Integrator for Lagrangian Dynamics

C. Udriste, M. Postolache and I. Tevy

Abstract

In §1 we bring the reader gently along from the theory of discrete single-
time Lagrangian dynamics (for details see [3]). §2 develops the theory of dis-
crete multi-time Lagrangian dynamics, emphasizing the possibility of computer
modelling via Newton method (for details see [8], [9]).
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1 Single-time Lagrangian dynamics

Let z € R™ and let v = {(¢,z)|z = x(t),to <t < t1} be a curve in the space R x R™.
Let T be the set of all curves v which join the point (tg, o), (t1,%1). A differentiable
function

L:RxR"x R" = R

is called Lagrangian density energy.

Theorem 1.1 A C? curve v is an extremal of the functional

ty
E(y):/L(t,m,%) dt, el

to
iff it is a solution of Euler-Lagrange equations

oL _ 4 0L o k=1,...m

daF —dt o (da* ’
dt
This is a differential system of n equations of second order and therefore the
solutions depend on 2n arbitrary constants. For fixing one solution there are used 2n

boundary conditions
Z’(to) = Zo, 1‘(t1) =T1.
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Since the property for v to be an extremal of the functional E does not depend
on the choice of the system of coordinates, the previous explanations extend easily to
(Riemannian) manifolds.

The Lagrangian L produces the Hamiltonian

H(t, ) = #0042, ) — L(t,2,),

which is conserved along the extremals only if it does not depend on the parameter .
The discretization of L can be made by using the midpoint rule which consists in

the substitution of ¢ by h, of the point z with w, and of the velocity & by
w, where h is the time step. One obtains the discrete Lagrangian
n n ut+v v—u
Li:RxR"xR"— R, Lg(h,u,v)=1L h’T’ o .

This determines the action
N-1
S: R x (R”)N+1 =R, S(h;zo,z1,-..,ZN) = Z L(h,xg, xke1), Tk € R™.
k=0

The discrete variational principle characterizes the sequence (o, %1,...,TN) €
(RM)NT! for which the action S is stationary, for any family zj(c) € R", e € I C R,
0 € I, with 21 (0) = xg, and xg, x5 fixed points. Using the variation of the first order
we find

Theorem 1.2 The sequence (xy), k =0,1,..., N is stationary for the action S iff it
is generated by the discrete Euler-Lagrange equations (variational integrator)

L L
6—.51(h,:ck_1,:z:k) +a—.d(h,xk,mk+1) =0, i=1,...,n; k=1,...,N —1.
O, ozt
Denoting
oL oL
Ai(k) = 57 (hwpr,on), filu) = 5 (b w) + Ai(k),
!, ozt

i=1,...,n; u=(u',...,u"); F=(fr,...,fn),
the preceding equations tansfer into a nonlinear equation system
(1) F(u) =0,

at each step k. The solution of the system (1) can be approximated by using u(e) = xy,
in the Newton method

ut(e+1) u*(e) fi(u(e))
. = Jp(u(e)) - ,

Jr(u(e)) :
u(e+1) u"(e) fn(u(e))
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e=1,2,...,& The matrix Jp is the Jacobi matrix of the function F, and the integer

number € is determined by the condition

n

; f2(u(e) - 32 f2(u(e +1))

Next, we put zx+1 = u(€).
The discrete Lagrangian L; produces the discrete Hamiltonian

xt —a:t oL
Hy(k) = %a—i?(h,xk—hxk) — Ly(h, g1, T¢)-

2 Multi-time Lagrangian dynamics

In the preceding section the space coordinate and time played quite distinct roles: the
space coordinate was merely an index numbering freedom degrees, and the time coor-
dinate was the usual physical time in which the system evolves. According Dickey [1],
such a theory is satisfactory unless we turn our attention to relativistic invariant equa-
tions, e.g. chiral fields, sine-Gordon, and others. Also considering the KP-hierarchy
for arbitrary m and n, the variables z,, and z,, are quite equal in rights and there
is no reason to prefer one to the other by choosing it as time. In such cases a new
field theory is useful which involves many time variables. The multi-time formalism
is of interest even for all examples where the variables are involved in a distinctly
asymmetric way.

The multi-time calculus of variations is of course not new. Let Ty C RP be a rel-
atively compact domain. Let ¢ = {(¢,z)|z = z(t),t € Tp,z € R"} be a parametrized
sheet in the space RP x R"™. Let ® be the set of all parametrized sheets ¢ satisfy-
ing the boundary condition p|sy, = f, where f is a given continuous function. A
differentiable function

L:RP x R" x R"" - R

is called Lagrangian density energy.

Theorem 2.1 A C? parametrized sheet is an extremal of the functional

a .0 axz 1
E(p) = Lt 2, dt* A--- A dtP
Ty ot
iff it is a solution of Euler-Lagrange equations

oL & 0L . Ozt

dzk ot ok 0 e T fao k=1...,n.
(e
This is a PDEs system with n equations of second order. Therefore the solutions
depend on 2n arbitrary functions. For fixing one solution we use the boundary con-
dition.
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Since the property of ¢ to be an extremal of the functional E does not depend
on the choice of the system of coordinates, the previous explanations extend easily to
Riemannian manifolds.

The Lagrangian L produces the Hamiltonian
,B aaxL (ta) xz, xfx) - L(taa mla 1’33);

B

but this function is not conserved along the extremals.

Suppose p = 2. The discretization of L can be made by using the centroid rule
which consists in the substitution of the point ¢ with the step (hy,hz), of the point
Tre + Thy1e + Tre Th+10 — The

H(t™ 2 2!) =

z with 3 , and of partial velocities x,, a = 1,2, by N ,
1
x —x
%. One obtains the discrete Lagrangian
2

Ls:R* x R" x R" x R" — R, Ld(U,U,w):L<h1,h2,u+v+w v—u w—u>-

3 " hy ’ he
This determines the 2-dimensional discrete action
S:R? x (Rm)MADINHD — R,

M—1N—1
A — ) MA4+1)(N+1
S(hi,ho; A) = 3 Y L(hy, ho; Tk, Thsre, Therr),  The € (RT)MADWNHD,
k=0 (=0
Zoo Zo1 s TON
:L’ 1‘ ... :L’
4= 10 11 IN
rmMo TmM2 ' TMN

We fix the 2-step (hi, h2). The discrete variational principle consists in the char-
acterization of the matrix A for which the action S is stationary, for any family
zre(e) € R™, k € {0,1,....M — 1}, £ € {0,1,...,N -1}, e € I C R, 0 € T with
zke(0) = xpe, and fixed lines (zoo, Zo1, - - -, Ton), (a0, Trm2,-- -, TpN), fixed columns
t(200, 10, - +,TMm0), (ToN,TiN,--.,ZpnN). The discrete variational principle is ob-
tained using the variation of S of the first order.

Theorem 2.2 The first variation of the discrete action S is
OL oL , oL

6S(A)(n) = —(3700,5610,5501)7700 + 5 (z10, T20, T11)M10 + —i($01,$11,$02)7731
Az dxig Oy
M; N—1
+> ) [ 16, The1) + 5 (T, The, To—1041)
k=1 £=1 Lo
M-
oL
+ Tpe—1,T —1,T Tko, T
(‘)xw( kl—1>Tht10—1, kl]ﬂu kz k0> Th—11)Nho

N-1

L i

E (Trr—16, Taae, Trr— 1l+1)77Mz+ E (ﬂfolfl,ﬂflzfl,ﬂfol)ﬂoz
8Z‘M€ oz}

(=1
M—

CUkN 1, Tk+1N— la'rkN)nkN:
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where
Too To1r -+ TN
n= 7710 e e 3;"? ’
=0
nMo 7Mm1 ot TIMN
Tre(e) €Q, e €1,0€ I, 21(0) = g
Proof. We use the family of curves zys(¢) € R"™, € € I. Then
M-1N-1
S(A@) = Y Y Lixke(e), wryre(e), wrera(e))-
k=0 (=0
We find
9 M—1N—1 oL
dS(A)(n) = +=S(A(e)) = 1 (The, Thate, Ther1) Mg
Oe _ ox
e=0 k=0 (=0 ke
M—1N-1 oL i
+ Bt TRO Thet 16 Tt i 10
k=0 (=0 xk+1€
M—1N-1 oL i
+ 6 7 (mkfa Tk+1¢, mkf+1)nkl+1-
i—o =0 9Tkt

Corollary 2.1 (discrete Euler-Lagrange equations). The matriz A = (zye) is sta-
tionary for the action S iff

oL oL
8—i($kz,$k+1z,$kz+1) + —(Tk—10, The, Th—1041) + e (The—1, Trgre—1,Tre) =0,
The The The

i=1,...,n; ke{l,....M -1}, (e{l,...,N—1}.
Proof. Since the boundary of the grid is fixed, the lines
(M00s Mot -+ M), (Mag0s a1, -+, MMN )5
and the columns

t(7700:7710;---;77M0)> t(UONﬂhN,---ﬂ?MN)

must be zero, and e, k € {1,...,M — 1}, £ € {1,..., N — 1} are arbitrary.
The variational integrator described by the discrete Euler-Lagrange equations
works as follows:

- we give the lines (zoo, Zo1,---,ZonN), (Z10,Z11, .-, TIN);
- we denote
u = mkl+17
OL OL
Ai(kl) = D (Tk—10,The, Th—1041), Bi(kl) = 5= (The—1, Tht10-1, The),
Lo Oxj,
OL
fitu) = —(Tre, Trgre,u) + Ai(kl) + Bi(kl), F = (f1,...,fn);

oz,
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- we solve the nonlinear system (4) F'(u) = 0, at each step (k,¢) using six points
of starting as shown a part of the grid,

b OTk—1¢ OTk—1¢+1
OTfe—1 OT e *U = Thot1
OTk+10—1 OTt1¢ o

Newton Method

The solution of the nonlinear system (4) can be approximated by using u(f) =
ZTre+1 in the Newton method

ut(e+1) u'(e) fi(u(e))
Jr(u(e)) : = Jr(u(e)) : - : ;
u”(e+1) u”(e) fn(u(e))
e=1,2,...,e. The matrix Jr is the Jacobi matrix of the function F', and the integer

€ is determined by the condition

5 fu(e)) - ; £ (ufe +1))

<e.

NgE

1+ 3 fP(u(e+1))

1

-
Il

Next, we put Tger2 = u(e).
The discrete Lagrangian L; produces the discrete Hamiltonian

i i
Tyiyp — Ty OL
h1 Bxi

i i
Tpppqg — Tpe OL

+ hia.’l'fl (h17 h27xkl7xk+lfyxk'l+1) - Ld (hly h27xkfyxk+1l7mkf+l) .
2 2

Hd(kag) =

(h1,h2, Tre, Thgre, Thet1)
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