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Abstract

In this paper one expanded class of parametric complex vector partial linear
functional equations is solved. The results presented here generalize the results
given in [3].
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0 Introduction

First we introduce the following notations. Let V, V' be finite dimensional com-
plex vector spaces and Z;, ¢ € N, be vectors in V. We may assume that Z; =
(zia (1), -, zin(t))T, where z;(t) (1 < j < n) are complex functions and O =
(0,---,0)T is the zero-vector in V or V'. We also denote by V° the subspace of all
real vectors in V (thus ¥V = V° @ iV?), and by £(V°,V") the space of linear mappings
VO — v,

In the present paper we will solve the following simple complex vector functional
equation

m+n+k m—1 n—1 k—1
m—1—j n—1—j k—1—7 _
(1) ) f( a 1Zirj,» 0" iy, Y a ]Zi+m+n+j)—0>
=0 j=0 j=0

i=1 J

(Zin+kti =2Zi, a€C),

where C is the field of complex numbers and f : V® — V' is an unknown complex
vector function.

The above equation for £ = 0 was solved in [3]. Also, the functional equation (1)
for a = 1 was solved in [1] under the hypothesis that the function and variables are
real.

The generalized functional equation
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m+n+k m—1 k—1
1— 1— k—1—
(2) E fZ(E a™” jZl+]7§ a"” z+m+3v§ a ]Zz+m+n+3) O
j=0

(Fmtnt+iti = fis  Zmtntk+i = Zi, a€C)
will be also solved here.

1 Solution of the Simple Functional Equation

Now we will solve the functional equation (1) in the following cases.
I. Let a = 1. If we introduce the notations

m4n+k
(3) S= Y 1z,
j=1
and
(4) f(U,V,S)=¢(U,V, S+U+V),

then the equation (1) becomes

m+n+k m—1

(5) Z (Z Ziij, Z Lnvivj, ) =0.

If we introduce new variables T; (1 <i < m +n + k — 1) by the equalities

S
Ti=Z;————— (1<i<m+n+k—1),
m+n+k

i.e.
S m+n+k—1

y/ == T,
m4n+k m+n+k ]Z:; 'R

then the equation (5) becomes
(6) .
J m—1 n—1
mS nS
e T, — Tontitis S)
;g(m+n+k+j20 i+j m+n+k+§ m+i+j +

n+k m—1 m+k—1

nS
+ Z (m+n+k+z Z+J’m—|—n+k Z Tmtntits, S)+
i=k+1 j=0
m+n+k n+k—1 nS n—1
# 3 o(atarE e X Ten g 2 T 8) =0
i=n+k+1 7=0 7=0
By putting
mS nS
7 (7 " v, S):HU,V,S,
(@) g m+n+k+ m+n+lc+ ( )
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the equations (6) becomes

k

m—1 n—1
ZH( S Tise 3 Tosinss S)+
i—1 j=0 j=0

k+n m—1 m+k—1
(8) + Y H( Titjs — . Tomintits, S)+
i=k+1 j=0 J=0
m+n+k n+k—1
+ Z H( Z TerlJr]) Z TerlJr]: ) =0.
i=n+k+1

Now, we may suppose that the variable S is fixed, and we may put
9) H(U,V,S) =h(U,V).
In this case, the functional equation (8) takes the following form
k m—1 n—1
Z h( Z Titj, Z Tm+i+j) +
i=1  j=0 j=0

m+k m—1 m+k—1

(10) + > h(z Tivjs — Tm+n+i+j)+
j=0

i=k+1  j=0

m+n+k n+k+1
5 (Y T S Tw) -0
i=n+k+1

The complex vector function h has the following properties:
1°. If m <n <k and m +n < k, then the following relations hold

(11) h(0,0) =0,

(12) h(U,-U) + h(U, 0) + h(0, -U) = O,
(13) h(0,U) + h(0,-U) = O,

(14) h(U,V) = h(U + V,0) — h(V,0) + h(0, V),
(15) h(U,0) + h(-U, 0) = O,

(16) WU, V) = h(0,U + V) — (0, U) + h(U, O).

2°. If m < n < k and m +n = k, then (11), (12),

(13), (14), (15) and (16
3°. If m <n <k and m +n > k, then (11), (12), (13), (14), (15) hold and

65

) hold.



66 I.B. Risteski, K.G. Trencevski and V.C. Covachev

(17) WU, V) + h(V,-U = V) + h(-U - V,U) = O.

4°. T m < n = k, then (11), (12), (13), (14) and (17) hold.
5°. If m = n and 2m < k, then (11), (12) hold and

(18) h(U, V) + h(V,0) + h(0,-U — V) + h(-U — V,U) = O.

6°. If m = n and 2m = k, then (11), (12) and (18) hold.

7°. If m =n < k and 2m > k, then (11), (12) and (18) hold.

8. If n <m < k and m +n < k, then (11), (12

9°. If n <m < k and m +n = k, then (11), (12), (15), (16), (13) and (14) hold.

10°. If n < m < k and m +n > k, then (11), (12), (15), (16), (13) and (17) hold.

11°. If n < m = k, then (11), (12), (15), (16) and (17) hold.

12°. If m = n = k, then (11), (12) and (17) hold.

Now, we will prove the theorems which treat the functional equation (1).
Theorem 1. Ifa =1, m,n <k, m #n and m +n # k, then the general continuous
solution of the functional equation (1) is

1), (12), (15), (16), (13) and (14) hold.
1),

f(U,V,W) = Gl(U+V+WRe(U mUJX:FXV%

+ Ga(U+V+W)Im (U-m VW)

+ Gy(U+V+W)Re (V- nTEW

+ Gu(U+V+W)Im (V—n%),

where G; © V — LV, V') (1 < i < 4) are arbitrary continuous complex vector
functions and Re U resp. Im U denotes the real resp. imaginary part of U.

Proof. Let m < n < k and m +n < k. On the basis of the expressions (14) and (16),
we obtain that the complex vector function h satisfies the equation

h(U+V,0) - h(O,U+V)=h1(U,0) — h(0,U) + h(V,0) — h(0,V),
and hence we get
h(U,0) - h(0,U) =G'ReU +G"Im U,

where G',G" € L(V°,V") are arbitrary continuous functions of S.
Thus, the equation (16) has the form

(19) h(U,V) =h(0O,U+V)+G ReU+G"ImU.

If we substitute the function h determined by (19) into (10), on the basis of the
expression (13) we obtain

k m+n—1 k—1 k—1
(20) > 0(0, Y Ti) = 3 8(0, 3 Tusnris) = O.
i=1 j=1 i=k+1 j=0

If we put T =U, Ty, =V and T; = O (j # 1, k) into (20), then we obtain
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h(O,U + V) = h(0,U) + h(0, V),
and hence we deduce
(21) h(0O,U) = G3ReU + G4Im U,

where G3,G4 € L(V°,V') are arbitrary complex vector functions of S.
On the basis of the expressions (21) and (19), we obtain

(22) h(U,V) :G1R6U+G21mU+G3ReV+G4ImV,

where G1 = G’ + G3 and G2 = G” + G4.
Let m < n < k and m 4+ n > k. On the basis of the expressions (14) and (17), we
get
h(U+V,0)-h(-U-V,0)-h(0,U+V) =

= h(Uv O) - h(_Uv O) - h(O>U) + h(V) 0) - h(_Vv O) - h(O,V),
and hence we can calculate that
(23) h(U,0) — h(-U,0) + h(O,U) = G3ReU + G4Im U,

where G3,G4 € L(V°,V') are arbitrary complex vector functions of S.
On the basis of the identity (23), the equation (14) becomes

(24) h(U,V)=h(U+V,0) - h(-U,0) + GsReV + G4.Im V.
If we substitute the function h determined by (24) into (10), we obtain

k m+n—1 m+n+k

Zh( Z Ti-i-]v ) Z h(_ZTm—i-n—i-z—i-]a )_
i=1 i=1 i=k+1
(25) m4n+k m+k—1 m-+k
-y h( Z Tt it ) Zh(—ZTW, ):
i=k+1

For T =U, Tt =V and T; =0 (j # 1,m + k) from (25) we have
h(U + U, 0) = h(U,0) + h(V,0),

where
h(U,0) = G1ReU + G2Im U.

On the basis of this, the equation (24) becomes (25).
Let n < m < k and m + n < k. On the basis of the equations (16) and (14) we
obtain

h(U +V,0) —h(O,U+ V) =h(U,0) — h(0,U) + h(V,0) — h(0, V),
from where it follows that

(26) h(U,0) — h(0,U) = G| Re U + G4 Im U.
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On the basis of the equality (26), the equation (16) becomes
(27) h(U,V) =h(0O,U+V)+G ReU+G"ImU.

If we substitute the function h determined by (27) into (10), we obtain the following
equation

k m+n+1 m+n+k
(28) Z h(O, Z H—j) Z h(o Z Tm-‘rn-i—z-‘r])
i=1 =0 i=k+1

By putting T; = U, T4, = Vand T; =0 (j # 1,m +n) in (28) we have
h(0,U,V) = h(0,U) + h(0,V),
from where we conclude that
h(0,U) =G3ReU + G4Im U.

On the basis of this, the equation (27) becomes (22).
Let n < m < k and m + n > k. On the basis of (16) and (17), we obtain that the
function h satisfies the functional equation

h(U +V,0) + h(0,-U - V) = h(0,U + V) =
= h(U,0) + h(0,-U) — h(0,U) + h(V, 0) + h(0, —V) — h(0, V).
Therefore, the function (U, O) + h(O, —U) — h(0, U) is determined by
(29) h(U,0) + h(0,-U) — h(0,V) = G1ReU + G2ImU.
The equation (16), on the basis of the equality (29), becomes
(30) h(U,V) = h(0,U + V) — h(0,~U) + G'Re U + G"Im U.

The function h needs to satisfy the equation (10). If we substitute (30) into (10),
we get

k m+n—1 m+n+k

Z h (O, Z z+J) Z h (0 - Z Tm+n+z+])
i=1 =0 i=k+1
(31) k+1 m—1 m+n-+k m—1
- Zh(o, - Tiﬂ-) _ h(o, 3 Tm+n+i+j) — 0.
i=1 j=0 i=n+k+1 =0

If we put Ty = U, T,y =V and T; = O (j # 1,n + k) into (31), we obtain
h(O,U+V)=h(0,U) +h(0,V),
from where it follows that

h(0,U) = G3Re U + G4Im U.
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On the basis of the last equality, the equality (30) has just the form (22). Conse-
quently, in all four cases the function h is determined by (22).

We denote the arbitrary complex functions G; (1 <i < n) of S by G;(S) (1 <i <
4). On the basis of that, the equality (22) and the transformations (9), (7), (4) and
(3) there follows the proof of the theorem. O

Theorem 2. If a =1, m #n and m + n = k, then the general continuous solution
of the functional equation (1) is determined by

U+V+W
m+n+k’
U+V+W
m+n+k’
U+V+W)
m+n+k
U+V+W)
m+n+k /’

FUV,W) = FU+V—k U+V+W)-

- F(—U—V+k U+V+W)+

+ G1(U+V+W)R6(U—m

+ Gz(U+V+W)Im(U—m

where F : V? = V' and G; : V — LOV°,V') (i = 1,2) are arbitrary continuous complex
vector functions.

Proof. Let m < n. As in the proof of the previous theorem, on the basis of the
expressions (14) and (16), we may show that the function h has the form determined
by (19). If we substitute the function h determined as previously into (1), on the basis
of the expression (13), we conclude that the equality is valid and consequently, the
function h(O,U) may be arbitrary. According to (13), for h(O,U) we can put

h(O>U) = F(U) - F(_U)v

where F' is an arbitrary continuous function.
On the basis of this, the equality (19) becomes

(32) WU, V) =F(U+V)-F(-U-V)+GReU + G5ImU.

Let n < m. As in this case the equalities (14) and (16) hold and the function h
has the form determined by (19). If we substitute (19) into (10), we obtain that the
equation (10) holds, which means that h(O, U) is an arbitrary function for which (13)
holds.

On the basis of this, we obtain that the function A in this case has the form
determined by (32).

If we put that the arbitrary continuous complex vector functions G; and G, are
G1(S) and G»(8S) respectively, on the basis of the expressions (9), (7), (4) and (3),
there follows the proof of the theorem. O
Theorem 3. If a = 1 and m < n = k, the functional equation (1) has a general
continuous solution determined by
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U+V+W
— F(_V_an’U_FV_{_W)_{_
m+n+k
U+V+W
+ G1(U+V+W)Re(V—nL)
m+n+k
U+V+W
+ Gg(U+V+W)Im(V—nL),
m+n+k

where F : V2 = V' and G; : V — L(V°, V') (i = 1,2) are arbitrary continuous complex
vector functions.

Proof. On the basis of the equalities (14) and (17), as in the proof of Theorem 1,
we conclude that (23) holds, i.e. (24) holds. If we substitute (24) into (10), since
n = k, we obtain an identity which means that for (U, O) we may take an arbitrary

continuous function.
On the basis of this, for the function f(U, V) we obtain

(33) WU, V) =F(U+V) - F(=V) + GiRe V + GoIm V.

From (33), on the basis of the transformations (9), (7), (4) and (3) and putting
that G; and G5 are arbitrary continuous functions of S, we obtain that the function
f has the form given in the Theorem 3. O
Theorem 4. If a = 1 and n < m = k, then the general continuous solution of the
functional equation (1) is
U+V+W

m+n-+k
U+V+W
m+n+k’

F(U,V, W) F(U+V—(m+n) ,U+V+W)—

- F(—U+m U+V+W)+

U+V+W)
m+n+k

U+V+W)
m+n+k /’

+ Gi(U+V+W)Re (U—m
+ Gy(U+V+W)Im (U—m

where F : V2 =V and G; : V — LV, V') (i = 1,2) are arbitrary continuous complex
vector functions.

Proof. On the basis of (16), (17) and (29), we obtain that the function h satisfies the
equation (30).

If the function h determined by (30) is substituted into (10), then the equation (10)
becomes an identity, which means that h(O,U) can be substituted by an arbitrary
continuous function F(U).

On the basis of this, the equality (30) has the form

(34) WU, V) = F(U+V) - F(-U) + G1Re U + G,Im U.

According to the transformations (9), (7), (4) and (3), from the equation (34), by
putting G; = G1(S) and Gy = G2(S), it follows that the function f has the form
which is given in this theorem. O
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Theorem 5. Ifa =1, m =n < k and 2m # k, then the general continuous solution
of the functional equation (1) is determined by

U+V+W
FU,V,W) = F(U—mL,UﬁLVjLW)—
m+n+k
_ F(V_nm,U+V+W)+
m+n+k
U+V+W
+ G1(U+V+W)Re (U—mi)
m+n+k
U+V+W
+ Go(U+V+W)m (U—m+7+)
m+n+k

where F : V2 = V' and G; : V — L(V°, V") (i = 1,2) are arbitrary continuous complex
vector functions.
Proof. Let 2m < k. On the basis of the expression (18), we obtain

h(U, V) +h(V,0)+ h(0, —U - V) +h(-U -V, U) =0,
h(=U =V, U) + h(U,0) + h(0,V) + h(V, —U - V) = O,
WV, —U=V)+h(-U-=V, 0)+h0,U) + h(U,V) = 0.

If from these three equalities we eliminate h(—U — V, U) and h(V, —U — U),
we obtain
2h(U, V) =

—h(=U =V, 0) = (0, —=U = V) + h(U, 0) — h(0, U) + h(0, V) — h(V,O).
If we substitute this value of h into (10), we get

t minct k m4n—1
Z ( Z Titj, )+Zh(0, — Z Ti+j)+
i=1 pa —
(35) m-+n+k T ’
+ Z (Z Tointiv, ) Z h(O Z TM+n+z+J) - 0.
i=k+1 j=0 =kl

If we put T1 = U, T4y, =V and T; = O (j # 1,m + n) into (35), we have
h(U+V, O)+h(O0, U+V)+(k—-1)A(V,0)+ h(O,V)]+
+h(-U,O) + (O, -U) + k[h(-V,0) + h(0,-V)]| =0

For V = O, from (36) we obtain

(37) h(=U,0) + h(0,-U) + h(U,0) + h(O,U) = O,
i.e. the equality (36) has the form
h(U+V, O)+h(0, U+V)=~h(U,O) + h(0,U) + h(V,0) + (O, V).

Hence, it follows that
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h(U,0) + h(0,U) = G1Re U + GoIm U.
Thus we obtain that the function h(U, V) is determined by
h(U,V) = h(U,O) + h(0,V),
or
(38) h(U,V) = F(U) — F(V) + G1Re U + G2 Im 'V,

where we have put F(U) = —h(0, U).

Let 2m > k. If we put Ty = U, Ty =V and T; = O (j # 1, k) into (35), we get
(39)

h(U,0) + h(0,U) + (m + n)[L(V,0) + h(0,V)]+

+h(-U -V, 0)+ 10, U—-V)+ (m+n—-1)[h(-V,0)+h(0,-V)] =0,
and hence for V.= O we obtain (37), i.e. the equality (39) has the following form
h(U+V, O)+h(O, U+ V) =h(U,0) + h(0,U) + h(V,0) + h(O, V).

Hence it follows that the function h has the form (38).

Thus, on the basis of the expressions (38), (9), (7), (4) and (3), we conclude that
the function f has the form given in the theorem. O
Theorem 6. If a = 1 and 2m = 2n = k, then the general continuous solution of the
functional equation (1) is given by

FUU,V,W)=F(U, V+W)-F(V, W+ U)+GU+V, W) —G(W, U+V),

where F,G : V? — V' are arbitrary complex vector functions.
Proof. From the equation (35), which holds in this case, there immediately follows
the equality

h(U,0) + h(0,U) + h(-U, 0) + h(0,-U) = O,

i.e. we may put
(40) h(U,0) + h(0,U) = 2G(U) — 2G(-U),

where (G is an arbitrary complex vector function.
Since by virtue of (15) it holds

2h(U, V) =

—h(=U -V, 0) — h(0, =U — V) + h(U, 0) — h(0,U) + (O, V) — h(V, 0),

on the basis of the expression (40) we have
(41) h(U,V)=F(U)-F(V)+GU+V)-G(-U-YV),
where we introduced the notation

2F(U) = h(U,0) — (0, U).
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From the equalities (41), (9), (7), (4) and (3) there follows the proof of the theorem.
O
Theorem 7. If a = 1 and m = n = k, then the general continuous solution of the
functional equation (1) is given by

f(U7V>W) = F(U,V,W) —F(V,W,U),

where F : V? — V' is an arbitrary complex vector function.
Proof. If we put Ty = U, Tppy1 =V and T; = O (j #1,m + 1) into (10), then we
obtain

h(U,V)+h(V, -U-V)+h(-U -V, U)=0.

According to [2] the general solution of this equation is given by
(42) h(U,V)=F(U,V)—-F(V, -U -V),

where F' : V2 — V' is an arbitrary complex vector function.

On the basis of the expressions (42), (9), (7), (4) and (3), we conclude that the
function f is determined by the form given in the theorem. O

II. Let a™" % £ 1. If we put

(43) f(U,V,W) = g(U+a""™V +a™"W, V+a™"W +a"U, W +a""*U +d"V),

then the functional equation (1) becomes

m+n+k m—1 n—1 k—1
—1—j k—1—j k—1—j
Z g(z a™ ]Zi+j+zam+n+ jZm+i+j+Zam+ ]Zm+n+i+j7
=1 Jj=0 j=0 §=0
n—1 k—1 m—1
—1—3 k—1—j —1—3
Q" I gy + Y@ TETIIZ i+ Y T T 2,
7j=0 7=0 j=0
k—1 n—1 n—1
k—1—j k—1—j k—1—j _
Y AT T iy £y @RIz 4 Y ]Zm+z’+j) =0,
Jj=0 Jj=0 Jj=0
ie.
m+n+k m+n+k—1 m+n+k—1
Z 9( Z a’ L —14i—j, Z 'L yn—1+i—j,
i=0 =0 =0
m+n+k—1
> ame+n+k_1+i_j) =0.
Jj=0

This transformation of the equation (1) is possible since a™ "+ #£ 1. If we intro-
duce new variables T; by the relations

m+n+k—1
Ti: Z (J,]Zm_1+i_j (1 §i§m+n+k),
j=0

then the previous equation becomes
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m+n+k
(44) Z 9(Ti, Tiyn, Tivnyr) = O.

i=1

Now we will give the following results.

Lemma 1. The general solution of the functional equation (44) is determined by
10, 9(U,V,W)=F(U)-F(W)-H(V)- HW)

(m#n#k#m, m#n+k n#m+k k#m+n),
20, ¢(U,V,W)=F(U)-F(V)-G(U,W)-GW,U)
(m#n#k#m, m=n+k),
3. ¢g(U,V,W)=F(W) - F(U)-G(U,V)-G(V,U)
(m#n#k#m, n=m+k),
4. ¢(U,V,W)=F(U)-F(V)+G(V,W) - G(W,V)
(m#n#k#m, k=m+n),
5. ¢(U,V,W)=G(U,V)-G(V,W)
(m#n=%k m#n+k),
6°.  ¢g(U,V,W)=K(U,V)-K(V,W)+G(W,U) - G(U,W)
(m#n=k m=n+k),
7. ¢(U,V,W)=G(U,V)-G(W,U)
(m=n#k, k#m+n),
8.  ¢(U,V,W)=K(U,V) - K(W,U) +G(V,W) - G(W,V)
(m=n#k, k=m+n),
9°.  ¢(U,V,W)=G(V,W)-G(W,U)
(m=k#n, n#k+m),
10°. ¢(U,V,W)=K(U,V) - K(V,U) +G(V,W) - G(W,U)
(m=k#n, n=k+m),
1% ¢(U,V,W)=L(U,V,W) - L(V,W,U)
(m=n=k),

where F,H :V = V', G,K : V> = V' and L : V* = V' are arbitrary complex vector
functions.
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Proof. Since the proofs of the particular cases are similar or completely the same,
we will prove the lemma only in the cases 3° and 8°.

30, If all variables in (44), except for Z;, Z;y, and Zii,tr, are equal to some
constant, we obtain

9(ZiyZivny Ziynvr) = F(ZLivnir) + K(Zi, Ziyn),
i.e.
(45) g(U,V,W)=F(W)+ K(U,V).

Hence, the equation (44) becomes

m+n+k m+n+k
' FZ)+ Y K(Zi,Ziwn) = O.
=1 =1

If we put Z,, = O (r #i,i +n) in the above equation, we have
F(Zi) + F(Ziyn) + K(Zi, Zitn) + K(Ziyn, Z;) = O,
and thus it follows that
K(U,V)=G(U,V) - G(V,U) — F(U).
Now, the equality (45) becomes
g9(U,V, W) =F(W)-F(U)+G(U,V)-G(V,U).

80, If we put Z, = O (r # i,i+n,i +n + k) into (44), then the equation (44)
becomes

9(Zi, L ny Lignyr) = K(Zi, Zign) + K1 (Zigns Zignyk) + Ko(Zignti, Zi),

i.e.
g(U; V: W) = K(Uv V) + Kl(V) W) + KZ(Wv U):
where K, K1, K : V2 — V' are arbitrary complex vector functions.
By a substitution of the value obtained for g into (44), we get

m+n+k m+n+k m+n+k
(46) > K(ZisZitw)+ Y, Ki(Zi,Ziwn)+ Y, K(Zi,Zipn) = O.
i=1 i=1 i=1

Hence, for Z, (r #i,i + k) we obtain
Ky(Zi, Zitr) + Ko(Ziyw, Z;) + H(Z;) + H(Ziyx) = O,

where H : V — V' is an arbitrary complex vector function.
From the above equation it follows that the function Ky has the form

(47) KZ(Uv V) = G(U> V) - G(Vv U) - H(U))
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where G : V2 — V' is an arbitrary complex vector function.
If we put (47) into (46), we obtain

m+n+k
(48) > (K(Zi,Zi1n) + K1 (Zi, Ziyn) + H(Zi)] = O.

i=1
For Z, = O (r #i,i + n) from the above equation we obtain
K,(U,V)=-K(U,V)—-2H(U) —2H(V).

By putting the above obtained value of K into (48), we have

m+n+k
> H(Z) =0,
=1
i.e.
H(U)=0.

On the basis of the previous equalities, the function ¢ is determined by
g9(U,V,W)=K(U,V) - K(W,U)+G(V,W) —-G(W,V). a

According to the previous lemma and the transformation (43), we obtain the
following theorems.
Theorem 8. If a™ ™k £ 1, m#n#k#m, m#n+k, n#m+k and k #m+n,
then the general solution of the functional equation (1) is

f(U,V,W) = F(U 4 "™V 4+ a™W) — F(W +a""*U 4 a"V)+

+G(V +a™""W + a"U) — G(W + a"*U + a*V),

where F, G :V — V' are arbitrary complex vector functions.
Theorem 9. If a™t"tF £ 1, m #n # k # m and m = n + k, then the general
solution of the functional equation (1) is

f(U,V,W) = F(U +d""™V 4+ a™W) — F(V + a™""W + ¢"U)+
+G(U +d"™™V + a™W, W +a"™*U + a"V) -
—G(W +a" ™" U + afV, U +d""V + a™W),

where F:V — V' and G : V2 = V' are arbitrary complex vector functions.
Theorem 10. If ™"tk £ 1, m £ n # k # m and n = m + k, then the general
solution of the functional equation (1) is

f(U,V,W) =F(W +a""*U 4+ a*V) — F(U + a"™™V + a™W)+
+G(U + a"™™V + a™W, V 4+ a"™ "W + a"U)—
—G(V 4+ a™"W +a"U, U + a"™™V + a™W),

where F:V — V' and G : V2 = V' are arbitrary complex vector functions.
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Theorem 11. If a™t" % £ 1, m #n # k #m and k = m + n, then the functional
equation (1) has a general solution

f(U,V,W) = F(U + d*"*"™V 4+ a™"W) — F(V + a™"W + a"U)+
+G(V +a™"W +a"U, W + a" U + aF V) -
~G(W +a"™U + a"V, V + ™ "W + a"U),

where F:V — V' and G : V? — V' are arbitrary complex vector functions.
Theorem 12. If a™"t% £ 1 and m # n + k, then the general solution of the
functional equation (1) is

f(U,V,W) = F(U +d""™V + a™W, V + a™"W + o"U)—

—F(V +a™™"W 4 a"U, U + d"*™V + a"W),

where F : V2 — V' is an arbitrary complex vector function.
Theorem 13. If ™"tk £ 1, m £ n =k and m = 2n, then the functional equation
(1) has a general solution determined by

fU,V,W) =F(U +d""™V +a™W, V +a™"W +a"U)—

~F(V+a™™W +a"U, W +a"™*U + a*V)+
+G(W + a" U 4+ a*V, U + a*T™V 4+ a™W)—
—GU + a"™™V + a™W, W + a" U + d"V),

where F, G : V?> = V' are arbitrary complex vector functions.
Theorem 14. If a™™" % £ 1, m = n # k and k # m + n, then the functional
equation (1) has a general solution given by

fU,V,W) =F(U +d""™V + a™W, V +a™ "W +a"U)—

~F(W +a""*U + a*V, U 4+ "™V + a™W),

where F : V? — V' is an arbitrary complex vector function.
Theorem 15. If a™t"tF £ 1, m =n # k and k = m + n, then the the functional
equation (1) has a general solution

f(U,V,W) = F(U 4+ a*™™V + a™W, V + a™ "W + a"U)—
—F(W 4+ a"™*U + a*V, U + d"*™V + "W)+
+G(V 4+ a™ "W +a"U, W + a" U 4 aFV)—

~G(W 4 a"™*U + a*V, V + ™ "W + a"U),

where F, G : V2 — V' are arbitrary complex vector functions.
Theorem 16. If a™ "% £ 1, m =k # n and n # m + k, then the functional
equation (1) has general solution

fU,V,W)=F(V+a™"W +a"U, W +a""*U +a*V)—
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~F(W +a" ™ U + a*"V, U + "™V + a™W),

where F : V2 — V' is an arbitrary complex vector function.
Theorem 17. If a™t"% £ 1, m =k # n and n = m + k, then the functional
equation (1) has a solution given by

f(U,V,W) = F(U +d**™V + a™"W, V + a™""W 4 a"U)—
~F(V+a™™"W +a"U, U +a"*"™V 4+ a"W)+
+G(V 4 a™ "W + a"U, W + a" U + a*V)—

—G(W +a"™*U 4+ bV, U + a™ "V + a"W),

where F, G : V? = V' are arbitrary complez vector functions.
Theorem 18. If ™"tk £ 1, m =n =k, then the general solution of the functional
equation (1) is

f(U,V,W) = F(U +d**"™V + a™W, V + a™ "W + a"U, W + a" " U + aFV)—

—F(V+a™""W 4 a"U, W + a"" U + oV, U + TV + a™W),

where F : V3 — V' is an arbitrary complex vector function.
III. If @™*+"*tk = 1, this case is very difficult and up to now we are not able to
solve the functional equation (1).

2 Solution of the Generalized Functional Equation

Further, we will consider the solving of the functional equation (2). For the equation
(2) we will determine the general solution only if a™T"+* #£ 1.
Now, we transform the equation (2). If we put

= g;(U 4+ a* ™™V + a™W, V + a™ "W + a"U, W + a"*U + a*V),
then the equation (2) becomes

m+n+k m—1 n—1 k—1
1 k—1—j k—1—j
> gi(E A" I T+ Y @t Iz, Y a T T T i,
=0

=1 j=0 j=0

n—1 k—1 m—1

—1—j k—1—j —1—j

Y 0" I i+ Y TR Y T 2,

j=0 j=0 j=0
k—1 m—1 n—1

k—1—j k—1—j k—1—j

a ]Zm+n+i+j + Z gt JZi+j +§ :an+ ]Zm+i+j) =0,

Jj=0 Jj=0 Jj=0

i.e.

m+n+k m+n+k—1 m+n+k—1

(50) Z gi( Z @ Zy—14i—j, Z A L n—1+i—j»
i=1

=0 =0
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m+n+k—1

E ajZernJrk:flJrifj) =0.
Jj=0

Since the linear forms

m+n+k—1
T; = Z @Zlpm14+i—; A<i<m+n+k)
=0

are linearly independent, it is possible to introduce new variables T; which are deter-
mined by the above relations.

Therefore, the functional equation (50) takes the following form

m+n+k
(51) Z 9i(Ti, Titn, Tiynyx) = O.

i=1

For the last equation the following lemma holds.
Lemma 2. The general solution of the functional equation (51) is given by the equal-

ities
1% gi(U,V,W) = F;(U) = Fisnsx(W) = Hi{(V) — Hiy (W) — 4,
m+n+k
> 4;=0
i=1
m#n#k#m, m#n+k, n#m+k, k#m+n),
200 gi(U,V,W) =F;(V) = Fi.x(W) +G;(UW) (1<i<m),

gi(U,V,W) = Fz(V) — Ferk-(W) — Gi+m(W,U) — Ai+m (m +1 S ) S 2m),

i=1
(m#n#k#m, m#n+k),
3% gi(U,V,W) =Fi(W) = Fi1.,(U) + Gi(U, V) (1<i<n),

gz(U,V,W) = Fz(w) - Fz+m(U) - Gl+m(V>U) - Ai+m (n +1 S i S 277,),

i=1

(m#En#k#m, n=m+k),
2. gi(U,V,W) = Fi(U) = Fi1n(V) + Gi(V,W) (1 <i<k),

9i(U,V,W) = F;(U) = Fiyn(V) = Gy, (W, V) — Ajpr, (k+1<1i<2k),
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(mtntktm k=md+n),
59. gi(U,V,W):Gi(U,V)—GH_n(V,W)—FAZ’ (1§z§m+n+k),
m+n+k
> 4;=0
i=1
(m#n=%k m#n+k),
6°. ¢;(UV,W)=K;(UV)—- K n(V,W)+G;(W,U) (1<i<m),
9i(U,V, W) =K;(U, V) — Kiyn(V,W) = Gz (UUW) (m+1<i<2m),
(m#n=%k m=n+k),
70. gi(U,V,W) = GZ(U,V) — Gi+n+k(W, U) + A; (]. <ir<m+n+ k?),
m+n+k
> 4;=0
i=1
(m=n#k k#m+n),
8. (U, V,W)=K;(U, V) - Kiynit (W, U)+G;(V, W)+ 4; (1<i<k),

9i(U,V, W) = K;(U,V) = Kiynx(W,U) = Gi(V,W) (k+1<14<2k),
(m=n#k, k=m+n),
9% gi(U,V,W) =Gi(U, V) = Gigmn(W, V) + 4; 1<i<m+n+k),

m+n+k

> 4;=0
i=1

(m=k#n, n#m+k),
100. gi(U,V,W) = KZ(V,W) — Ki+k(W, U) + Gl(U, V) + Az (1 S ) S TL),

(m=k#n, n=m+k),

9i(U,V,W) = —L;(V,W,U) = Lizon,(W,U,V) (2m+1<1i < 3m),

(m=n=k).
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In all cases the functions F;, H; -V — V', G, K; : V> = V' and L; : V> — V'
are arbitrary complex vector functions such that Fiypnimar = Fi, Gitnemer = G,
---. Also, for the arbitrary constant complex vectors A; the equalities Ay pymir = A;
hold.

Proof. Since the statements of the lemma for particular cases may be proven in
a similar way, therefore it is sufficient to prove the lemma only for some cases, for
example 4° and 5°.

4% If in (51) all variables, except T;, T;t, and Tiynik, are equal to some con-
stant, we obtain

gi (Tiv Ti+n) Ti+n+k) =F; (Tl) + K; (TiJrn; Ti+n+k);
ie.

where F; and K; (1 <i <m+n+ k) are arbitrary complex vector functions.
On the basis of the equation (52), the equation (51) becomes

m-+n-+k m-+n+k
> F(T)+ > Ki(Ti,Tifnix) =0,
i=1 i=1
ie.
m+n+k m+n+k
> Fin(Tipn)+ Y, Ki(Ti, Tiynys) =O.
i=1 i=1

If we put T, = O (r =i+ n,i+n+ k) into the previous equality, we obtain
(53) Fitn(Tivn) + Fipnak (Tiznir) + Ki(Tivn, Tiznir)

+ Ktk (Tivntr, Tign) + Aigre = O,

where A; are arbitrary constant complex vectors.
From (53) we obtain

Ki(V,W) = =Kiynm(W,V) = Fi1n(V) = Fipnrn (W) — i,
i.e. the equation (52) takes the form
9i(U, V,W) = F;(U) + K;(V,W) (1<i<k),
9i(U,V,W) = Fi(U) = Ki1r(W, V) = Fi1n(V) = Fipni k(W) — Aigp
(h+1<i<2k),

such that i

ZAZ:O.

i=1

If we introduce new functions G; by

Gl(V>W) = Kz(va) + Fz+n(V)>
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the previous equations take the following form
G:(U,V, W) = F;(U) - Fiun(V) + Gi(V,W) (1< i <E),
gi(U,V,W) = F;(U) = Fi4n(V) = Gitx(W, V) = Ajpp (K +1 <4 < 2k),

where

50.If T; =0 (j #4i,i+n,i+n+k), from the equation (51) we obtain
9i(Ti, Tin, Tivnir) = Ki(Ti, Titn) + Mi(Tivn, Tigntr),
ie.
(54) 9:(U, V,W) = K;(U,V) + Mi(V, W),

where K; and M; are arbitrary complex vector functions.
On the basis of the relation (54), the functional equation (51) becomes

m+n+k m+n+k
Z Kl(Tl’TlJrn) + Z Mi(Ti+n>Ti+n+k) = 07
=1 =1
i.e.
m+n+k m+n+k
(55) > Ki(Ti,Tizn)+ D Mipmin(Ti, Tiyn) = O.
i=1 =1

If we put T, = O (r # 4,7+ n) into (55), then
(56) Ki(Ti, Ti+n) + Mi+m+n (Ti: Ti+n) + P (Tz) - Qi+n(Ti+n) = 0:

where P; and (); are arbitrary complex vector functions.
On the basis of the above equation (65), the equation (55) becomes

m+n+k m+n+k

Z Pi(T;) — Z Qi(T;) = O,

from which we obtain

m+n+k
Qi(Ti) = P(T)+B;, > Bi=0.
i=1
Therefore, the equality (56) takes the form
Ki(Ti, Tiyn) + Miymik(Ti, Tivn) + Pi(Ti) = Piyn(Tign) — Bign = O.

On the basis of this equality and (54), we have
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gi(U; V: W) = Kz(Uv V) - Ki+n(V) W) + Pz+n(U) - Pz+2n(V) + Bi+2n>

ie.
m+n+k

gi(U,V,W) = G;(U, V) = Giyn(V,W) + 4;, Y A =0,
i=1
where we put
Gi(U) V) = Ki(Uv V) + PiJrn(U)) A= Bi+2n-

On the basis of Lemma 2 and the transformations (49), there follow the theorems
which treat the functional equation (2).

Theorem 19. If a™™"tF £ 1, m £ n#k#m, m #n+k, n #m+k and
k # m + n, then the general solution of the functional equation (2) is

f(UV,W) = F;(V +a™"W + a"U) — Fi (W + a" U + afV)+

+Gi(U + o™V + a™W, W +a"™*U +a*V) (1 <i<m),

f(UV, W) = F;(V +a™"W +a"U) — Fiy,(W + a" U + a*V)—

~Gipm(W + a" ™ U + oV, U + a**™V + a™W) — Airyy (m+ 1< < 2m),

&ao
i=1

where F; : V = V' and G; : V2 — V' are arbitrary complex vector functions, and A;
m+n+k

are arbitrary constant complex vectors such that Z A; = 0.
i=1

Theorem 20. If ™"tk L 1, m#£n#k#m and m = n + k, then the general
solution of the functional equation (2) is

FUV, WY = Bi(V 4 a™ W + a0 — Foon (W + a" U + ok V) +

+Gi(U + o™V + a™W, W +a" U +a*V) (1 <i<m),

f(UV, W) = F;(V +a™"W +a"U) — Fiy,(W + a"T*U + a*V)—
—Girm(W + a" ™ U + akV, U + a**™V +a™W) — Airyn (m+1<14 < 2m),

where F; : V = V' and G; : V2 — V' are arbitrary complex vector functions, and A;
m
are arbitrary constant complex vectors such that Z A; =0.
i=1
Theorem 21. If a1tk £ 1, m #n # k # m and n = m + k, then the general
solution of the functional equation (2) is

FUV,W) = Fy(W + a™ U + a*V) = Fyym (U + a5V + ™ W)+

+Gi(U + btV + a™W, V +a™t"W +a"U) (1 <i<n),

FUV,W) = Fy(W + a™ U + abV) = Fyym (U + a5 ™V + ™) —
~Gign(V +a™W + a"U, U +a"t™V +a™W) — Ay (n+1<4 < 2n),
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where F; : V — V' and G; : V2 = V' are arbitrary complex vector functions, A; are
n

arbitrary constant complex vectors such that Z A; =0.

i=1
Theorem 22. If a™t"tF £ 1. m #n # k # m and k = m + n, then the general
solution of the functional equation (2) is given by

FUV,W) = Fy(U 4 a"*™V + a™W) — Fi i (V + a™ "W + a™U)+
+G(V + ™ W 4 a™U, W + " U +akV) (1 <i<k),

FUV,W) = F(U + a**™V + a™W) — Fi (V4 a™ W + a"U)—
—Gik(W + a" U + akV, V + o™ "W + a"U) — Ajr (k+1<i < 2k),

where F; : V — V' and G; : V2 — V' are arbitrary complex vector functions, A; are
k

arbitrary constant complex vectors such that Z A; =0.

i=1
Theorem 23. If a5 £ 1, m # n =k and m # n + k, then the general solution
of the functional equation (2) is

F(UV,W) = F(U + a**™V + a™W, V + a™ "W + a"U)—
~Fin(V+a™t"W +a™U, W +a" U +a*V)+A4; (1<i<m+n+k),

where Fy : V2 = V' are arbitrary complex vector functions, A; are arbitrary constant
m+n+k

complex vectors such that Z A; = 0.
=1

i=
Theorem 24. If ™" % £ 1, m # n =k and m = n + k, then the general solution
of the functional equation (2) is determined by

FUV,W) = FyU + "™V + a™W, V + a™ "W + a"U)—

—Fi (V4 a™W +a™U, W + a"t*U + a*V)+

+G;(W +a™ U + a*V, U + e ™V +a™W) (1 <i <m),
fi(UV,W) = F;(U + a**™V 4+ a™W, V + a™ "W + a"U)—

—Fi (V4 a™ "W +a™U, W + a" *U + a*V)—

—Giym(U + abt™V + a™W, W + a" U + a*V)  (m+1<i < 2m),

where Fy, G; : V2 = V' are arbitrary complex vector functions.
Theorem 25. If " F £ 1, m =n # k and k # m + n, then the general solution
of the functional equation (2) is

fi(U,V,W) = F;(U + a**™V + a™W, V + a™ "W + a"U)—

—Fipnik(W +a" U + 6"V, U+ o™V +a™W)+ 4; 1<i<m+n+k),

where F; : V2 — V' are arbitrary complex vector functions, A; are arbitrary constant
m+n+k

complex vectors such that Z A; = 0.
i=1
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Theorem 26. If a™™"t* £ 1 and k = m + n, then the general solution of the
functional equation (2) is

fi(U,V,W) = F;(U + a**™V + a™W, V + a™"W + a"U)—

—Fiinir(W +a" U + a*V, U + a*+™V 4+ a™W)+

+G(V + a™ "W + a"U, W + a" ™ U +a*V) + 4; (1 <i<k),

fi(U,V,W) = F;(U + a**™V + a™W, V + o™ "W + a"U)—

—Fipnir (W + a0 + a*V, U + a*t™V 4 a™W)—

~Gipk (W + a0 + a*V, V + a™ "W +a"U)  (k+1<i < 2k),

where F;, G; : V2 — V' are arbitrary complex vector functions, and A; are arbitrary
k

constant complex vectors such that Z A; =0.

i=1
Theorem 27. If a™t"F £ 1, m =k #n and n # m + k, then the general solution
of the functional equation (2) is

fi(U, V,W) = F(U + a**™V + a™W, V + o™ "W + a"U) -

—Fipman(W +a" U +a*V, V 4+ a™ "W +a"U)+ 4; (1<i<m4+n+k),

where F; : V2 — V' are arbitrary complex vector functions, and A; are arbitrary
m+n+k

constant complex vectors such that Z A; = 0.
i=1

Theorem 28. If a™t"F £ 1, m =k #n and n = m + k, then the general solution
of the functional equation (2) is determined by

fi(U,V,W) = F;(V +a™"W + a"U, W + a"t*U + a*V)—
—Fi (W 4+ a™ U 4+ a*V, U + aFTV + a™W)+
+G;i(U 4+ a*T™V + a™W, V + a™ W + a"U) + 4; (1 <i < n),
fi(U,V,W) = F;(V +a™"W + a"U, W + a"t*U + a*V)—
~Fiy(W +a™ kU + a*V, U + o™V + a™W)—
—Gizn(V +a™W + a"U, U + a**™V +a™W) (n+1<i<2n),
where F;, G; : V2 — V' are arbitrary complex vector functions, and A; are arbitrary
constant complex vectors such that Z A; =0.
i=1
Theorem 29. If ™"tk £ 1 m = n =k, then the general solution of the functional
equation (2) is
fi(U,V,W) = F;(U 4+ o™V +a™W, V +a™™"W + a"U, W + a" U 4 a*V)

(1<i<2m),
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LUV, W) = —F;(V + a™™W + a"U, W 4 a" " U + d*V, U + "™V 4+ o™ W) -
—Fiyon(W + " FU + a*V, U 4 "™V +a™W, V + a™ "W + a"U)
(2m +1 <i < 3m),

where F; : V3 — V' are arbitrary complex vector functions.

If a =1or a™** =1 (a # 1), then the solution of the functional equation (2)
is very complicated and up to now we cannot obtain it.
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