R-Separated Spaces

Liviu Popescu

Abstract

In this paper we have generalized the axioms of the separated spaces T;
(i = 0,4), by replacing the equality relation on a topological space X, Ax,
by an arbitrary binary relation, R. Many theorems in general topology may
be generalized in this way. It will be interesting to study spaces separated by
functions, equivalence relations or order relations. In section 1 are presented
axioms and caracterizing theorems of R-separation, in section 2 are presented
some properties of spaces separeted by equivalence relations and in section 3 we
will obtain some results concerning spaces separated by functions.

Mathematics Subject Classification: 54A05
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1 Axioms and theorems of R separation

First let us make the following notations: (X, 7) is a topological space; R C X x X
is a binary relation on X; R is the dual of R (i.e.xﬁy & (z,y) ¢ R); R! is the
inverse of R (i.e. tR™'y & (y,z) € R); xtRA < zRy, (V) y € A; tRA & xRy (V)
y € A; ARB & zRy, V) 2 € A, (V) y € B; ARB & zRy, (V) z € A, (V) y € B;
R(z) = {y| Ry} and R™' (z) = {y| yRz}; R(A) = {y| (3) = € A so that zRy};
R7Y(A) = {y| () = € A so that yRz}; V, is the neighborhood filter of z € X; For
any A C X we note by V4 = {B| (3) D € T sothat AC D C B} and we note
CA=X\A.

We will replace in the classical definitions of the separated spaces x # y by
tRy;x ¢ A by tRA or ARr and AN B by ARB. Replacing in the following con-
siderations the relation R by Ay (i.e. zRy < = = y), we shall find the classical case
of T; spaces (i = 0,4).

Definition 1. X is T, - space iff (V)z,y € X with zRy, (3) V, € V, so that V, Ry or
(3)Vy € V, so that zRV,.

Definition 2. X is T - space iff (V) z,y € X with Ry, (3)V, € V, and (3) V,, € V),
so that xRVy and V, Ry.

Definition 3. X is T.F - space iff (V) z,y € X with 2Ry, (3)V, € V,, )V, € V, so
that V, RV,.
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Remark 1. TE c TR c TE.

Remark 2. If in the definitions 1,2,3 we take xRy iff x = y, then they become those
in the classical case.

Theorem 4. X is Tf' - space iff for each z,y € X we have: y € R(z) and x €
R~1(y) = xRy, where by A we note the closure of the subset A of X.

Proof. V;Ry or zRV, & V, NR™'(y) =D or Rx)NV, =0 & = ¢ R~(y) or
y ¢ R (z) for xRy ©if x € R-1(y) and y € R(z), then zRy. O
Theorem 5. X is Tf'— space iff R(x) and R™' (x) are closed subsets, for every
z e X.

Proof. =", Suppose that X is T} - space and zRy. Then exists V, € V, an Vy €
so that mﬁVy and V, Ry. From here: R(z) NV, =0 and V,NR~! (y) =0 =y ¢ R(x
(v). So:

X is T{-space = for each y ¢ R(z) we have y ¢ R(z) = R(z) C R(z) =

R(a);
R1(y) = R’1 (), just like in (a).

”<:”. (a) If R~! (y) is a closed subset of X, then for each xRy, we have z ¢ R~1 (y).
From here: (3) V, € V, with V, N R™! (y) = 0 = V. Ry. (b) (3) V,, € V, with xRV,
just like in (a). O
Theorem 6. X is T - space iff R is a closed subset of X x X.

Proof. X is T - space iff (V)2Ry, (3)V, € V, and (3)V, € V, with VRV, &
(V) (z,y) ¢ R,(3) Ve € Vi, (F)V, € Vy, s0 that V, x V,, C R & (V) (z,y) € R, then

it is interior point of R < R is an open subset of X x X. a
Theorem 7. X is T - space iff for each x € X we have () R(V) = R(z) and for
VeV
every y € X we have (| R=1(U) = R7(y).
Ueyy
Proof. ”=". Suppose X is T - spaceand y € (| R(V) =y e R(V), V)V € V,.

Vev.
Ify ¢ Rz) = 2Ry = (3)V, € Vy and (3)V, € V,, so that V,RV, = R(V,)N
Vy =0 =y ¢ R(V,), contradiction, so y € R(x) and from here (| R(V) C R(z) =

Vev,
N R(V) = R(z).
Vev,
In the same way we infer (| R-1(U) = R }(y).
vev,

"<”. Suppose zRy = y ¢ R(z) = y ¢ ﬂ R(V) = (3) V, € V, so that

y ¢ R(V,) = (3) V, €V, so that V, N R(V; )—$:>VRV:>X15TR O
Remark 3. It is enough to replace in Theorem 7, V, with a neighborhood basis of z.
Definition 8. (a) X is a R; - regular space iff for each F, closed subset so that F Ry,
there exists Vg € Vr (neinghorhood of F) and there exists V,, € V, so that VFRVy.
(b) X is a R, - regular space iff for each F, closed subset with zRF, there exists
Vr € Vr and there exists V, € V, so that V, RV.
(c) X is a R - regular space iff X is a R; and R, space.
Remark 4. If R is a simetric relation (i.e. R C R™!) then (a) & (b) & (c).
Remark 5. If in this definition we take zRy iff £ = y then they become those in the
classical case.
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Theorem 9. (a) X is a R; - reqular space iff for each y € X and U € Vg-1(y) there

exists V € Vy so that R-Y (V) C U.
(b) X is a R, - regular space iff for each v € X and U € Vpg(y) there exists V € V,

so that R(V) C U.

(¢) X is a R - reqular space iff (a) and (b) are both trues.
Proof. (a) "=". Suppose X is R; regular space. Let y € X be and U € Vg-1(y).
Suppose that U is an open set. Then F' = CU is a closed set == FN R~ (y) =0 =
FRy = there exists Vg € Vp so that VpRV, = Vp N R™Y(V,) = 0. Without loss the
generality we can suppose Vi open set = CF is a closed set = R1(V,) C CVp =

CVi. But F C Vi = CVp CCF =U = RY(V,) CU.
"<”. Let F be a closed set and y € X so that FRy = FN R '(y) = 0 =
R=Y(V,) C CF;CF = U is an open set = U € Vg-1(y) = there exists V € Vy so

that R-%(V,) c U = CR (V) D CU = F. But CR~'(V,) = Vp is an open set

= VF € V. Because R='(V,)) C R=(V,) we have:

CR*V,)DCR Y(V,)=CR *(V,) DVp=>VrNR '(y) =0 = VpRV,.

(b) In the same way as (a).

(c) Is the consequence of (a) and (b). O
Definition 10. X is a R - normal space iff for each Fy, F5 closed sets so that Fy RF».
there exists:

Vi € Vp,,Va € Vi, so that ViRV5.

Theorem 11. X is a R - normal space iff for each F' closed set and U € Vg(p),

there exists V € Vg so that (a) R(V) C U and (b) for each U € Vp-1(y), there exists

V € Vg so that R-Y (V) CU.

Proof. ”=". Suppose X is a R - normal space. Let F' be a closed set and U € VR(F) =
R(F) C U. Suppose U is a open set = F; = CU is a closed set. As CR(F) D F;
= R(F)NF, = ) = FRF, = exists Vp € VF and Vi € Vp, so that VFRV;. But
Vi D Fy = CV; C CF,. Suppose V; is an open set = CV; = CV] is a closed set. But
VFrRVL = R(Vp) C CVy = CV; = R(Vy) C CVi C CF, = U. So R(Vy) C U. In the
same way for each U € VR,I(y),there exists V € Vg so that R—'(Vr) C U.

"< Let Fyi, F» be closed sets so that Fi RFy = R(Fi)NFy, =) = R(Fy) C CFy;
CF, = U is a open set = U € Vp(p,) = there exists V} € Vp, so that R(V;) CU =

CR(V1) = Vs, is an open set and Va2 D Fy = V5 € Vp,. Observe that CV2 = R(Vy) D
R(Vi) = R(Vi)NVa =0 = ViRV,. a
Remark 6. Definition 5 < condition (a) < condition (b), as we can see from the
proof. The R - separated spaces can be characterized by using sequences. First we
define the T and T} spaces.
Dfinition 12. (a) X is T space iff X is a T} space and R - regular space.

(b) X is Tf space iff X is a T} space and an R - normal space.
Theorem 13. Tt c TE c TF c TE c TE.
Proof. Observe that if X is T} space then {z} = {z} for each € X ; using this
condition results the first and the second inclusion of theorem 7. a
Remark 7. A naturally condition for T and T# spaces would to be T} space, but
it is not good enough to Theorem 7.
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Theorem 14. X is T space iff for the generalized sequences (zo)acr and (yp)ses
we have
Ty = T
Ys =y
zo Ry
TRy

= zRy.

Proof. We will use Theorem 1.
” = ”. Suppose y € R(z) and © € R~ (y) = xRy. See that:

Ty — T SRS
roRy = v € R (y) }=>a:€R ).

Also:

Ys — Y ESYPRY
zRys = y € R(z) }:>y € R(x).

By using Theorem 4 we have xRy.

7<”. y € R(z) = there exists (yz)ses so that ys — y and ys € R(z) = zRys,
x € R~1(y) = there exists (z4)acs so that z, — z and z € R™!(y) = z,Ry. From
here it follows zRy. m|
Theorem 15. X is T space iff for the generalized sequences (zo)acr and (yp)ses
we have

To = X

Ys =y
2o Ry } = Ry and } = zRy.

rRys
Proof. We use Theorem 5.

"7 xe = TRy = x4 € R7Y(y) = R7(y) = © € R™'(y) = =Ry, ys —
y;zRys = yp € R(x) = R(z) = y € R(x) = =Ry

"<”.y € R(x) = there exists (yg)ges a generalized sequence so that yz € R(x)
and yg — y. Observe that tRys = 2Ry = y € R(z) = R(x) = R(z). z € R~1(y) =
there exists (24 )acs a generalized sequence so that z, € R~ (y) and z, — z. Observe
that r,Ry = xRy = =z € R™'(y) = zRy. O
Theorem 16. X is T space iff for each generalized sequences (zo)acr and (Yo )acr
so that £, Rya, o — © and yo — y, we have xRy.

Proof. We use Theorem 6.

X is Tf space iff R C X x X is a closed set & for each (7,,y,) € R so that
(Za,Ya) — (z,y) we have (z,y) € R & for each z, — ; yo = ¥, TRy, it follows
zRy. O
Example 17. If ” < ” is an order relation on X and if X is a T\¥ space then
To SY; Tog 2= y; 0 <yYs; Ys >y =>c < y.

If X is a T space, then from z, < Yo; Ta — T; Yo — y results z < y.

Example 18. Let 7 < ” be an order relationon R: z < y iff y —2z € N. R is T%
space for i € {0,1,2} but it is not T;* space for i € {3,4}.

Proof. (a) It is obious that ” < ” is an order relation on R and more: < (z) =
r+ N, <7t (y) =y —N, for each z,y € R. 7, < ¥n = yn — T, € N, where
(Tn),eN and (yn), N are real sequences. Tn, — T, Yo =y = Yn — T — y —z. From
here exists ng € N so that y, —z, € (y — 2 — 1/2,y — x + 1/2) for each n > ny.
Because y, — z, € N it follows y, —x, = m € N , so y, — x, is constant for
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n>ng =y, — T, =y —x €N =z <y. Using Theorem 16 results R is T* space,
so T space for every i € {0, 1,2}.
(b) R is not <, regular space. From Theorem 9 we have that for z = 0, if V' =

oo 1 1
U <n —n+ —) € V<(0), because < (0) = N. R is <, regular space = exists

neo - 2n’ on

U € Vy so that < (U) C V. Let € > 0 be so that Uy = (—¢,e) C U. We have
o0

< (Ug) € <(Up) C <(U) CcV and then Uy+ N CV.So J(n—¢e n+e)C
n=0

o 1 1 1

U <n — 2—n;n + 2—n> It follows 0 < & < on for each n € bn = ¢ = 0, contradiction.

n=0

Therefore R is not T;* space for i € {3,4}. O

2 Spaces separated by equivalence relations

In this section we will consider the case of an equivalence relation R = p. First we
define a notion of continuity of a binary relation.
Definition 19. (a) A binary relation R on a topological space (X,7) is continuous
iff for every D € T an open set, R~!(D) € T is an open set.
(b) R is an open relation iff for each D € T, R(D) € T is an open set.
Remark 8. If R = p is an equivalence relation, then p = p~! so (a)&(b).
Theorem 20. Let p be an equivalence relation on X and ()?, 7@) be the quotient space.
If)? is T; space then X is TiR space for each i =0, 4.
Proof. Let = p(z) be the equivalence class of each z € X, and p: X — )/f,p(:r) =z
be the canonical projection. Suppose X is T, space and let z,y € X be so that
Tpy & T # y, more, p (v)Np(y) = 0. There exists V> € V-~ and V- € V> neighborhoods
of Z, § so that V; NV = .
IV, =p~'(V5) and V, = p_l(Vg), then, as p is continuous we have V, € V, and
Vy € Vy and more because V3 NV> = ) = VupV, = X is T} space. The cases of
i € {0,1,2,3,4} can be proved analogously. O
This theorem has a converse given by:
Theorem 21. If p is an equivalence relation on X and if p is continous then X is
T} space = X is T; space, for each i =0,4.
Proof. We will prove this result only in the case of i = 2. Suppose X is T space.
Fisrt, observe that p is an open map < p is an open relation. Let be Z, § € X so that
T # Y = xpy =there exists V, € V, and V,, € V, so that V,p V,,. Because p is open
map we have that V>~ = p(V;) and Vo= p(Vy) are neighborhoods of Z and ¥ and more
Vep Vy = Vo NVo = 0 so X is T space. O
Example 22. 1) Let X = R be with usualy topology and p the equivalence on R
defined by: zpy < z —y € Q. Observe that for each D open set, p(D) =D +Q =R,
so p is a continuous relation. From here we can see that R is not T space because for
each zpy,V, € V,, V,, € V, results p(V;) = p(Vy) =R so y € p(V;) and z € p(Vy).
IfR = R/, would be Ty space, then R would be Ty space, so R/, is not T} space,
i =0,4.
2) Some surfaces can be obtained as quotient spaces by identifying points of the
border of a plane quadrate P C R?. For example the 2-sphere, S2. Construction of
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S2: We note by Int P the interior of P and by bP the border of P. We consider P as
a topological subspace of R?. See that if D is an open set of P, then D UbP is also
an open set of P. We define on P the relation p : xpy <& = =y or z,y € bP. We see
that p is a continuous equivalence relation, since if D is an open subset of P :

a) If DN bP = () then p(D) = D is an open subset of P.

b) If DNbP # 0 then p(D) = D UbP is also an open subset of P.

We define S? = P/, the quotient space of P. It is not difficult to see that S? is
homeomorphe with any sphere of R3. P is a TY space, using Theorem 16 of Section
1.

3 Function relations

Let f: X — X be a function and (X,7) be a topological space. We will establish
some properties of Tif spaces, i = 0, 4.
Theorem 23. If X is Ty space and f is continuous, then X is TJ space.

Proof. Observe that iff is continuous then f(A4) C f(A) and f~1(B) Cc f~(B) for
each A, B subsets of X. X is Ty space iff:

(1) re{ytandy e {zy =z =y.
We shall prove:

(2) y € {f(@)} andz € {f~(y)} = f(a) =

z e {f(y)} and {f~1(y)} C ffl({_y}) = z € f1({y}), because f is continuous.
om here f(z an f@ el lw, _ z), so X is TJ space

From here £(z) € T and TOEE A By j0), 50 X 5 7] space 2.

Theorem 24. If X is TJ space and if f is bijection, having the inverse f~' contin-
wous, then X is Ty space.

Proof. Let z,y € X be. We shall prove that: = € @ and y € m =z =y, le.
X is Tf space. Since f is bijection =exists z € X so that y = f(z). Suppose that
xz € {f(2)} and f(z) € {m} Sz e{y}andyc {m} Because f~lis continuous we
have: z € f~'({z}) € {f(z)} and so z € {f~1(z)}. From here z € {f(z)} and
z e {f(z)} = x = f(2), because X is T space. So we have z = f(z) = y, and
then X is T, space. O
Theorem 25. If X is T1 space and f is continuous, then X is Tlf space.

Proof. Observe that X is Tlf space iff {f(z)} and f~1(y) are closed sets, for each
xz,y € X. X is Ty space = {f(z)} is closed set (1). Because {y} is a closed set and f
is continuous, we have that f~!(y) is a closed set (2). From (1) and (2) we have that
Xis Tlf space. i
Theorem 26. If X is Tlf space and f is onto, then X is T1 space.

Proof. X is Tlf space = {f(z)} is a closed set for each z € X. Because for each
y € Xexists ¢ € X so that y = f(z), we have that {y} = {f(z)} is a closed set so X
is T} space. O
Theorem 27. If X is Ty space and f is continuous, then X is T2f space.

Proof. Note Gy the graph of f. We shall prove that CG; is an open subset of X x X.
Let be (z,y) € CGy. Then f(x) # y. Because X is T5 space, there exists V € V,
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and Vi € Vy(,) so that V NV = . But f is continuous and from herel there exists
UeV,sothat f(U)CVi= f(UNV =0=UxV CCGy = CGy is a open set
= Gy is a closed set = X is T2f (see Theorem 4 Section 1). a
Remark 9. Theorem 27 states that each continuous function on a 75 space has a
closed graphical.

Theorem 28. If X is T2f space and f is bijection having the inverse f~—! continuous,
then X 1is T space.

Proof. Let y € X be = there exists z € X so that y = f(z) = = = f 1(y).
Because f~! is continuous we have: For each U € V, there exists V € V, so that
f7Y(VYCcU=V cC fU)=V C f(U). From here we infer

ye (V= () Vc ) fO) ={f)}={y}

Vevyy VEVs(a) Vey,

because X is TJ (Theorem 4 Section 1). So we have: () NV = {y} for each y € X,
Vev,

and then X is T4 space. ad
Theorem 29. If X is T2f space and compact, then f is continuous.
Proof. X is T space = () f(U) = {f(x)} for each z € X. Hence |J Cf(U) =

vev, Uev,
X\{(f(z)}, for an arbitrary point = of X. Let V' € V¢(,);then X = |J Cf(U)UV.
Uev,

Because X is a compact space there exist Uy, Us,...,U, € V, such that

X = CF(U) UCTU)U, ... UCTTU) UV = C [FU) U T, ..., UF(Un)| UV

n

Let U € V, be so that U C [ U;. We have f(U) C () f(U;). Hence
i=1

i=1
Cfw)>C | fU)| = CfO)VV =X=CfU)NCV =0 = fU)CV.
i=1

We have proved that f is continuous in z. So f is continuous on X. a
Remark 10. This theorem is in fact an alternative of the principle of the closed
graphical.
Theorem 30. If X is f.—regular space, then f is continuous.
Proof. It is a consequence of Theorem 9 Section 1. O
Theorem 31. If X is f—regular space and f is bijection, then f is homeomorphism.
Proof. It is a consequence of Theorem 9 Section 1. O

Theorem 32. If X is a reqular space and f is continuous, then X is f.—reqular
space.

Proof. Let z € X be and V' € Vy(,) be = there exists V; = Vi € Vi(e) so that
V1 C V, because X is regular space. As f is continuous there exists U € V, so that

fOcvi=fUcCcvi=Vi=fU)cCV.

Using now Theorem 9 Section 1, it follows that X is f,.—regular space. a
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Theorem 33. If X is reqular space and f is homeomorphism, then X is f reqular
space.

Proof. It is a consequence of Theorem 9 Section 1. O
Theorem 34. If X is T4f space(i.e. f —normal and T ) then f is continuous. If f is
bijection, then it is a homeomorphism.

Proof. It is a consequence of Theorem 11 Section 1, if we remark that X is T} space
= {z} is a closed set for each z € X. O
Theorem 35. (a) If f is continuous and X is reqular space, then X is f.—regular.

(b) If f is homeomorphism and X is reqular space, then X is f — reqular.
Proof. (a) Let x € X be; for each V' € Vy(,), there exists U € V, so that f(U) C V.
Suppose V =V, because X is regular space. From here f(U) C V; because V =V =
X is fr.—regular space.

(b) It is a consequence of (a), observing that f~! is continuous. m|
Theorem 36. If f is homeomorfism and X is normal space, then X is f-normal.
Proof. Let F be a closed subset of X = f(F) is a closed set, because f is home-
omorfism. If V' € Vyp) then V € Vy(,) for each x € F. But f is continuous =

there exists U, € V, so that f(U,) C V. Let U = |J U, be; notice U is neighbor-
zel
hood of F it follows f(U) = |J f(U,) C V. Because X is normal space, suppose
zeF

V=V=fUcCVQ).
In the same way replacing f with f~! that is continuous too, we will have : for
each F' a closed subset of X, and for each U € Vj-1(,) there exists V' € Vp so that

fH(V) C U, supposing U = U (2) From (1), and (2), using Theorem 11 Section 1
we have that X is f-normal space. O
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