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Abstract

We consider a base curve, a rolling curve and a roulette on Minkowski plane
and give the relation between the curvatures of these three curves. This formula
is a generalization of the Euler - Savary’s formula of Euclidean plane.
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1 Introduction

On the Euclidean plane E2, we consider two curves cg and cg. Let P be a point
relative to cg. When cg rolles without splitting along cpg, the locus of the point P
makes a curve, say cr. On this set of curves, cp, cg ¢y are called the base curve,
rolling curve and roulette, respectively. For example, if cp is a straight line, cg is a
quadratic curve and P is a focus of cg, then ¢y, is the Delaunay curve that are used
to study surfaces of revolution with the constant mean curvature.

Since this ”rolling situation” makes up three curves, it is natural to ask questions:
what is the relation between the curvatures of these curves, when given two curves,
can we find the third one? Many geometers studied these questions and generalized
the situation [3]. Today the relation of the curvatures is called as the Euler - Savary’s
formula.

However, the ”rolling situation” on the Minkowski geometry is not studied yet.
Only the Delaunay curve is considered to study surfaces of revolution with the con-
stant mean curvature [1]. The purpose of this paper is to give answers to the above-
mentioned general questions on the Minkowski geometry. After the preliminaries of
section 2, in section 3, we consider the associated curve that is the key concept to
study the roulette, for, the roulette is one of associated curves of the base curve. Sec-
tion 4 is devoted to give the Euler - Savary’s formula on the Minkowski plane. In the
final section, we determine the third curve from other two.
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2 Preliminaries

Let L? be the Minkowski plane with metric g = (+,—). A vector X of L? is said to
be spacelike if g(X, X) > 0 or X = 0, timelike if g(X, X) < 0 and null if g(X, X) =0
and X # 0.

A curve ¢ is a smooth mapping ¢ : I — L? from an open interval I into L2. Let
t be a parameter of ¢. By c¢(t) = (z(t),y(t)), we denote the orthogonal coordinate
dr dy
dt’ dt
vector field of the curve c(t). If the tangent vector field X of ¢(t) is a spacelike,
timelike, or null, then the curve ¢(t) is called spacelike, timelike, or null, respectively.

In the rest of this paper, we mostly consider non-null curves. When the tangent
vector field X is non-null, we can have the arc length parameter s and have the Frenet
formula

(2.1)

representation of ¢(t). The vector field d—c = =: X is called the tangent

dX dy
2t kY., 24
ds T ds
where k is the curvature of ¢(s) (cf. [2]). The vector field Y is called the normal vector
field of the curve c¢(s). Remark that we have the same representation of the Frenet
formula regardless of whether the curve is spacelike or timelike.

; d
If ¢(s) is the slope angle of the curve, then we have d—f =

= kX,

3 Associated curve

In this section, we give general formulas of the associated curve. Let ¢(s) be a non-null
curve with the arc length parameter s, and {X,Y} the Frenet frame of c(s).

If we put
(3.1) ca =c(8) +ur(s)X + usx(s)Y,

then ca(s) generally makes a curve. This curve is called the associated curve of ¢(s).
Remark that {ui(s),ua2(s)} is a relative coordinate of ca(s) with respect to

{c(s), X, Y}
If we put
dCA 5U1 6”2
— = —X+ Y,
ds ds + ds ~’
then, since

dcy de  duq dX dus dy duq dus
Y =4+ —X — 4+ =Y — =1+ — X —Y
ds ds+ ds tul ds + ds 2 ds < + ds +ku2> +(ku1 + ds ) ’

by virtue of (2.1), we have

5U1 o du1

— = — + kua +1,
(3.2) ds ds

6& — @ + ku

ds ~ ds L

Let s4 be the arc length parameter of c4. Then, from
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dca _ dca dsy

=——=u0nX Y,
ds dsy ds v+ v2t,
d d
vy = ﬂ—|—l<:uz—|—1, Vg 1= ﬂ—!—kul,
ds ds
the Frenet frame {Z, W} of ¢4 has following equations;
dz
df = /fAVVa
S
(3.3) dw‘j
— =kaZ,
dSA

where k4 is the curvature of c4.
Let 0 (resp. w) be the slope angle of ¢ (resp. c4). Then

dw dw ds do 1
A4 g = — = 2 7 4+ 2 ——
(3-4) AT dsa  dsadsa < + ds) «/\v%—vgf

where ¢ = w — 6.
If c4 is space-like, then we can put

U1
cosh ¢ = e
VUL — U3
. V2
sinh ¢ =

2 2"
V] — 0

@ = i cosh™! S )
ds ds fv% — v%

/ !
V1Vy — V] V2 1
ka= <k+ — —
VY — Uy v] — U3

Since

(3.4) reduces to

where dash represents the derivative with respect to s.
U1

2 2
VU3 — U7

v v — 010} 1
k:A——(k+ 13 ;2)
v

If c4 is time-like, since sinh ¢ = , we have

2 2’
2 — U1

V3 — 1

4 Euler - Savary’s formula

In this section, we consider the roulette and give the Euler - Savary’s formula.

Let ¢ (resp. cr ) be the base (resp. rolling) curve and kg (resp. kr) the curvature
of cg (resp. cgr). Let P be a point relative to cg. By c¢r,, we denote the roulette of the
locus of P.

We can consider that ¢y, is an associated curve of ¢g, then the relative coordinate
{z,y} of ¢y, with respect to cp satisfies
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ox dx
K = K + k3y+ 1,
(4.1) 5B dB
Yy Yy
I AL
dSB dSB + B%,

by virtue of (3.2).

Since cp rolles without splitting along cp, at each point of contact, we can consider
{z,y} is a relative coordinate of c;, with respect to cg for a suitable parameter sg.
In this case, the associated curve is reduced to a point P. Hence it follows that

5 d

T =t hay+1=0,
(4.2) n R

dr v 0

dSR_dSR RY =5

Substituting these equations into (4.1), we have

0 oy

(4.3) dsp (kB — kr)y, dsp (kg — kr)z,
SO 5
X X
4.4 dz _ =z
(4.4) 5y

Proposition 4.1 Let cg rolles without splitting along cp from the starting time
t = 0. Then at each time t = ¢y of this motion, the normal at the point cr(ty) passes
through the point of contact cg(to) = cr(to)-

Suppose that ¢, is spacelike. Then, from (4.3),
sz \? oy 2
4.5 0< (] — (=] =(kp—kr)?y* —2?).
(15 <(22) - (L) =t - kere? -

Hence we can put
x = sinh ¢, y = cosh ¢.

Differentiating these equations, we have

d d d

a4 —rsmh(b + rcoshqbi = —1 — kgrrcosh ¢,
dSR dSR dSR

d d d

& _ 9 cosh ¢ + r sinh (,bid) = —kgrsinh ¢,
dsgp dsg dsg

by virtue of (4.2). From these equations, it follows that

rﬂ = —cosh¢ — k,.r.
dSR

Therefore, substituting this equation into (3.4), we have

cosh ¢

kp =41 - ————.
"L 7’|]€B—]€R‘
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If ¢y, is timelike, by similar calculation, we have

sinh ¢

kr=+14+ —-—+"—.
T +7“|7<?B—kR|

We can easily see that the case ¢y, is null makes a contradiction.

Theorem 4.1 On the Minkowski plane L?, suppose that a curve cg rolles without
splitting along a curve cg. Let cp, be a locus of a point P that is relative to cr. Let Q
be a point on ¢, and R a point of contact of cg and cr corresponds to Q relative to
the rolling relation. By (r,¢), we denote a polar coordinate of Q with respect to the
origin R and the base line cg|r. Then curvatures kp,kr and ki of c¢g,cr and cyp,
respectively, satisfies

cosh ¢
kp =41 - ——— h ; lik
rkr e (when ¢, is space like),
inh
rkp = +1+ _sinho (when cr, is time like).
rlkp — kgl

5 Determining the curve

Since the roulette is a locus of a point, it is determined by the base curve and the
rolling curve. In theis section, we consider the converse problem.

First suppose that a base curve cg and a roulette cy, is given.

Let (x(sg),y(sp)) be the orthogonal coordinates of the base curve cg with the
arc length parameter sp. For a point () of ¢, draw the normal to the roulette cy.
Let R be the foot of this normal with the orthogonal coordinate (f(sg), g(sp)). Then
the length of QR is

(5.1) QR = /|(f(sp) — x(s5))? — (9(sB) — y(s5))?|.

If we consider (5.1) on the rolling curve cg, this equation represents the length
of the point P relative to cg and a point of cg. Hence the orthogonal coordinate
(u(sp),v(sp)) of cg is given by the equations

u(sp)® —v(sp)* = (f(sB) — 2(s5))* — (9(sB) — y(sp))%,

2 2
Au ) (Ao
dSB dSB

the sign of +1 depends on spacelike or timelike of cg.

Next suppose that a rolling curve cg and a roulette cy, is given.

Let (z(sp),y(sr)) be the orthogonal coordinate of ¢y with arclength parameter
sr,- Suppose that the polar coordinate r(sg) of cg is given by the arc length parameter
sg of cg.

d d
Since the normal of ¢y, is < Y :c

by

——, — |, a point (u,v) of the base curve ¢p is given
dSL dSL
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d
u=uxz(sy) = T(SR)é,
(5.2) e
v=y(sy) T(SR)E7

Then, from

du _ dz ,
dSR - dSL dSR dSR dSL ST,

dv_dy@idr dxi d(dw)dsL

oo Ay () i
dSR

s dSL

E_ELLSR dSRdSL TSL E @7
we have p J p i d
U X SL T Y
— = —(1=%rk —
dSR dSL( " L) dSR dSR dSL7
ﬂzﬂ(lirkm) dsy ﬂdi7
dSR dSL dSR dstSL

where kj, is the curvature of cy,.
Since sg is also the arc length of ¢p, it follows that

du \? dv \? dsy, 2 9 dr 2
— = (—) =|-— 1+7rkp) — — ==1
<d8R> (d83> <d8R> ( " L) dSR ’
where the sign of +1 depends on spacelike or timelike of c¢p. From this differential
equation, we can solve sy, = sp(sg). Substituting this equation into (5.2), we can
have the orthogonal coordinate of cp.
The solvability of these differential equations is easily checked. For example, we

have solutions like that : cp is z-axis, cg is quadratic curve and cj, is ”"Delaunay
curve” (cf. [1]).
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