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Abstract

The purpose of this paper is to investigate properties of semi-definite Kéhler
manifolds with the second curvature-like tensor H. In paticular, we study a
semi-definite H-recurrent Kahler manifold.
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1 Introduction

As is well known, there exist some special tensors on the K&hler manifold which
extend the Riemannian curvature tensor on the Riemannian manifold, for example,
the concircular, projective or conformal curvature tensor. In [3], Bochner introduced
three kinds of curvature-like tensors on the Kdhler manifold which are closely related
to the projective curvature tensor and the conformal curvature tensor, and calculated
Betti numbers on a compact K&hler manifold under suitable conditions for these three
curvature-like tensors. We can see detailed calculations with respect to these three
kinds of curvature-like tensors in Yano and Bochner [8]. The first tensor W is called
the Weyl curvature tensor and the third tensor B is known as the Bochner curvature
tensor. In [4], Matsumoto and Tanno treated Kahler manifolds with parallel Bochner
curvature tensor.

In this note, we investigate properties of semi-definite Kihler manifolds with the
second curvature-like tensor H of the above three curvature-like tensors.

Let (M,g) be an n-dimensional semi-definite K&hler manifold n > 2 with the
Kéahler connection V. Let R or S be the Riemannian curvature tensor or the Ricci
tensor with components Kj;;,r or S;; and let H be the second curvature-like tensor on
M with components H;;,; defined by

1

Hijpp = Kojpr — Mt D)

{€j(0;iSkr + 01Sk7) + €x(OkiS;7 + 0 Sj7)}-
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The Riemannian curvature tensor R (resp. the second curvature-like tensor H) is said
to be recurrent, if there exists an 1-form « such that VR = a® R (resp. VH = a® H)
and then M is said to be R-recurrent (resp. H-recurrent). The class of semi-definite H-
recurrent K&hler manifolds contains locally symmetric semi-definite K&hler manifolds,
semi-definite K&hler manifolds with parallel second curvature-like tensor and semi-
definite Kdhler manifolds with vanishing second curvature-like tensor. From these
facts it is natural to consider properties of semi-definite R-recurrent or H-recurrent
Kéhler manifolds.
The purpose of this paper is to prove the following

Theorem. Let M be an n-dimensional semi-definite Kidhler manifold (n > 2) with
non-null second curvature like tensor H. If it is H-recurrent, then it is R-recurrent.

2 Semi-definite Kahler manifolds

This section is concerned with recalling basic formulas on semi-K&hler manifolds.

Let M be an n-dimensional semi-definite Kéhler manifold (n > 2) with a semi-
definite Kahler metric tensor g and almost complex structure J. From the semi-definite
Kahler structure {g, J}, it follows that J is integrable and the index of g is even, say
25(0 < s < n). In the case where the index 2s is contained in the range 0 < s < n,
the structure {g, J} is said to be indefinite Kdahler structure and, in particular, in the
case where s = 0 or n, it is said to be definite Kdhler structure.

In this section, we shall consider M an n-dimensional connected semi-definite
Kéhler manifold (n > 2) of index 2s, 0 < s < n. Then a local unitary frame field
{U;} = {Ui, ... , Un} on a neighborhood of M can be chosen. This is a complex
linear frame which is orthonormal with respect to the semi-definite Kahler metric g
of M, that is, g(U;, Uk) = €;0,, where

€j=—1or1l accordingas 0<j<sors+1<j<n.

Its dual frame field {w;} = {wi, ... , wyp} consists of complex valued 1-forms of
(1,0) on M such that w;(Uy) = €0 and w1y, ... , wp, @1, ... , @y are linearly
independent. Thus the natural extension g° of the semi-definite Kéhler metric g of
M can be expressed as ¢° = 2}, €;w; ® w;. Associated with the frame field {Uj;},
there exist complex valued forms w;;, where the indices ¢ and k£ run over the range
1, ... , n. They are usually called connection forms on M such that they satisfy the
structure equations of M :

dw; + Zejwij ANwj =0, wi+a; =0,
J

(21) dwij + Zekwik ANwrj = Qij’
k
Qij = Zele;jk[wk, Ay,
k.l

where €g..; = € ...€ and Q@ = (Q45) (resp. Kzjp) denotes the curvature form (resp.
components of the semi-definite Riemannian curvature tensor R) of M in Kobayashi
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and Nomizu [6]. The second formula of (2.1) means the skew-Hermitian symmetricity
of Q;;, which is equivalent to the symmetric condition

(2-2) Kijk[ = Kjiu’c.

Moreover, substitution the third equation of (2.1) into the exterior differential of the
first equation of (2.1), the first Bianchi identity

(23) Zﬁjﬂij A wj = 0
J

is given. It implies further symmetric relations
(2-4) Kijkz' = Kika' = Kz'kﬁ = Kz'jki.

Now, relative to the frame field chosen above, the Ricci tensor S of M can be
expressed as follows :

(2.5) S= e (Siwi ® @; + S3@; @ wj),
.

where S;5 = Z €Kiz = S5 = 5';]-. The scalar curvature r of M is also given by
k

(26) r= QZEijj-
J

An n-dimensional semi-definite K&hler manifold M is said to be Einstein, if the Ricci
tensor S is given by

r r
eidij, S = —g.

i~ o

The components K47, and Ky, (resp. Sizp, and S;35) of the covariant deriva-
tive VR (resp. VS) of the Riemannian curvature tensor R (resp. the Ricci tensor S)
are obtained by

Z €m (K jitmWm + Kijpim®@m) = K0~

(2.8) "
- Z €m (ijkl_a’mi + Kippiwmj + Kijml_wmk + Kijkm‘:’ml):
and
(2.9) > en(Sigrwi + Sizp@r) = dSij — Y ex(Skgwi + Sip@u;)-
k k

By differentiating the third equation in (2.1) exteriorly, we have

(2.10) Kipim = K;

ijklm ijmlk,

and hence we have
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(2.11) Sijk = Skji = Z ﬁlKjikZl.
l

On the other hand, the exterior differential dr of the scalar curvature r on M is given

by

(2.12) dr = Zem(rmwm + T @m)-

m

Putting ¢ = j in (2.11) and summing up with respect to i, we have
T

2.13 EeS—:EeK——:EeK——:—.

( ) - rorrk < rsfA7Frkss - rsfArrssk 2

Now, a semi-definite Kahler manifold M of constant holomorphic sectional cur-
vature is called a semi-definite complex space form. An n-dimensional semi-definite
complex space form of constant holomorphic sectional curvature ¢ and of index 2s
0 < s < n, is denoted by M (c). The standard models of semi-definite complex space
forms are the following three kinds : the semi-definite complex Euclidean space C
the semi-definite complex projective space CP} (c) or the semi-definite complex hyper:
bolic space CH} (¢) according as ¢ =0, ¢ > 0 or ¢ < 0. For any integer s (0 < s <n),
it is seen that they7 are only complete and simply connected semi-definite complex
space forms of dimension n and of index 2s. The Riemannian curvature tensor Kj;r
of M7 (c) is given by

(&
(2.14) Kijlcl_ = Eejk (6ij6kl + 6ik5jl)-

3 The second curvature-like tensor H

This section is concerned with the second curvature-like tensor H on a semi-definite
Kaéahler manifold M.

Under the notation prepared in §2, the second curvature-like tensor H with com-
ponents Hj;.r is defined by

1

(3.1) Hyjir = Kijur — Mt D)

{€j (i Syr + 01Sk7) + e (0niS;7 + 011 Sj7) }-
As is easily seen (cf. Yano and Bocher [8] in the definite case), the semi-definite Kéhler
manifold M with vanishing second curvature-like tensor H is of constant holomorphic
sectional curvature.

On the other hand, let Z be a tensor with components Z;;;; such that

r

(3.2) Zijei = Kijpi — M+ 1)

€k (05i0k1 + 0;10k;).

In the case where the semi-definite Kahler manifold M is Einstein, the tensor Z is
equivalent to the second curvature-like tensor H. It is trivial that the semi-definite
Ké&hler manifold M with Z = 0 is of constant holomorphic sectional curvature. The
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tensor Z is the formal analogue to the concircular curvature tensor on the Riemannian
manifold [8].
Lemma 3.1([5]). The second curvature-like tensor H with components Hz;r satisfies

(3.3) Hijer = Higr = Hijeg = Hig,

1

{2”513 — TEi(Sij}.

where H;; is the components of the Ricci-like tensor of H defined by H;; = Z €r

T

Hz, ;5. Moreover, ZHﬁ =0.
i

Theorem 3.2. Let M be an n-dimensional semi-(definite) Kéahler manifold (n > 2).
If the Ricci tensor S is parallel, then the second fundamental tensor H is parallel to
the curvature tensor R.
Proof. By the definition of H, we have

Hijkz'm = Kijl'm_
(3.5)

—m{ﬁj(‘sjisk[m + 61Skim) + €k (01 Sjim + OkiSjim)}-

Putting i = m in (3.5) and summing up with respect to i, we obtain

1
> erHpjpir = S — m(4sjfk + rj€epdp +rrejdj) =0,
r

where we have used (2.10), (2.11), (2.13) and the relation

1
Hj), = m@nsﬁk — €0;jTk).

From this it follows that
(3.6) 4”sz‘k = Tj€k5kl + Tkej(Sjl.

Putting k = ! in (3.6) and summing up with respect to k, we have (n—1)r; = 0. Since
n > 2, we get r; = 0. It means that the scalar curvature r is constant, and hence by
the above equation (3.6), we have S;p = 0, from which together with (3.5) we have
H;kim = Kijkim- Thus we obtain VH = VR.

It completes the proof. a

In [5], the authors of the present paper proved the following :

Let M be an n-dimensional semi-definite K&hler manifold (n > 2). Then its second
curvature-like tensor H is parallel if and only if its Riemannian curvature tensor R is
parallel.
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4 Semi-definite H-recurrent Kahler manifolds

Now, we assume that the curvature-like tensor H is recurrent, namely, there exists
an 1-form « such that VH = a ® H. Then M is said to be H-recurrent. In terms of
components, we assume that

(4.1) Hijl’m = amHijki

Substituting (3.1) and (3.5) into (4.1), we get

szkim = amKijkf
1
(4.2) +m[€j{6ji(skfm — amSkp) + 05t (Skim — @mSkz) }

+er{0k1 (Sjim — @mSj3) + 0ki (St — amS;r) H-
Putting k£ = [ in (4.2) and summing up with respect to k, we have

1
(4.3) Sjim = amSji = 5A(rm = ram)e;ji},

where we have used (2.5) and (2.11).

Theorem 4.1. Let M be an n(> 2)-dimensional semi-definite Kéhler manifold. Put
M ={rxeM|<H, H>=0, H#0 at z}, and assume that the subset M — M’ is
dense in M. If it is H-recurrent, then it is R-recurrent.

Proof. If H = 0 on an open subset U in M, then the holomorphic sectional curvature
is constant and hence VH = VR = 0 on U. So it is sufficient to consider on an open
set V = {z € M|(H, H) # 0 at z}. The assumption VH = a ® H implies that
Qmp = apm on V. Thus

(4-4) Hijk[mﬁ = (O‘mﬁ + am@p)Hijki = Hijkiﬁm-

It follows from d* Hy,,,, = 0 combined with (4.6) that

(4-5) Z er(_KijrchHmﬁ + KileHl'crmi; + KiijHl_clri; - KijrﬁHl_clmF) =0.
T

Putting ¢ = j in (4.5) and summing up with respect to i, we have

(4-6) Z fr(_SrTcHﬂmi) + SlfHI'crmﬁ + SmFHl_clrﬁ - Sri)HI_clmF) =0.
Moreover, differentiating (4.5) covariantly, we get
@7 > er(=KijrigHrimp + Kijirg Hirmp + Kijmrg Hytrp — KijrpgHpims) =0,
where the equality is derived from (4.1) and (4.5).

Differentiating (4,6) covariantly and then, from (4.1) and (4.8), we get

(4.8) Z er(_SrIEqHFlmﬁ + SquHkrmﬁ + SquHIElrﬁ - Srﬁqulmr) =0.
T
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Subtraction oy times (4.6) from (4.8), we have

> er{—(S g — Soi) Hrtmp + (Sirg — g Sir) Hippmpt
(4.9) T

+(Smrg — aquF)Hl_clri; = (Srpg — @gSrp)Hpr } = 0.

Substituting (4.2) into (4.7), we have

Z erj[_{(sji(Schq - aquI?:) + 61'16(57"5(1 - aqsﬁ)}Hﬂmﬁ_‘_

+{65i(Sirq — g Sir) + 6;r(Sizg — @4 Si) Hppmpt
+1{65i(Smrq — @qSmr) + 6jr (Spiq — g Smi) Y Hprrp—
—{0ji(Srpq — g Srp) + 0jp(Srig — 2¢Spi) Hgmr 1+

+ 3 er[—€r {0k (Sjig — 2 Sji) + 0ri(Sjng — gS;)} Hrtmp+

.
+er{0ir ((Sjiq — @gSj) + 0(Sirg — g Sjr) } Hppmpt
+em{0mr(Sjig — @gSj1) + 0mi(Sjrg — 2qSjr) } Hprp—
—€r{0rp(Sjig — @¢Sji) + 6ri(Sjpg — 2 Sip) Y Hpimr 1 = 0.

Combining (4.9) with the above equation, we can obtain

> eri{ =05k (S 3y — Sy3) Hetmp + 82 (Sizg — 4 Si3) Hprmp+

+6j (Smiq - aquZ)HI?:lrﬁ - 6j (Sﬂq - aqSTE)HElmF}_
_(Sjl'cq - aquE)Hﬂmi) = (Sjpg — 2¢Sjp) Hppmit
+ Z er{€01i(Sjrg — aquF)HI_crmﬁ + €m0mi(Sjrg — aquF)HTclrﬁ} =0.

r

(4.10)

Putting j = k in (4.10) and summing up with respect to j, we have

(n + 1) Z 67‘(Sﬁq - aqSﬁ)Hﬂmﬁ - (Squ - aqSlZ)Hmﬁ_

r
_(Smiq —agSpi) Hip + (rg — Taq)HElmgs + ZT €r(Srpg — qSrp) Hrymi—
- Z ers{eldli(sr‘éq - aqSTE)HFsmﬁ + 6m(Smi(Sr‘Eq - aqSTE)HFslﬁ} =0.

r,s

Taking account of (4.3), the last equation turns out to be

(411) (T‘q — raq){(Zn + ]-)Hflm[) — 2€m6miHl[) — 2€l6liHmﬁ} =0.
Putting m = p in (4.11) and summing up with respect to the index p, we have

3n(rq —rag)Hz =0
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for any indices ¢, ! and i. Hence (4.11) implies that
(4.12) (rq —roag)Hypmp =0

for any indices ¢, i, I, m and p.

Since H # 0 on V, (4.12) implies that Vr = ra on V. So, from (4.5), we obtain
that VS =a® S.

Moreover, it follows from (4.4) that VR = a ® R.

It completes the proof. |
Remark 4.1. In the last section, an example of an n(> 2)-dimensional indefinite
H-recurrent Kéhler manifolds which satisfies H # 0 and ||H|| = 0 is given.

In particular, we consider the case that M is positive definite. Then the condition
||H|| = 0 is equivalent to H = 0. Thus we have the following
Corollary 4.2. Let M be an n(> 2)-dimensional Kihler manifold. If it is H-recurrent,
then it is R-recurrent.

5 Examples

This section is devoted to some examples of H-recurrent indefinite Kahler manifold.
For any integer p(> 3) an indefinite complex hypersurface M(p,c) of a (2n + 1)-
dimensional indefinite complex Euclidean space Ci”“ of index 2n defined as follows
(1], [6]) -
Let
{ZA} = {7, 27 2y = R ) 22

be a complex coordinate of C2"™ and let ¢ be a complex number such that |¢| = 1.
Then M (p,c) is an indefinite complete complex hypersurface of index 2n defined by

H2n+l Zhj(zj + czj*), j*=n+1j, h](Z) = 2P,
J

Then the components h4p and the components h 4 g of the second fundamental form
and its covariant derivatives of M we have

hij = p(p — 1)0i;2" 2, hi=j = p(p — 1)cdijzP 2, hjw j= = p(p — 1)c? 035272,

hiji = p(p — 1)(p — 2)0;j0:2° 2,  hi=jx = p(p — 1)(p — 2)¢;j0i 273,

hi*j*k = p(p — 1)(p — 2)026ij6ikzp_3, hi*j*k* = p(p — 1)(p — 2)036ij6ikzp_3-
Thus under the assumption of p the second fundamental form is not parallel.

Let K 55¢p (resp. K 1pcpr) the components of the Riemannian curvature tensor
R (resp. the covariant derivative VR ) of the indefinite complex hypersurface M (p, c).

In the theory of indefinite complex hypersurfaces in the indefinite complex space form
the components are given by

Kigcp = —hschap,

Kipcpe = —hsorhap,
which yield that R # 0 and VR # 0. Namely, M is not flat and not locally symmetric.
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Now, by the property of the second fundamental form, they give to us

dae(p—2)Kipch
z

Kipepe =

Thus we see that M is R-recurrent. Furthermore, in the theory of indefinite subman-
ifolds of an indefinite complex space form, we have

S = =D hirhej + Y hiphyej =
= pZ(p — 1)2(—1 + |C|2)5ij22(p72) =0.

Similarly we have
SAB = - Z hArBrB + ZhAr*Br*B =0,
r r

and from this we see that the Ricci tensor S is flat and hence the scalar curvature r
vanishes. Hence this implies

Hjipep = Kipep-
Furthermore it is easily seen that

ZERKABCRI_(E‘FGR = _ZKABCFI_(E‘FGF+
R r

+ 2 &K ipcrKppar =0,

r

and hence we obtain
|H|| = [|R[| = 0.
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