" .
e (20~ 15) | B]

While on M we have

_2 ~ 1|2
(5.~ 30) 72 + (=20 +90) | Ric|| + (2n - 15) | &)
(2.2.5) (5n3 — 26n2 + 18n + 15) p? 5112
_ + (20— 15) HBH .
n(n+1)

Then from (1.3.3), (2.2.4) and (2.2.5)
/ l(5n3 — 26n% + 18n + 15) p?
M

— (2n—15) |B|)*| dM

n(n+1)

(2.2.6)
dM.

~ 12
+(2n — 15) HBH

n(n+1)

B / l(5n3 — 2602 + 18n + 15) 3
i

The result then follows as in the previous case.
Lastly, for the case p = 2 we consider on M,
(2.2.7)
(IOn2 —125n + 300) P+ (—4n2 + 362n — 1080) ||Ric||2 +

—2n? + 181n — 540) ?
+ (40 — 620+ 240) [[RIP = (102 — 125n + 300) 2 4 L2 T 1810 = 540) 7

n
(4n? — 62n 4 240) p> (200" — 264n® 4 1093n? — 1623n + 780) p?
n(2n —1) o n(2n —1)
10n* — 11703 + 362n% — 183n — 60) p? —1)p?
_ (10n n” + 5ban n—60)p — (4n® — 62n + 240) 3(n—1)p
n(n+1) n(n+1)(2n—-1)
10n* — 117n3 + 362n% — 183n — 60) p?
= (10n n " n )7 (4n* — 62n + 240) || B|* .
n(n+1)

While on M we have
~ 2
(1072 — 1250+ 300) 77 + (~4n* + 362n — 1080) | Ric]

~ 112
(228 + (4n* - 62n+210) | R

100t — 117n? + 36202 — 183n — 60) /2 e
_ (10n il n=60)p + (4n? — 620+ 240) | B| "
n(n+1)
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Then from (1.3.4), (2.2.7) and (2.2.8)

(2.2.9)
/" [(10n4——117n34—362n2——183n——60)p2
M

— (4n? — 62n + 240) || B||?
Wi ) (4n® — 62n + 240) || B]|

dM

10n4 — 1170 + 3620 — 183n — 60) /7 e
:/ (10n il n )p+4%?—mn+M®HBH
N n(n+1)

Once again the result follows as before.
Corollary 12. If (M, g, J) is Hermitian and conformally flat and (M,g, j) 1s Hermi-

dM.

tian semi-Kdhler Finstein with Spec? (M, g, J) = SpecP (M,g, j) for any two values

of p€ {0, 1,2} then (M,g,J) and (M,g, j) are flat Hy and locally Kdhler.
Aknowledgements. Lecture given at the Third Conference of the Balkan Society of

Geometers, 31 July-3 August 2000, University POLITEHNICA of Bucharest, Roma-
nia.
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