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Abstract

The purpose of this paper is to investigate properties and relations of sym-
metric or locally symmetric semi-definite Kahler manifolds.
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1 Introduction

As is well known, there exist some special tensors on the Kéahler manifold extend-
ing the Riemannian curvature tensor on the Riemannian manifold, for example, the
concircular, projective or conformal curvature tensor. In his paper [3], Bochner intro-
duced three kinds of curvature-like tensors on the K&hler manifold which are closely
related to the projective curvature tensor, the concircular curvature tensor and the
conformal curvature tensor, and calculated the Betti numbers on a compact K&hler
manifold under suitable conditions for the above curvature-like tensors. See Yano
and Bochner [7]. The first tensor is called the Weyl curvature tensor and the third
tensor is known as the Bochner curvature tensor. On the other hand, in their paper
[4] Matsumoto and Tanno treated Kahler manifolds with parallel Bochner curvature
tensor.

In this note, we investigate properties of curvature-like tensors H, Z and W on a
semi-definite K&hler manifold.

Let (M, g) be an n(Z 2)-dimensional semi-definite Kihler manifold with Kihler
connection V. Let R or S be the Riemannian curvature tensor or the Ricci tensor
with components Kz;;; or S;; and let 7 be the scalar curvature. We denote by H the
second curvature-like tensor on M with components Hj;;; defined by

1

Hyjr = Ky — T D)

{€j(6i Skt + 0j1Ski) + €k (0ki ST + 01 Sj3) }

Z the concircular curvature tensor on M with components Z3;,; defined by
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Zijrr = Kijpr — €k (05i0k1 + 0510k:)

n(n+1)
and W the projective curvature tensor on M with components W5;.; defined by

1

Wik = Kijir — At 1)

€ (85 Skt + 0j15k7)-

The Riemannian curvature tensor R (resp. the second curvature-like tensor H,
the concircular curvature tensor Z or the projective curvature tensor W) is said to be
parallel if it satisfies VR = 0 (resp. VH =0, VZ = 0 or VW = 0). If the Riemannian
curvature tensor R (resp. the second curvature-like tensor H, the concircular curvature
tensor Z or the projective curvature tensor W) is parallel, then M is said to be locally
symmetric (resp. H-symmetric, Z-symmetric or W-symmetric). Simply M is called
to be symmetric when M is H-symmetric, Z-symmetric or W-symmetric. The class
of semi-definite H-symmetric (resp. Z-symmetric or W-symmetric) K&hler manifolds
contains semi-definite Kéhler manifolds with vanishing second curvature-like tensor
(resp. the concircular curvature tensor or the projective curvature tensor). From these
facts it seems to be natural to consider properties of semi-definite symmetric Kahler
manifolds, and to study relations of locally symmetric semi-definite Kdhler manifolds
and symmetric semi-definite Kahler manifolds.

The purpose of this paper is to investigate properties and relations of symmetric
or locally symmetric semi-definite K&ahler manifolds.

2 Semi-definite Kahler manifolds

This section is concerned with recalling basic formulas on a semi-definite K&hler
manifold.

Let M be an n(é 2)-dimensional semi-definite Kahler manifold with the semi-
definite K&hler metric tensor g and the almost complex structure J. From the semi-
definite Kahler structure {g, J}, it follows that J is integrable and the index of g is
even, say 2s(0 = s = n). In the case where the index 2s is contained in the range
0 < s < n, the structure {g,J} is said to be indefinite Kdhler structure and, in
particular, in the case where s = 0 or n, it is said to be definite Kdahler structure.

In this section, we shall consider M an n(é 2)-dimensional connected semi-definite

Kéhler manifold of index 2s, 0 = 5 = n. Then a local unitary frame field {U;} =
{U1, --+, Up} on a neighborhood of M can be chosen. This is a complex linear frame
which is orthonormal with respect to the semi-definite Kahler metric g of M, that is,
g(Uj, Ug) = €0, where

ej:—10rlaccordingaSO§jésors+1éjén.
Its dual frame field {w;} = {wi, -+ , wp} consists of complex valued 1-forms of
(1,0) on M such that w;(Uy) = €0 and wy, --- , wp, @1, -+ , @y are linearly

independent. Thus the natural extension g° of the semi-definite Kéhler metric g of
M can be expressed as g¢ = 2 Zejwj ® @;. Associated with the frame field {Uj},

J
there exist complex valued forms w;;, where the indices ¢ and k run over the range
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1, .-+, n. They are usually called connection forms on M such that they satisfy the
structure equations of M :

dw; + Z €jwij ANwj =0, wi; +wj; =0,
J

(2.1) dwi + Y enwin Awi; = Dy,
k

Qij = Z elegjk;wk Awy,
k.l
where €;.; = €, ...€ and Q = (Q;5) (resp. Kj;;7) denotes the curvature form (resp.
components of the semi-definite Riemannian curvature tensor R) of M in Kobayashi
and Nomizu [5]. The second formula of (2.1) means the skew-Hermitian symmetricity
of Q;;, which is equivalent to the symmetric condition

(2-2) Kijkz' = Kjizl'c.

Moreover, substitution the third equation of (2.1) into the exterior differential of the
first equation of (2.1), the first Bianchi identity

(23) Zﬁjﬂij A wj = 0
J

is given. It implies further symmetric relations

(2-4) Kijk[ = Kikﬂ = Klfkﬁ = Klfjki.

Now, relative to the frame field chosen above, the Ricci tensor S of M can be
expressed as follows :

(2.5) S = Z €ij (Sziwl QR wj + ng@i ® wj),

4,3

where S;; = Z ek Kppi; = S5 = Si;. The scalar curvature r of M is also given by
k

(2.6) r= QZejSﬁ.
J

An n-dimensional semi-definite Kahler manifold M is said to be Finstein, if the Ricci
tensor S is given by

r r
(27) Sz} = %eidij, S = %g.

The components K3y, and K7 (resp. S;j;, and S;;5) of the covariant deriva-
tive of the Riemannian curvature tensor R (resp. the Ricci tensor S) are obtained
by
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Z Em(Kij[me + Kijkfm@m) = dKijkl_
m

(2.8)
- Z Em(ijk[@mi + Kippiwmj + Kijpiwmk + Kijkm@ml):
m
and
(2.9) > en(Sigrwi + Sigr@n) = dSi5 — Y ex(Sigwri + Sip@x;)-

k k
The second Bianchi identity is given by the exterior derivative of the third equation
of the structure equations (2.1), this is, we have
(2.10) A = er(Qik Awrj — wik A Q).
k
In fact, we find
dQ;; = Z exd(wir A W)
k

Z ek(dwik N Wgj — Wik A dCUkj)
k

= ) e« {(Qik = awir Awi) Awig — wir A Qi — Y €wrr A le)}
J l

l

> en(Qin Awrj — wik A Qj),

J
where the first equality is derived from the property that d?> = 0, the second one
follows from the fact that the complex connection form is an 1-form and the property
of the exterior derivative and the third one is derived from the structure equations

(2.1). We can regard Q = (€;;) and w = (w;;) as complex matrices of order n. Then
(2.10) can be reformed as

(2.11) dQl=QANw—wA

By the straightforward calculation we have

(2.12) Ksjkim = Kijmir,
and hence
(2.13) Sijk = Skji = 2 a5k,

1
On the other hand, the exterior differential dr of the scalar curvature r on M is

given by

(2.14) dr = Zem(rmwm + T @m)-

m
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Putting i = j in (2.13) and summing up with respect to i, we have

(215) ZerSrFk = ZersKFrk:ES = Z €rs Krrssk = %

r T, T,

Now, a semi-definite Kahler manifold M of constant holomorphic sectional cur-
vature is called a semi-definite complex space form. An n-dimensional semi-definite
complex space form of constant holomorphic sectional curvature ¢ and of index 2s,
0 = s = p, is denoted by M7 (c). The standard models of semi-definite complex space
forms are the following three kinds : the semi-definite complex Euclidean space C}
the semi-definite complex projective space CP? (¢) or the semi-definite complex hyperi
bolic space CH"(¢) according as ¢ = 0, ¢ > 0 or ¢ < 0. For any integer s (0 = s = n),
it is seen that they7 are only complete and simply connected semi-definite complex
space forms of dimension n and of index 2s. The Riemannian curvature tensor Kj;.r
of M?(c) is given by
c

(2.16) K = 5

€5k (03 0kt + O dj1).

3 Curvature-like tensors

This section is concerned with curvature-like tensors H, Z and W on a semi-definite
Kahler manifold.

Let M be an n(Z 2)-dimensional semi-definite Kiihler manifold of index 2s with a
semi-definite K&hler metric g. The second curvature-like tensor H with components
Hjyr is defined by

1

(3.1) Hyjr = Kijir — T D)

{€(05iSkr + 01Skz) + €k (0kiS;r + 0k Sj3) }-
As is easily seen (cf. Yano and Bocher [7] in the definite case), the semi-definite Kéhler
manifold M with vanishing second curvature-like tensor H is of constant holomorphic
sectional curvature.

On the other hand, let Z be a tensor with components Z3;;; such that

n(n+1)

In the case where the semi-definite K&hler manifold M is Einstein, the tensor Z is
eqivalent to the second curvature-like tensor H. It is trivial that the semi-definite
Ké&hler manifold M with Z = 0 is of constant holomorphic sectional curvature. The
tensor Z is the formal analogue to the concircular curvature tensor on the Riemannian
manifold [7]. It is said to be the concircular curvature tensor on M.

Moreover, a tensor W with components W, is defined by

(3.2) Ziinr = Kijur — €51 (05i0kt + 0jiks)-

1
(3.3) Wit = Kijir — mfj(éﬁsm’ + 015k3)-

It is the formal analogue to the Weyl projective curvature tensor on the Riemannian
manifold. This is introduced by Bochner. It is also called the projective curvature
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tensor on M. As is easily seen in definite case (cf. Yano and Bochner [7]), the semi-
definite Kéhler manifold M with vanishing projective curvature tensor is of constant
holomorphic sectional curvature.

Lemma 3.1. Let M be an n(é 2)-dimensional semi-definite Kahler manifold of index
2s. Then the second curvature-like tensor H with components Hyjp satisfies

(3.4) Hijir = Hyyr = Hijg = Higa,

(3.5) Hi] = Hﬁ = Hﬁ = {2715@ — reiéij},

4(n+1)

where H;3 is the components of the Ricci-like tensor of H defined by H;; :Z €r Hzpi5.
T

Proof. Owing to the definition (3.1) of H, (3.4) is clear.
Since S;; = ZekKTckiia we have S;; = S3; = Sj; and hence we obtain H;; =

k
Moreover, putting ¢ = j in (3.1) and summing up with respect to j, we get
1
Hij = m{QnSﬁ — T6i5ij},

where we have used (2.6).
It completes the proof. O
Proposition 3.2. Let M be an n(é 2)-dimensional semi-definite Kdhler manifold
of index 2s. Then the second curvature-like tensor H has vanishing t, where t is the
scalar-like curvature of H defined by t=2 Zers Hppgs.
r,s
Proof. Putting ¢ = j in (3.5) and summing up j, we obtain

1
t=—— — =0.
T D) (nr —nr)
It completes the proof. O

Lemma 3.3. Let M be an n(é 2)-dimensional semi-definite Kdihler manifold of index
2s. Then the concircular curvature tensor Z with components Z;; satisfies

(3-6) Zijl’ = Zijl’ = Zlfjki = Zl’kﬁa
— r
(3.7) Zij = Zy = Z5i = 55 — _€idij,

where Z;5 is the components of the Ricci-like tensor of Z defined by Z;; :Z €r Lppij-

Proof. Owing to the definition (3.2) of Z, (3.6) is clear.
Since S;; = Z kK55, we have S;3 = S3; = Sj7 and hence we obtain Z;; = Z3; =
k

Zj;. Putting k = in (3.2) and summing up with respect to k, we find
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r
Z@ = Szj — Eeiéij.

It completes the proof. O

Proposition 3.4. Let M be an n(= 2)-dimensional semi-definite Kihler manifold of
index 2s. Then the concircular curvature tensor Z satisfies uw = —r, where u is the

scalar-like curvature of Z defined by u=2 26"5 Lrrss-

Proof. Putting i = j in (3.7) and summing up j, we find
u=r—2r=-—-r.

It completes the proof. O

Lemma 3.5. Let M be an n(é 2)-dimensional semi-definite Kahler manifold of index
2s. Then the projective curvature tensor W with components Wi;r satisfies

(3-8) Wijz' = Wz'jkia
1

where W5 are the components of the Ricci-like tensor of W defined by W;; :Z €r

WFrij'
Proof. Owing to the definition (3.3) of W, (3.8) is clear.
Since S;5 = ZekKlEkii’ if we put ¢ = j in (3.3) and summing up with respect to
k
J, we obtain
1

It completes the proof. O
Remark 3.1. Let M be an n(é 2)-dimensional semi-definite Kihler manifold of index
2s. Then the projective curvature tensor W with components Wj;,; has the following
properties:

Wikt # Wikt

Wijkfc = {2(2n + I)S;J - TEj(Sji}.

1
4(n+1)
Proposition 3.6. Let M be an n(Z 2)-dimensional semi-definite Kihler manifold
of index 2s. Then the projective curvature tensor W satisfies 2v = r, where v is the
scalar-like curvature of W defined by v=2 Ze"s Wirss.

(]

Proof. Putting i = j in (3.9) and summing up j, we deduce

It completes the proof. O
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4 Symmetric semi-definite Kahler manifolds

Let M be an n(Z 2)-dimensional semi-definite Kihler manifold of index 2s with
the K&hler connection V. We choose a local frame field {U;} of unitary frames on
a neighborhood of M. Let H be the second curvature-like tensor with components
H;;yr defined by

1
2(n+1)

And let Z be the concircular curvature tensor with components Z;;;; such that

Hijr = Kijpr — {€j(65:Skr + 01Sk7) + en(OrSy7 + 0riS;p) }-

r

mqk(fsjifskl + 610ki).

Ziji = K?jkf -

Moreover, the projective curvature tensor W with components W, is defined by

1

Wikt = Kijir — Mt D)

€5(0;iSr + 0;1Sk7)-

Now, we suppose that the curvature-like tensor Z vanishes identically. It is then
easily seen that M is of constant holomorphic sectional curvature. The curvature-like
tensor Z (resp. H or W) is said to be parallel if it satisfies VZ =0 (resp. VH =0 or
VW = 0), namely, Z;;pm, = 0 (resp. Hijpmy = 0 or Wijpmy, = 0). If Z (resp. H or
W) is parallel, then M is said to be Z(resp. H or W)-symmetric. Simply M is said
to be symmetric when M is H-symmetric, Z-symmetric or W-symmetric.

Then we can prove Proposition 4.1. Let M be an n(Z 2)-dimensional semi-
definite Kdahler manifold. Then it is H -symmetric if and only if it is locally symmetric.
Proof. By the definition (3.1) of H and the assumption VH = 0, we have

1
(41) K — m{ﬁj(fsjiskfm + 61Skim) + €k (0k1Sjim + 0kiSjim)} = 0.

Putting ¢ = m in (4.1), and summing up with respect to i, we obtain

1
Sjik — m{(Qﬁj + 261@)‘5]’[]6 + 7"]'6]4;6]9[ + Tkéj&jl} = 0,

where we have used (2.12), (2.13) and (2.15). From this it follows that

(4.2) 4n5j,-k = rjekdkl + T‘kej(Sjl,

and hence we have (n —1)r; = 0. Since n = 2, we get r; = 0. It means that the scalar
curvature r is constant and by the above equation (4.2) we have S;;;, = 0, from which,
together with (4.1), we have Kz;.r,, = 0. Thus we get VR = 0, that is, M is locally
symmetric.

Conversely, differentiating (3.1) covariantly and using the assumption VR = 0, we
find

Hijkz'm = Kijl'm_

1

m{ﬁj(éﬂsk[m + 6lek;m) + ek(éklsﬁm + 6ki5j[m)} -0
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This implies VH = 0.
It completes the proof. O
Proposition 4.2. Let M be an n(Z 2)-dimensional semi-definite Kdihler manifold.
Then it is Z-symmetric if and only if it is locally symmetric.
Proof. By the definition (3.2) of Z and the assumption VZ = 0, we have
T

(4.3) Kijkfm — TL(TN-:—DEjk (6ji5k:l + 6316,“) =0.

Putting 7 = j in (4.3), and summing up with respect to i, we obtain

"m

m (n+ 1)egdp.

Sk:l_m =
From this it follows that .
Skim = Tmﬁkékl:

and hence we have r,, = 0. It means that the scalar curvature r is constant and by
the above equation (4.3) we have K3j;7,, = 0. Thus we get VR = 0, that is, M is
locally symmetric.

Conversely, differentiating (3.2) covariantly, we have

Zs =K; - m 0;i0kt + 0510ks).

ijkIm ijkim n(nrj— 1) ejk(
Using the assumption VR = 0, we have r,, = 0, and hence the above equation yields
VZ =0.
It completes the proof. O
Proposition 4.3. Let M be an n(é 2)-dimensional semi-definite Kdhler manifold.

Then it is W -symmetric if and only if it is locally symmetric.
Proof. By the definition (3.3) of W and the assumption VI¥ = 0, we have

1
(4.4) Kijhim — mej((sjiskl_m + 0;1Skim) = 0.

Putting i = m in (4.4), and summing up with respect to i, we obtain

1
Siik — m(sﬂk + rrejéj) =0,

where we have used (2.12), (2.13) and (2.15). From this it follows that

1
4. = Y
( 5) Sjlk 2(2n 1)Tk6j6jl7

and hence we have r; = 0. It means that the scalar curvature r is constant and by
the above equation (4.5) we have S;;; = 0, from which together with (4.4) we have

K5 jiim = 0. Thus we get VR = 0, that is, M is locally symmetric.
Conversely, differentiating (3.3) covariantly and using the assumption VR = 0, we
have 1
Wijkim = Kijkim — mﬁj(‘sﬁsﬂm + 0;1Skim) = 0.
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Thus this means VH = 0.

It completes the proof. 0O
Remark 4.1. From the proof of Propositions 4.1~ 4.3, we can see that an n(= 2)-
dimensional symmetric semi-definite Kdhler manifolds have the costant scalar curva-
ture, parallel Ricci tensor S and parallel Riemannian curvature tensor R.

Owing to Propositions 4.1 ~ 4.3, we have the following theorem.
Theorem 4.4. Let M be an n(Z 2)-dimensional semi-definite Kihler manifold. Then
the following are equivalent:

(1) H-symmetric,

(2) Z-symmetric,

(3) W -symmetric,

(4) locally symmetric.

Consequently, from Theorem 4.4, we get the following fact:

Let M be an n(é 2)-dimensional semi-definite Kahler manifold. Then it is sym-
metric if and only if it is locally symmetric.
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