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Abstract

In the framework of P. Nurowski and M. Przanowski [3], we construct 4-
dimensional examples of Ricci flat almost Kahler manifolds, almost Kahler
manifolds of pointwise constant holomorphic sectional curvature, and weakly
*-Einstein almost Kahler manifolds.
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1 Introduction

An almost Hermitian manifold M = (M, J, g) is called an almost Kahler manifold if
its Kéhler form € is closed. One of the interest problems on almost Kdhler manifolds
is so called Goldberg’s conjecture, which asserts the almost complex structure of a
compact Einstein almost Ké&hler manifold is integrable (and the manifold is necessarily
Kahler) [2]. In connection with this conjecture, P. Nurowski and M. Przanowski [3]
recently constructed a non-compact example of a strictly almost Kéahler, Ricci-flat
manifold. This shows that the assumption about compactness of the Einstein manifold
is essential for the Goldberg conjecture. This example is also a space of pointwise
positive constant holomorphic sectional curvature and a weakly *-Einstein manifold
(see also [4]).

By considering a real expression for the Nurowski-Przanowski example, the author
[5] has costructed a new example of almost K&hler manifold of pointwise negative
constant holomorphic sectional curvature. In the present paper, we shall mainly deal
with 4-dimensional almost K&hler manifolds M (f, u, v, ¢) which will be defined in §2,
and show that there exists a family of Ricci flat almost K&hler manifolds which include
the Nurowski-Przanowski example. In [5], we investigated almost K&hler manifolds
M(f,u,v,¢) with u =v =0 and ¢ = 0. For the case where u and v are any constants
and ¢ is arbitrary, we can obtain the examples of almost K&hler manifolds with
pointwise constant holomorphic sectional curvature which are generalizations of [5].
These examples are also weakly *-Einstein, but not Einstein. We also show that
there are other examples of weakly #-Einstein almost Kahler manifolds. Our examples
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are 4-dimensional and non-compact. We do not know whether or not there exist
arbitrary dimensional, compact almost Kiahler manifolds which are of (pointwise)
constant holomorphic sectional curvature, or which are (weakly) *-Einstein.

In §2, we recall a characterization for a 4-dimensional almost Kéahler manifold
of pointwise constant holomorphic sectional curvature by using the expressions A;;
introduced by J. T. Cho and K. Sekigawa [1]. We give a real version of the Nurowski-
Przanowski’s construction, and define an almost Kahler manifold M (f, u,v, ). §3 is
devoted to the construction of Ricci-flat examples. By calculating Ricci tensor p;;,
we find functions u,v and f for p;; vanishing. In §4, we show that the Ricci flat
almost K&hler manifolds in §3 are also of pointwise constant holomorphic sectional
curvature, by using the characterization of [1]. Moreover, when u,v are constants
a, 8, we derive conditions for M (f,a,3,$) to be of pointwise constant holomorphic
sectional curvature. Taking account of these conditions, we shall obtain examples
(Theorem 4.4). In the last §5, we give other examples of weakly x-Einstein almost
Kéhler manifolds. Especially, the last example (Theorem 5.3) shows that it depends
on the value of ¢ that M (f,a, 3, ¢) is weakly *-Einstein.

2 Preliminaries

Let M = (M, J,g) be a four-dimensional almost Hermitian manifold with an almost
Hermitian structure (J, g). We denote by 2 and N the Kéhler form and the Nijenhuis
tensor of M defined respectively by Q(X,Y) = ¢(X,JY) and N(X,Y) = [JX,JY] -
[X,)Y]-J[JX,Y]-JX,JY] for X,Y € X(M), where X' (M) is the Lie algebra of all
smooth vector fields on M. The Nijenhuis tensor N has the properties

N(JX,Y)=N(X,JY)=—-JN(X,Y), X,Y € X(M).

Further we denote by V, R, p, 7, p* and 7* the Riemannian connection, the Rieman-
nian curvature tensor, the Ricci tensor, the scalar curvature, the Ricci -tensor and
the x-scalar curvature of M, respectively. The Ricci *-tensor p* satisfies

p*(JX,JY) = p*(Y, X), X,Y € X(M).

An almost Hermitian manifold M is called a weakly *-FEinstein manifold if it
satisfies p* = A*g for some function A\* on M. In particular, if A* is constant on M,
then M is called a x-FEinstein manifold .

The holomorphic sectional curvature H = H(x) = —R(z,Jz,z,Jz) (x €
Tp(M),||z|| = 1) can be regarded as a differentiable function on the unit tangent
bundle U(M) of M. If the function H is constant along each fiber, then M is called
a space of pointwise constant holomorphic sectional curvature. Especially, if H is con-
stant on the whole of U(M), then M is called a space of constant holomorphic sectional
curvature.

Now we assume that M = (M, J, g) is a four-dimensional almost K&hler manifold.
Then we have

(2.1) 29((Vx D), Z) = g(JX,N(Y, Z)),
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1 1
2.2 — 7= —Z||VJ||? = ==||N||%.
(2.2) T—T 2IIV I 8|| I

In the sequel, we adopt the following notational convention: for an orthonormal
basis {e;} of a tangent space T, M, we put

Jij = g9(Jei, €5), Vidjr = (Ve J)ej, ex),
= g(ei, N(ej, exr)), Rijr = R(ei, e, ex, er),
Vidjk = g((Vye; J)ej,er),  Nijp = g(Jei, N(ej, ex)),
Nijp = g(Jei, N(Jej,er)), Rypr = Rlei,ej, Jer, Jer), etc.

Then it is easy to see that

Vidjip + Vngk =0,
Vidjk = Vidj, = Vidjg,

We set
(2.3) Aij = g(ei, (Ve; N)(e1,e3)) = V;jNas,
for a unitary basis {e;} = {e1,e2 = Je1,e3,e4a = Jes} of T,M,p € M. We note that
Aij — Aji = =2(Rij13 — Rijoa)-

By using these A;;, J. T. Cho and K. Sekigawa obtained the following characterization
of almost Kahler manifolds of pointwise constant holomorphic sectional curvature:

Proposition 2.1 ([1]). Let M be a 4-dimensional almost Kihler manifold of point-
wise constant holomorphic sectional curvature ¢ = ¢(p)(p € M). Then

Ri212 = R3yzs = —C(P);

c 1
R334 = —% - 1_6( . 7'),
c 1 1
R1324=—% 3—2(7'*—7')+§(A13—A31—A24+A42),

c 3 1
Ris23 = () + (" -71)+ g(Al?) — As1 — Aoy + As),
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¢ 1, 3 1

R1313=—%+3—2(7’ —7')—g(A13—A31)—§(A24—A42);
) 1 3

Rig1a = —@ + 3—2(7'* -7) - g(A13 + As2) — g(A31 + Aaa),
c ) 1 3

Roze3 = —% + 3—2(7'* -7)+ g(A31 + Aaq) + g(Aw + Ag2),
1 3 1

Ros2q = —@ + 3—2(7'* -7)+ g(A24 — Agp) + g(Am — Asz1),

1

Ri334 = —Raazs = _Z(AM — As3),
Ris13 = —Ri224 = _E(AH — A),
Ria3a = Rog34 = —i(A33 + Aua),
Ri214 = Riaa3 = —i(An + Azz),
Ry323 = é(A14 + Ag1 + Azz — 3As3),
é(AM + Ag1 + Azz — 3A43),
Riz14 = —é(A% + Az2 + A1s — 3An),

R2324 =

1
Rigo4 = _g(A23 + Azo + Agr — 3A14),

for any unitary basis {e;} of T,M at each point p € M.
Let M be an open set of R*, and let (x1, %2, x5, z4) be the Euclidean coordinates

on M. We put
z1 =21 +V—1x3, 22 =1x3+ VvV —1x4.

Let f be a non-zero real function and h be a complex function on M. Then P. Nurowski
and M. Przanowski proved the following

Lemma 2.2 ([3]). Let (21, 21,22, 22) be coordinates on M. Then for each value of the
real constant ¢ € [0,2), the metric

2

g= 2f2(d2’1 + hdZQ)(dZi + Bdig) + f2

dzadzs
and the almost complex structure
0 -0 1 0
+ — —1 V—1¢ ) f2 A S Y o
T, =2Re {\/ Te {f (=1 +hdz) @ (5=~ hy =) e ® 5 }]

define an almost Kdhler structure on M.

The Riemannian metric ¢ = (g;;) and the almost complex structure J: e =

(Jij ) in the above Lemma 2.2 are given with respect to the real coordinates

($1,$2,$3,1’4) by
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gi1 = gao = 27,
g12 = g21 = g3a4 = ga3 = 0,

(2.4) 913 = g31 = g24 = ga2 = f?u,
—g14 = —ga1 = g23 = g32 = [0,

933 = gas = 22 (u® + v? +—)

i
and
Jit=—J,2 = —vcos¢ + usin ¢,
J,2 = J,t =ucos¢p +vsin ¢,
J2=—J,t = —sing,
Jit=J,2 = —cos o,
(2:3) Tyt =—J, = (v + 07 + 75)sing,

Jy? = J,t = (u® + 0% + 5) cos b,
—J33 = J,* = vcos¢ + usin g,
Jyt = J,2 = —ucos ¢ + vsin @,

where v and v are the real and imaginary part of the complex function h, respectively.
It is easy to see that the K&hler form ) is given by

Q =2sin¢dry ANdxs + 2cospdry Adry + 2cospdrs A drs — 2sinpdrs A dxy,
and (J* Ve g) is an almost Kéhler structure. In the present paper, we shall mainly
deal with this almost Kiahler manifold (M, .J " T g)- Since the almost Kéahler struc-

ture (J+F ,g) is determined by functions f,u,v and a real constant ¢, we denote

this almost Kahler manifold by M (f,u,v, ®).
We define a unitary frame field {ej,es = Jej,e3,e4 = Jes} on M(f,u,v,d) by

o= L 9

1_\/§f(9$1’

es = % {(_UCOS¢+USin¢)8ixl + (ucosd)+vsinq&)aiw2

0 0
—s,lngzﬁa—CCB —cosd)a—u},
(2.6) 1 8
€3 = \/_—2f72
ey = % {(ucosgi)+vsincj))aiw1 + (vcosgb—usind))aixz

—cosd) 9 —f—smd)i}
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With respect to this unitary frame {e;};=1,2,34 we set

Ve €j = Z Lijker.

Then we have

[Ci1o = —Dio1 = %{cos (O f +vO1 f —ubaf + fOrv)

+ sin ¢>(83f - Ualf - 'U82f - falu)}v

ot
Vaf?

I3 =—-Ti31 =

Ci1g = —Dgg = %{cosqﬁ(i)gf —ul1f —v0af — foiu)
—sin¢(0sf + v f —udof + fO1V)},

Tio3 = —Ii30 = QLﬁ{cos #(01u — O2v) + sin p(dau + 01 v)},

3

Digg = —Tyap = {(03v — ud1v — vVO2v) + (Osu + VOLu — udau) },

S
(2.7) 2v2

Ty34 = —Ty43 = —%{cos d(Oou + O1v) —sin ¢p(Oru — O2v) },

[a19 = —To9 = ——=—

To13 = —Tog1 = —QL\/E{COS #(01u + O2v) — sin p(dau — O1v) },

3
Topg = —Toyy = f—{(63v — uO1v — vO2v) + (Osu + VO u — udau) },

2V2

A f
V2f?

I‘223 = _F232 =

[aoq = —T'242 = —%{COS ¢(O3f —ud f —vOsf)

—sin@(0sf + 001 f —udaf)},
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3
Dogq = —Ioyz = —f—{((‘)gu — u01u — vOu) — (940 + V01V — ud2v)},

2V2

F312 = —F321 = —;‘W{COS d)(@lu — 821)) + sin d)(aQu + alv)}>

0
D313 = =g = —\/%;2,
Pars = —Taus = -1 dou + 0 in¢(Oru — 0
314 = —L'sa1 = _ﬁ{cosmb( b + O1v) = sin ¢(dru — Gyv)},

Pga3 = —I'332 = —%{cos ¢(Osf + 001 f —uds f — fOru)
+ sin ¢(63f — U/alf - Uan - faQU)} )

3
304 = —I'340 = _Qf—\/i{(a3u —udu — U@Q’U/) — (6411 +v0iv — u(%v)},

T34 = =343 = %{cos (O3 f —ud f —vda f — fO20)
—sin¢(Osf +v01f — udzf — fOu)},

3
Lo = —Lyoy = —Qf—ﬁ{((‘)gv — u01v — v02v) + (Osu + vO1u — udru)},

Pz = —Tuz = JW{COS ¢(O2u — 01v) + sin p(O1u + Gov)},

ot
v2f?

Fja = —Tys = —

3
Pyoz3 = —Tyz2 = —2f—\/§{(83u —udiu — v0hu) — (04v + V01V — ud2v)},

Dyoy = —Tyao = %{COS G(Osf + 001 f —udsf)

+sin (D5 f — udy f — vdaf)},
O f

Dyzqs = —Tgus = ———,
434 443 V252
where we denote
of
&ri ’

Of =
By (2.7), we find
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(2.8)
ViJiz = —V1J31 = —ViJoy = Vidye = =VaJiy = VaJy = —VaJaz = VaJs
= \/_ {2cos (O3 f —ud f —vdaf) —2sinp(Ouf + vO1 f — ud: f)
—  fcos@(Oru + 02v) + fsin¢p(O2u — O1v)},
ViJis = —V1J41 =ViJaz = =ViJs2 = VaJi3 = =VaJ3 = =VaJoy = Vadyo
- 2\/_f2 {205 f — fPu(Bou + 81v) + fov(diu — Byv) + f7(Ogu + Dsv) |,
VsJis = —VaJsz1 = —V3Joy = V3o = —VyJig = VuJy = —VyJoz = VyJsy
1
= —m {2 sin ¢(a3f — U,alf — ’Uan) + 2cos ¢(64f + Ualf — u@lf)
—  [fsing(01u + Oav) — fcosp(ou — O1v)},
ViJiy = —V3J41 =V3Jaz = —V3J3y = VyuJizg = —VyJs1 = —VyJoy = VyuJy
— 2\”2 {=201f + fPu(01u — 920) + fPu(Osu + O1v) — f°(Osu — Ov) },
Vidjp = 0 (otherwise).
By (2.1) and (2.8), we then have
(2.9)
Nz = —N131 = —Ns14 = Nay1 = —Nazz = Nags = —Njog = Nigo
= \/_f2 {282f f5 (82u + 8111) + f5 (alu — 821)) + f5(84u + 83’[1)}
Nzi3 = —Na31 = Niig = —Nig1 = Ni2s = —Nigz = —Nozg = Nogo
1
= E {2 Ccos ¢(63f - u@lf - ’Uan) — 2sin ¢(64f + Ualf - u@lf)
—  feosd(O1u+ O0yv) + fsing(dou — d1v)},
N33 = —N331 = —Nyia = Nag1 = —Nyz3 = Nugo = —N3zpg = Nago
= —\/_2;]02 {—281f + fPu(d1u — 8av) + fPv(dou + O1v) — f2(O3u — 8411)} ,
Ny13 = —Nu31 = N3jg4 = —N341 = N3z3 = —N330 = —Nyoy = Nyyo
1
= 7 {2sin (03 f —ud f —v02f) +2cos p(Ouf + v01 f — ud:f)
—  fsing(01u + Oav) — fcosp(2u — O1v)},
Nijr = 0 (otherwise).

Now, let © = a,v = 3, where «, § are constants. In this case, we introduce a new
coordinates system (&1,&2,&3,84) on M(f,a,3,¢) by

(2.10) & = +axs — fry, & =12+ B3z +azy, & =123, {4 =14
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With respect to this coordinates system (&1, &2, &3, &), we adopt the notation (if =
of

——. Then, (2.9) can be written as

&;
12 = —Thio1 = —T'323 =332 = Tyo4 = g4
1 - -
= —{cospOsf +singpdsf},
\/5{ d) 4f d) 3f}
)
iz = —Ti31 = —Taag =Tagp = Ty34 = —T'yy3 = —\/;j;a
(2.11) s = =Ty = —Tagy = Toyp =T334 = —I'343
1 . .
= —{cospOzf —sinp0yf},
\/5{ d) 3f d) 4f}
)
Ia12 = —Too1 = —I'313 =331 =T414 = —T'ys1 = —\/—;—;27
Tijrp = 0 (otherwise).

3 Ricci flat examples

In this section, we shall find out a family of Ricci flat metrics in the framework of
Nurowski and Przanowski [3]. Let M(f,u,v,¢) be the almost Kéhler 4-manifold
defined in §2. Since the Nurowski-Przanowski’s Ricci flat example is given by

1 _1
u=—2x3, v =214, f:7§{2m1—2(m§+mi)} N

we suppose that u = u(zs, z4),v = v(z3,z4). Then, by a straightforward computation,
we obtain, with respect to the unitary basis {e;} in (2.6),

1

pri = gl O+ 850)° —10 (D)) +6/(8:f)"

(3.1) — 2f*Ouf + v f —udef)? + (Osf —udif —vdrf)’
+ 2f (01f - 03 f)
— 2f%{(0s + v01 —ud2)?f + (05 — udy — vd)*f)*}],
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pr =~ [01ON? + BufPY - 215 + 81

+ 10 {(O5u — 04v)* + (Osu + O5v)?}

+ 2f* { (1+2c0829) (0sf +vO1Lf — udaf)*

+ (1 —2c0s2¢) (O3 f —udi f —vOaf)?

+ 4sin2¢(03f —udif — v f)(Osf +vOLf —udaf) }

+ 215 {cos2¢((0s + v —uda)?f — (03 — udy — v0s2)?f)
+ sin2¢((05 — ud; — vd) (04 + v0; — uds) f

+

((94 +v0 — Uag)(ag —ul; — U62)f) }]7

psz = ﬁ (/1% (85— 010)” + 6 (81/)* = 10 (Df)?
— 2 {(0sf +vOif —udef)’ + (Bsf —udf —v0:f)* }
- 2f (32f - 03f)
— 2f5 { (84 +v0, — Uaz)zf + (83 —ud; — ’Uaz)zf } s
pu = pril - OLO + Q) +2(8 + 8 1)
— flo {(6311, — (341))2 + ((341,1, + (331))2}
— 2f* { (1 —2c0s29¢) (Ouf +v1 f — ud2f)?
+ (1+42c0s2¢) (O3f —udrf —vOaf)?
— 4sin 2¢(83f — u@lf — ’Uan)((‘)Alf + Ualf — U,an) }
2 f5 { Ccos 2¢((64 + v(‘)l - u62)2f - ((93 - u61 - v62)2f)
sin 2¢((93 — w0y — v02)(04 + v — uds) f

((94 + v0; — Uag)(ag —udy — U62)f) }]7

(3.4)

+ o+

_|._

pra = 4—}2[f6{sin¢84(64u+33v) — cos ¢ 03(0su + O3v) }
+ 401f {cosp(Osf +vOif —ubaf) +sing (Osf —udif—v0:f)}

—  6f%(Osu+ O3v){cos ¢ (Osf —udif —vbaf) —sin¢(a4f+v61f—u62f)}],

(36) p13 = _r]]-“l [flo (83u — 841;)(84u + 83’[)) + 16 81f 82f — 4f8182f] R
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(3.7)
o = %fzfﬁ{sin¢83(84u+8gv)+COS¢84((94U+83U)}
+ 400f {cosd (Osf —udLf —vf) —sine (Ouf +v0hf — udaf)}
+6.f5 (Byu + 050){cos ¢ (uf + v f — udsf) +sind (Of —udrf —vdaf)}],
(3.8)
ps = 1 [fﬁ{cos 05 (d5u — D4v) — sin ¢ Ay (Bsu — Ayv)}
+ 40f {cosd (Ouf + vy — udsf) +sine (9f —udif — vuf)}
+6f5 (Bgu—Ds0){cos ¢ (Bsf —udif — vdof) —sin (Baf + v f —udsf)}],
(3.9)
ot = %fagf(agu—&w)—%f&lf(84u+83v)
© sin26 {(0f + 001 f —udsf)? — (Osf —udif —vrf)?)
20526 (Dsf —ud f — v f)Ouf + 0O f —udsf)
4 feosdsingdy(Ouf +v0f —udsf) — fcos? ¢ du(Osf —udif —vaf)
b foin® 005(0uf + v 01 f —udsf) — fcos dsin (s f — udrf — v af)
+ fucosd+ vsing) { cosds(sf —udif —vouf)
— Singd(0uf +voLf —udsf) )
+ flusing —vcosd) { cos ¢y (Osf —udif —vouf)
NGO (Ouf + 00y —udsf) },
(3.10)
P _4—}2 F5{sin ¢ 5 (D3 — Dyv) + cos ¢ D (Fyu — Dyv)}

+

40,f {sing (Osf +vO1f —u0sf) —cosp(O3f —ud f—vf)}
+ 6f5 (83u — (94U){Sin¢ (63f — U,alf — Uagf) + cos ¢ ((94f + v(‘)lf - U,an)} .

In order that our almost Kéhler manifold M (f,u,v, ¢) is Einstein, it is necessary
that p;; = 0 for ¢ # j. From (3.6), if

O3u—0,v=0 or Oqu+03v=0

and

01f=0 or Of=0,

then pi3 = 0. Taking account of the Nurowski-Przanowski example, we assume that
(3.11) Osu+03v =0 and O>f =0.
By (3.5) and (3.7), if
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(3.12)

Osf =udf and Osf = —vdif,

then p1o = p14 = pas = 0. Further, from (3.8), if

(3.13)

then po3 = p3q = 0.

Osu — O4v = A(= costant),

In this case, (3.1) ~ (3.4) reduce to

(3.14)

(3.15)

(3.16)

(3.17)

o =~ 1007 27 02f].

(60112 —2£02f + X211,

SNV

pas = 177 [0 01 —2 £ 3R F + X 10),

s = —%}M[G(alf)z —2fRf+ X1,

T. Sato

Since paa = —ps33, it must be p = 0 for (M, J, g) is Einstein. Comparing (3.14) with

(3.15), we find

If 20, f = —Af5, then N = 0 by (2.9), and J is integrable. So, we suppose

(3.18)

40, £)2 = X2f10 and  20,f = £Af7.

201 f = Af°, A #£N0.

From (3.18), we obtain that f is of in the following form:

(3.19)

W=

f=A{-2 21 —p(w3,24)} *,

where ¢ is an arbitrary function of z3 and zy4.
By (3.12), we have

(3.20)

O30 =2Xu and Osp = —2)\v.

Taking account of (3.13) and (3.20), we deduce

(3.21)

Here, we suppose that ¢ is a polynomial of degree 2, for simplicity:

O3+ 05 = 2)\°.

p = ax§ + 2bxsxy + cmi + 2dzs3 + 2exy + k.

Then by (3.20) and (3.21), we have
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1
u = X(amg + bzy + d),
1
v = —X(bmg +cxy + ),

a+c=X(>0).

Summing up the above arguements, we obtain the following
Theorem 3.1. Let

1
u::}:\/m(amg-i—bm-{—d),
L (bxz + cry +e)
v= T3 + cTq + €),
+ AT o 3 4

_1
f= {$2\/a +cxy — (ax3 + 2brszy + cx) + 2dr3 + 2ewy + k:)} 4,

where a,b,c,d,e, k are arbitrary constants such that a + ¢ > 0. Then Riemannian
metric g given by (2.4) is a Ricci flat, i.e., M(f,u,v,d) is a Ricci flat strictly almost
Kahler manifold.

Note that the Nurowski-Przanowski’s Ricci flat example is obtained by putting
a=c=8A=—-4b=d=e=k=0.

Next, we assume that

(3.22) O3u—0w =0 and O,f=0.
By (3.8) and (3.10), if

(3.23) Osf =voaf and Ouf = udaf,
then pag = pas = p3s = 0. Further, from (3.5), if

(3.24) Osu + 04v = u(= costant),

then p1o = p14 = 0.
In this case, (3.1) ~ (3.4) reduce to

(3.25) o= 177 [0 @ ~ 2331+ 1),
(3.26) pro =~ 177 (6 Qa1 ~2£33f +4 1],
(3.27) prs =~ [10 @ — 27 8 1],

(3.28) pus =~ (6 ~21 051 + 1]

By the same arguement as above, we have
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(3.29)

W=

[ =A{"2pz2 — p(x3,24)} *,

and suppose that

p = amg, + 2bxsxs + c:ci + 2dxs + 2ex4 + k.

Then, we find

u= —(bxs + cxy +e€),

v = —(azz + bxy + d),

Tl= T |~

a+c=p?(>0).

Consequently, we obtain the following

Theorem 3.2. Let

1
u::l:\/m(b:r3+cm4+e),
1
v = axs + bxy + d),
Jare s tbmtd)

1
f={F2Va+cas — (ax} + 2bz3zy + ca} + 2das + 2exy + k)} *,

T. Sato

where a,b,c,d, e, k are arbitrary constants such that a + ¢ > 0. Then Riemannian
metric g given by (2.4) is a Ricci flat, i.e., M(f,u,v, ) is a Ricci flat strictly almost
Kahler manifold.

In the next section, we shall show that the almost Kédhler manifolds M (f,u, v, ¢) in

Theorems 3.1 and 3.2 are also of pointwise constant holomorphic sectional curvature
and weakly *-Einstein.
Remark 3.3. By considering the integrable case: 20, f = —Af® or 20> f = —puf>, we
get the Ricci flat Kahler manifolds,

or

1
u::l:\/m(ax3+bx4+d),
L (bxs + cxs +e€)
v = T3 + cry + €),
+ At 3 4
_1
f={£2Va+cxy + (ax3 + 2bzszy + ca} + 2dzs + 2exy + k)} *,
+ L (bxs + cxa +€)
u= T3 + cxy + €),
va+c s *
1
v:iﬁ(axg—l—bm#—d),

1
f={£2Va+ cay + (ax3 + 2bzszy + ca} + 2dzs + 2exy + k)} *

Then M (f,u,v,®) are Ricci flat Kahler manifolds.
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4 Examples of almost Kahler 4-manifolds with point-
wise constant holomorphic sectional curvature

In this section, we construct 4-dimensional almost K&hler manifolds of pointwise con-
stant holomorphic sectional curvature.

First, we show that the almost Kéhler manifolds M (f,u, v, ¢) in Theorem 3.1 have
pointwise constant holomorphic sectional curvature. Indeed, by direct computations,
we obtain

A3 = —Ayy =

~5la+ o) {(F2vatca = ~(av} + 2owaz + cxf + 2o+ 2es + K} F
(4.1) Az = —Ap

B %(a +o) {F2Va+ ez — (az3 + 2brsws + caf + 2dwy + 2ex4 + k)}ig 5

Aij =0 (otherwise),

Ri212 = Ri1234 = Ri1414 = Ri1423 = Ra323 = R334

= —i(a +¢) {F2Va + cxy — (az} + 2bzswy + cxf + 2dz3 + 264 + k:)}fg )
(4.2)  Rizi3 = —Riz2a = Raana

= %(a + o) {F2Va+ cxy — (az} + 2bwszy + cxf + 2dws + 2exy + k)}_% ,

Rijm =0  (otherwise i< j,k<1),

PiL = P22 = P33 = Pla
1 _3
(4.3) = 5(a + o) {F2Va+ ca1 — (azj + 2baszs + ez} + 2dws + 2exs + k) } 2,

_3
(44) 7 =2(a+c) {F2Va+ cx1 — (az] + 2bx3zs + 2] + 2dz5 + 20wy + K)} 7.

By virtue of Proposition 2.1, (4.1), (4.2), (4.3), and (4.4), we have the following
Theorem 4.1. Let M(f,u,v,¢) be the Ricci flat strictly almost Kdahler manifold in
Theorem 3.1, i.e., functions u,v and f are given by

1
u== (azs + bzy + d),

va+c

(bxs + cxy +€),

1
v =
¢\/a+c

1
f={F2Va+ca — (az} + 2bzszs + cx} + 2das + 2exs + k)} * .
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Then M(f,u,v, ) is of pointwise constant holomorphic sectional curvature

1 _3
c= Z(a +¢) {F2Va + cz1 — (azi + 2baswy + cx] + 2dzs + 2exs + )} 2,

and weakly *-Finstein.
Next, let M (f,u,v,¢) be the almost Kéhler manifold in Theorem 3.2 Then, simi-
larly we obtain

Az = —Asy

B —;(a +0) {F2Va + caz — (axi + 2br3xy + cx) + 2dzs + 2ews + k)}_% )
(4.5) Az = —Asw

B %(a + o) {F2vVa +czy — (ax] + 2bwswy + caf + 2dzs + 2wy + k)}_% ;

A;; =0 (otherwise),

Ri212 = Ri234 = Ria14 = Riazs = Razes = Rauza

= —i(a + ) {F2Va + cxs — (az] + 2baszs + ez + 2dz3 + 2exs + k)}ig ,
(4.6) Rizi3 = —Riz2q = Roazs

= %(a +¢) {F2Va + cxs — (az} + 2baszs + ca} + 2dzs + 2exq + k)}ig ,

Rijri =0 (otherwisei < j,k <),
Pi1 = Pz = P33 = Pla

_3
(a+c) {:F2\/m1’2 — (az? + 2bxszy + cx) + 2dxs + 2exy + k)} 2

47 =

DN | =

_3
(4.8) " =2(a+c) {$2\/a +cxzy — (ax% + 2bx3z4 + cx? + 2dx3 + 2e74 + k:)} .

Therefore we have the following
Theorem 4.2. Let M(f,u,v, ) be the Ricci flat strictly almost Kdhler manifold in
Theorem 3.2, i.e., u,v and f are given by
1
a+c

u== (bxs + cx4 + €),

3

v = (aCC3 + b$4 + d),

va+c
_1
f={F2Va+cas — (ax} + 2bzzzy + ca} + 2dxs + 2exs + k)} * .

Then M(f,u,v, ) is of pointwise constant holomorphic sectional curvature
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)—l

3
c= 1 (a+c) {422\/a+ca:2—(aa:3+2b:c3:c4+c:v4+2da:3+26m4+k)} 2,

and weakly x-Finstein.

Now, we shall construct other examples. In the previous paper [5], we assumed
that v = v = 0 and ¢ = 0 for the sake of simplicity. Here, we shall consider the case
where v = a,v = 8 (« and 8 are constants) and arbitrary ¢. Then, with respect to
the unitary frame {e;} in (2.6) and the coordinates system (;) in (2.10), we have the
following expressions:

A = 351}{4“5‘21” _ 51fjf o268, 70f — 22248, ~ (017},
Ap = = ¢{281 FOsf — 20, f0uf + 204 f}
- Sm¢{282f53f+281f54f 1,851},
Ay = —F{@f)z—2<52f)2+f5§f}—{cos¢53f—sin¢54f}2,
Ay = COS¢{62f63f+61f64f F0:05f1
sm¢>

— 5 {0 f05f — 02 fOuf + [O:204f},

_ cos d)

Ay = {232f54f f010 ) 54f},
(4.9) i

Aoy = 31??2f — 082003 fOsf — 511122(1){(53f)2 — (Ouf)*}

— fcos2gz55354f—fsm2¢{83f 82f},
Ay = C°S¢{azfagf BufOuf — fOu051)

+ s‘“¢{61f63f L BafBuf — [Badif),
Asy = (ajc{) +{cosq554f+sin¢>53f}2—5{5§f+52f}

fcos 2¢

{83f a4f} + fsin 24 030, f,

Az = —F{Q(élf)2 — (02f)* — fOIf} + {cosp Ouf +sin ¢ D5 f}7,
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cos d)

Aszp = {02f0sf + 01 fOsf — fO10uf}

sin ng

t h {01 fOsf — DafOuf — fOLO5 1},

A33 _ _381;482f + 81']?32]0 + cos 2¢53f54f + Sin2¢{(53f)2 _ (54]0)2}’
Aai = SEL(B\ o] - 201001 - £
smng

{202f05f + 201 fOsf — f0104f},

_cos 0]

Ay = f2 €80 5, 8o f — BrfOuS + [10n S}
¥ 5101},
A = —(5}{)2 ~ {eosgdsf —sinoduf) + L(BF +92F)
~ T2 g G2y + fein20d,dt,
A = TR0 f0f - 00 52051},
Ay = —a”}f” +cos2¢53f54f+s‘“2¢{<63f) —(0uf)}
+ fc052¢5354f+fsm2¢{83f 82f}.

Furthermore, we find from (2.11)

@)~ (a1

fcos 2¢

Riss = %ﬂ{?»(élf)z — (Dof)? — 15} -

v sin20dyfBf + LB+ By -

2 ~ ~
ALY

{03 - 01}

(4.10)
R3y34 = Tf‘l{_(alf) +3(02f) — fO3f} +

fcos 2¢

@)~ Bu)?)

— sin2¢0sf0if + £{5§f +0if}+ {031 — 0i f}

f sin 2¢ 5354']‘_,
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Riz3s = 0,
Rizay = 0,
Ry = 0,

Rins = go{-@Guf = GofP + 181 + 181} + 5{@uf)? +

cos 2¢

Riu = ;}M{s(élff—(ézf)?—fé%fh (1) -

_ sin2¢53f54f+I{5§f+5Zf}+fcos ¢

fsm 2¢ «

D304 f,
cos 2gz§

Rozas = Tf“{_(alf) +3(0yf)? — fO2F) —
+ Sin20dsfouf + £{5§f+52f} B fCOS2(;5

fsm 2¢ «

D304 f,

Roam = 5e{(@uff + Buf)*) + 5GP + Guf P - S8 S + 821),

Rigss = Cojf’alagf nf¢6164f,

Rouza = “}2%2 Fouf — s‘]ﬁlf@ 185 f+00;¢6264 I+
Riys = —Cojf’azauf f‘z’azagf,

Rizq = C‘}wal f63f—S?2¢61f64f—cosf¢6163f+
Rust = 3 f4{461f62f F818u 11,

Rasss = —cos200,000f — 2222 (@) - (0u1)%)

-1 “’;2“’6364f—f B2 - i),
R = cos200sf8f + 2240 - @11))

f cos 2¢) f sin 2¢)

D304 f +

{031 - 811,

{03 - 01}

{(@s1)” -

{03 - 01}

sin ¢ x

sin ¢ «

131



132 T. Sato

Ry = —%{451f52f—f5152f}7
Riss = —CO;¢8164f nf¢alagf,
Ry = Cf}?@f@f + S‘J?fazfmf + C;T’azagf - S‘“f"’aza4f,
Rizia = —CO;¢5253f + nf¢5254f7
Rum = ij’id’alfa;f - S‘J?falfaaf + C;jf’mmf + S‘nf"’alagf

Then, by (4.1), we obtain easily

o= BB - G+ G

(4.11)

— 2{(0sf)* + (04f)*} — F{O3f + D} f},
(4.12) = %{éff L a2y - %{(élfﬁ +@uf)?) - FLBR S+ 321,
(4.13) o= %{(51f)2 T+ @of)?} + 2{(Bsf) + (Buf)?}.

By (4.13), we see that M(f, a, 3, ¢) is non-Kahlerian if and only if f is not constant.
By Proposition 2.1, (4.9), (4.1) and (4.13), we find the following

Lemma 4.3. The almost Kahler manifold M (f,«, B, ¢) is of pointwise constant holo-
morphic sectional curvature ¢ = c(p) if and only if

2f3 {81f 52f} fCOS2¢{a3f 54f} fsin2¢5354f
(4.14)

- F{@f)? — (Bof)?} — cos20{(B1)% — (Buf)?} + 25in 268y fu ],
@15) o= =5 =) =~ {(GuN* + )} — LGP + Bu?),

%{%f T B} - B+ 82 f)
(4.16)
- %{@f)? T+ Bof)?} — {Bsf) + Bu))?},
cos ¢{5153f + 5254f} — sin 925{5154]0 — 5253f}

4.17
(417 = 200805 1B + 23025, 14, 1,

f f
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cos {0105 f + D20 f} — sin {0104 f — 0205 f}

4.18 - i .
( ) :2C;S¢81f63f_281n¢81f84f;
% — fc052¢)(§354f — fSi;2¢{(§§f - 5Zf}
(419) 451f52f 5 rAa . 3 2 a 2
= 7 + 20082003 fOu f +sin2¢{ (03 f)* — (04f)°},
cos {0104 f — D205 f} + sin {010 f + 0204 f}
4.20 N .. : . S
(4:20) = C°j¢{alfa4f — Bufdaf} + Sl;(b{alf@sf +8afouf}.

To obtain solutions of the above equations, we first assume that f = f(&,£) is a
function of two variables &1, &. Then (4.14) ~ (4.20) reduce to

(421) Bt~ 8 = @I ~ (Buf)),
(4.2 c=—5(r =1 =~ g B + B,
(4.23) FOLf +83f) = (81)* + (821)?,
(4.24) fO10,f = 401 0. f.

By the same way as [5], we see that f = K(£2 + €2) "5 satisfies (4.21), (4.23) and
(4.24), where K is a constant.

Next, we assume that f = f(&5,&) is a function of &3, &. Then (4.14) ~ (4.15)
reduce to

(4.25) FO5F =07 f) = —2{(0sf)” — (04 ])*},

1 * 1.4 2 a 2
(4.26) c= —g(T -7)= —Z{(33f) + (04f)°},
(4.27) FO3f + 03 f) = (Bs1)* + (0af)?,
(4.28) fO300f = —205fOu f.

Similarly, we can easily see that f = L(£2 + £2)3 satisfies (4.25),(4.27) and (4.28),
where L is a constant.
Consequently, we obtain the following
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Theorem 4.4. Let u = a,v = 3 (o, f are constants) and
f=K{(z1 + arsz — fzs)* + (z2 + B3 + aa:4)2}_%,

or

f=L(a} +a3)8,

where K and L are non-zero constants. Then the almost Kdahler manifold M (f,u,v, ®)
is of pointwise constant holomorphic sectional curvature with

1

c=- (71 + azs — Bag)® + (22 + o3 + azy)’} 5

1
9K2{
or

1
c= —§L2(x§ +27) 3,

respectively.

We note that the pointwise constant ¢ in the above theorem is negative contrary
to the ones in Theorems 4.1 and 4.2.

5 Weakly *-Einstein examples

In this section, we provide weakly *-Einstein almost Kahler 4-manifolds. In §4, we have
already shown that the Ricci flat almost Kéhler manifolds M (f, u, v, ¢) in Theorems
3.1 and 3.2 are weakly *-Einstein.

Here, we consider the almost K&hler manifolds M (f,«, 3, ¢) for any constants
a, . In this case, by using the coordinates (£, &2, &3, &) of (2.10), the components of
the Ricci #-tensor with respect to the unitary frame {e;} in (2.6) is given by

. QRf f fcos 2¢ fsin 2¢

pPIL = P32 = 2—f3__{83 +5Zf}+ {83f 54f}— D504 f

+apr 3O + a1} + 00522¢{(83f) — (0:f)?} — sin 20 05 £ f,

Py = pla = §—f3 ~Lwrean -T2 g+ P25,
1 _ cos 2¢

5 ——{(03f)* — (0af)*} +sin2¢ 05 fOs f,
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D10 oL fO cos2
Piz = P12 = Paa = P31 = ;f23f 2 1];042f / 2 ¢8364f — c0s2¢ Js fOu f

fsm 2¢

2@~ B2,

{03f - 9if} -

cos ng

pPla = —pP3p = 27 —+ (0103 f — 0:04f) —

cos
P33 = —pn = f¢ (010sf — 0204 f) —
sin ¢ d)
2f f
By (5.1), we have the following
Lemma 5.1. The almost Kahler 4-manifold M (f,«, 8, ®) is weakly *-Einstein if and
only if

sin ¢

2f

0s ¢
f2

(52f33f + a1f34f)

(3283f + 3134f)

(D1 fOsf — Do fOuf)

(3283f + 3184f)

oo 001 = 80)+ LG22 - 3ip) ~ fin 200001
(5.2)

- %{(51f)2 — (Bof)?} — 05 20{(Bsf)? — (Buf)?} + 25in 20 D5 104 f,

618? fcost)aaf_fsin2¢(5§f_5zf)
(5.3) 2f 5 ! ‘
=2 lfcﬁf +cos 20 0y fOuf + Sln22¢{(53f)2 — (G},
(5.4) cos (0,03 f — By0sf) — sin ¢(Dads f + B104f) = 0,
cos ¢(5153f — 5254]”) — sin gzﬁ(ézégf + 5154f)

(5.5)

= ;{cos $(01f0sf — 02fOuf) — sin §(02f05f + 01 fOuf)}-
If f is a function of &, &, then (5.2) ~ (5.5) reduce to

(5.6) FOIf = 03f) = 4{(0Lf)* - (021)%},

(5.7) fO10yf = 40,0, f.
Since (5.6), (5.7) are same as (4.21), (4.24), we see that
(5:8) f=KE+)

is a solution.
If f is a function of &3, &4, then (5.2) ~ (5.5) reduce to
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2 a a ~ o~
(5.9) fco; D@25~ 52f) — fsin208s04f

= —c0820{(05f)? — (0sf)*} + 25in2¢ I3 fOu f

—fCOSQ¢5354f - fsin2¢(a~§f - 5Zf)
(5.10) 2 . é
= c052¢)53f54f + sm2 ¢{(3~3f)2 - (54f)2}.

Similarly, we see that
(5.11) f=LE+&)s

is a solution of (5.9), (5.10). Thus we have the following
Theorem 5.2. Let

W=

f=K{(x1 + azs — B:U4)2 + (2 + Bxs + 04354)2}_ )

or .
f=L(z} +27)7,

where K and L are non-zero constants. Then the almost Kahler manifold M (f,«, 8, @)

is weakly *-Finstein. The x-scalar curvature is given respectively by

1
3

(z1 + azs — Bm4)2 + (22 + Bz + am4)2} )

™=

4
“ore !
or A
™ = —§L2(x§ +a2)75.

Now, we give another example. It is easy to see that

W=

(5.12) f= (& +a&e +b1)"

is also a solution of (5.6), (5.7), and

ol

(5.13) [ = (az&s + as&s + by)

is a solution of (5.9), (5.10).
From (5.12) and (5.13),

(5.14) F = (@& + asés + b)) "3 (ag + asts + b2)3
satisfies (5.2), (5.3). Moreover, if
(5.15) (ar1a3 — aza4) cos ¢ — (azas + araq) sing = 0,

then f in (5.14) also satisfies (5.4) and (5.5). Note that the functions f in (5.12),
(5.13) are given as special cases of (5.14) satisfying (5.15).
Consequently, we obtain the following



Some Examples of Almost Kéhler 4-Manifolds 137

Theorem 5.3. Let

1
f_{ a3T3 + a4 + by }3
a1 (zy + axz — fry) + ax(xy + Brs + axy) + by

)

where a; (i = 1,2,3,4) and b; (j = 1,2) are constants satisfying (5.15). Then the
almost Kdahler manifold M (f,«, B, @) is weakly x-Einstein, and

2(af + a3)

" = T{m(m +aws — Brs) + ax(w2 + Pas + aws) + bl}i%
x  (azzs + agzy + b2)7%

2(a2 + a3 5

+ %{01(1’1 +axs — fr4) + az(zy + Pz +azg) + by}

x (asxs + aszy + bg)*%.

It should be remarked that the almost Kéhler manifold M (f, «, 3, ¢) in Theorem
5.2 is weakly*-Einstein for all ¢. On the contrary M(f,a,(,¢) in Theorem 5.3 is
weakly*-Einstein for particular values of ¢ and a; (i = 1,2, 3,4) satisfying (5.15).

Finally, we note that the Ricci tensors of these examples in Theorem 5.3 are J-
anti-invariant, i.e., p(JX,JY) = —p(X,Y), and hence 7 = 0.
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