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Abstract

In this note, we give two intrinsic integral inequalities for compact maximal
space-like submanifolds in the indefinite space form and a sufficent and necessary
condition for such submanifolds to be totally geodesic.
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1 Introduction

Let M]'*?(c) be an (n + p)-dimensional connected semi-Riemannian manifold of con-
stant curvature ¢ whose index is p. It is called an indefinite space form of index p and
simply a space form when p = 0. If ¢ > 0, we call it as a de Sitter space of index p. Let
M™ be an n-dimensional Riemannian manifold immersed in M;}“’ (¢). As the semi-
Riemannian metric of M}*?(c) induces the Riemannian metric of M", M™ is called
a space-like submanifold. A space-like submanifold with vanishing mean curvature is
called a maximal space-like submanifold. Kobayashi [5] gave the Weierstrass-Enneper
representation formulas for maximal space-like surfaces in 3-dimensional Minkowski
space and exhibited various examples. In particular, he determined the maximal space-
like surfaces which are rotation surfaces or ruled surfaces. Montiel [6] give an integral
inequality for compact space-like hypersurfaces in the de Sitter space and by use of
this integral inequality, he studied the constant mean curvature space-like hypersur-
faces. Also, Akutagawa [1] and Ramanathan [8] investigated space-like hypersurfaces
in a de Sitter space and proved independently that a complete space-like hypersur-
face in a de Sitter space with constant mean curvature is totally umbilical if the mean
curvature H satisfies H> < ¢ when n = 2 and n?H? < 4(n — 1)c when n > 3. Later,
Cheng [3] generalized this result to general submanifolds in a de Sitter space.

In this paper, we study compact maximal space-like submanifolds in the indefinite
space form with flat normal bundle and obtain two intrinsic integral inequalities for
such submanifolds. We also give a sufficent and necessary condition for such subman-
ifolds to be totally geodesic. We will prove the following
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Theorem 1. Let M™ be an n-dimensional compact mazimal space-like submanifold
in MJ*P(c) with flat normal bundle, then

1

Theorem 2. Let M™ be an n-dimensional compact mazimal space-like submanifold
in MJ*P(c) with flat normal bundle, then

1 § 2 1 2 2
.. —_ _ —_ —_ < .

Theorem 3. Let M™ be an n-dimensional compact mazimal space-like submanifold
in M;H‘p(c) with flat normal bundle, then M™ is totally geodesic if and only if

/Mn {%ZRiijk +(n—2)eS —n(n - 1)02} x1=0.

In the above theorems, >° R? ;.. is the square length of the Riemannian curvature
tensor, > R2, ; the square length of the Ricci curvature tensor, S the square length of
the second fundamental form, R the scalar curvature. All these are intrinsic properties

of M™.

2 Preliminaries

Let M}"P(c) be an (n + p)-dimensional semi-Riemannian manifold of constant cur-
vature ¢ whose index is p. Let M™ be an n-dimensional Riemannian manifold im-
mersed in M"*?(c). We choose a local field of semi-Riemannian orthonormal frames
€1y +)Cpyp iN M;H‘p(c) such that at each point of M"™, ey,...,e, span the tangent
space of M™ and form an orthonormal frame there. We use the following convention
on the range of indices:

ISA,B,C’---STL_FP; 1§i7j7k7"'gn; n+1Sa7ﬂ7’YSn+p'

Let wi,...,wptp be its dual frame field so that the semi-Riemannian metric of
M]*P(c) is given by ds* = wa - Zwi = ZeAwi, where ¢; = 1 and €4, = —1.
i o A

(2
Then the structure equations of M'*?(c) are given by

(1) dwr =Y epwap Awp, wap+wpa =0,
B
1
(2) dwap = Z ecwac Nwep — 3 Z Kapcpwe Awp,
C c.D
(3) Kapcp = ceaeg(0acdpp —0apdBe).

By restricting these forms to M™, we have
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(4) we =0, n+l1<a<n+p,

the Riemannian metric of M"™ is written as ds? = E w?. From Cartan’s lemma we

can write
(5) Wai = ) hfwj, by = ;.
J
From these formulas, we obtain the structure equations of M™:
(6) dw; = Zwij ANwj, wij +wj; =0,
J
1
(7) dwij = Zwik ANwgj — 3 ZKz’jklwk A wi,
k k,l
(8) Rijri = c(0indji — 6udjr) — Z( kD5 — hithje),

(e}

where R;;; are the components of the curvature tensor of A/™.
For indefinite Riemannian manifolds in detail, refer to O’Neill [7].
We call
9) h = Zh ea—Zh”wl@wJ@ea
iJj,a
the second fundamental form of M™ and the square length of the second fundamental
form is defined by

(10) S=> tr(ha)? =Y ().

Q,i,j

The mean curvature vector IV of M™ is defined by

(11) N = % Ztr(ha)e Z Zh“ €as

and it is well known that IV is independent of the choice of unit normal vectors
€nt1,---)entp to M™. The length of the mean curvature vector is called the mean
curvature of M"™, denoted by H.

If M™ is maximal, then

(12) Zh”‘—O a=n+1,...,n+p.

Define the first and the second covariant derivatives of {hg;}, say {h{;;} and {h{};,}
by

(13) Z h%kwk = dh% + Z hgjwki + Z h;»’;cwkj + Z h?ija,
k k k B
Z h?jklwl = dh%k + Z hmjkwml + Z hzmkme
(14 ’
D Mo + Z hjuwsa
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Then we have

(15) hie = ik
(16) W& — h&ue = > B Ruji + Y 1S, Rnivt + > bl Ragia
m m B
where R,y are the components of the normal curvature tensor of M", that is
(17) Ragrr = Y _(hghi — h§hi).

i

If Rogri = 0 at point z of M™ we say that the normal connection of M™ is flat at
x and it is well known [2] that Rysrm = 0 at z if and only if h, are simultaneously
diagonalizable at z.

The Laplacian Ahg; of the fundamental form hf; is defined to be Yok hsgy» and
hence, if M™ has flat normal bundle, from (15) and ( 6) we have

[e] _ (o] (e (e (o]
Ah; = E (hkr — Pikjr) + E (hikjk — Pikrs) + E ik — PNikij)
k k

(18) = Z W Bmkjk + Z b Bomii

m,k m,k

3 Proofs of the Theorems

Proof of Theorem 1. From (8), (12) and (18), we have

Z hs ARG = Z hii bk Riniji + Z heihm Bk jk
= 2 Z Z mk — (rlnj ?k)Rmijk + Z hzh?m h?zh?m)ij
1
(19) = 3 E[C(5ij5mk — Omjlir) — Rimjr] Rmijk

+ Z[C(5ij5im — 0ii0jm) + Rijim]Rmj
1
= 3 Zanijk + Zanj — ncR.
Since / Z hi;Ahg;} 1 <0, we have

1
(20) / {EZRfmjk +YOR, _ncR} f1<0.
Mn

Theorem 1 is proved.
In order to prove Theorem 2, we need the following algebraic lemma
Lemma. Let aq,...,a, be real numbers, then

1) (e > (Y ),

and the equality holds if and only if a1, = --- = a,,.
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In fact,
(22) nYy (@) = a) =) (ai—a;)?

then Lemma follows immediately from (22).
Proof of Theorem 2. From (8), we have

(23) Ryj = (n—1)com; + Y _ bt hsy,

(24) R=n(n—-1)c+S.

Since M™ has flat normal bundle, so we can diagonalize the second fundamental
form simultaneously so that hf; = /\"‘613, then from (21), we have

(25) Rpnj = (n = 1)cbmj + Y _(A$)?0mj,

YRE, = nn-1+2(n—1)cS+ Y (A3)*
(26) > n(n—1)%c2 +2(n—1)cS + %{Z(A;’V}Z

1
= n(n—-1>2%"+2(n—1)cS + ESZ,

therefore from (20), we have

1 1
(27) /n{52}3?,”%+ES2+(n—2)cS—n(n—l)02}*1SO.

Theorem 2 is proved.
Proof of Theorem 3. From (27), we have

(28) / { > R+ (n—2)cS —n(n— 1)02} %1 <0.

If M™ is totally geodesic, i.e., S =0, h{; = 0, then from (8), we have

(29) Rmijk = 6(6771]'6“6 mk:(szg ZRm”k = 277/ TL — ].)

in this case, (28) becomes an equality.

Inversely, if (28) becomes an equality, then S =0, M™ is totally geodesic.
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