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Abstract

In this paper is studied the cotangent bundle T̃ ∗M = T ∗M\{0} with a 0-

homogeneous lift
∗
G . The connection compatible with the homogeneous metric

is determined.
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1 Introduction

Let (T ∗M,π∗,M) be the cotangent bundle, where M is a C∞-differentiable, real n-
dimensional manifold. If (U,ϕ) is a local chart on M and (xi) are the coordinates
of a point p ∈ M, p ∈ ϕ−1(x) ∈ U , then a point u ∈ π∗−1(U), π∗(u) = p has the
coordinates (xi, pi), (i = 1, n). The natural basis of the module X (T ∗M) is given by

(∂i =
∂

∂xi
, ∂r =

∂

∂pr
). Given a nonlinear connection N on T ∗M ([1]) there exist a

single system of functions Nia(x, p) such that δk = ∂k + Nka(x, p)∂a, (a = 1, n) and
(δk, ∂a) is a local basis of X (T ∗M), which is called the adapted basis to N . We have
the dual basis (dxi, δpa = dpa−Nka(x, p)dxk). For X ∈ X (T ∗M) is obtained a unique
decompostion X = hX + vX, hX ∈ H, vX ∈ V , (V is the vertical distribution) and
for ω ∈ X ∗(T ∗M) we have ω = hω+vω, where (hω)(X) = ω(hX), (vω)(X) = ω(vX).
In the adapted basis (δk, ∂a) we have X = Xiδi + Xa∂a and ω = ωidxi + ωaδpa. The
homogeneous lift of the Riemannian and Finslerian metrics on the tangent bundle
have been studied by Acad. Radu Miron ([3], [4]), while the properties of homogeneous
structures on cotangent bundle were studied by P. Stavre and the author ([5], [6], [7]).
More specific, details on the homogeneous lift of a Cartan metric on cotangent bundle
and on integrability conditions of homogeneous almost complex structures are given
in [6], the properties of the homogeneous lift of a Riemann metric on cotangent bundle
are studied in [7], and the homogeneous almost product structure case is developed
in [5].
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2 Existence of metrical d-connections

Let (M, gij(x)) be a Riemannian space and (T ∗M, π∗,M) its cotangent bundle. We
introduce grs(x) with gik(x)gks(x) = δs

i .
We consider

c

Nkr (x, p)
def
= psγ

s
rk(x),(1)

where γs
rk(x) are the Christoffel symbols of g. Evidently { c

Nkr (x, p)} are the coeffi-
cients of a nonlinear connection on T̃ ∗M = T ∗M \ {0} which is 1- homogeneous on

the fibres. Using
c

Nkr we consider δk = ∂k+
c

Nkr (x, p)∂r; δpk = dpk−
c

N ik (x, p)dxi.
We have ∗

G= h
∗
G +v

∗
G,

∗
G= gij(x)dxi ⊗ dxj + grs(x)δpr ⊗ δps.(2)

If we define the homothety
∗
ht: (x, p) → (x, tp), ∀t ∈ R, then

( ∗
G ◦ ∗ht

)
(x, p) = gij(x)dxi ⊗ dxj + t2grs(x)δpr ⊗ δps 6=

∗
G (x, p).(3)

Proposition 1
∗
G is globally defined Riemannian metric on T̃ ∗M and is not homo-

geneous on the fibres of T ∗M.

We consider the function
H(x, p) = grs(x)prps.(4)

Obviously H is 2-homogeneous on the fibres of cotangent bundle T̃ ∗M.

If
∗
G is defined by

∗
G= gij(x)dxi ⊗ dxj +

a2

H
grs(x)δpr ⊗ δps ,(5)

where a > 0 is a constant, then we get:

Proposition 2 The following properties hold:

1◦ The pair (T̃ ∗M,
∗
G) is a Riemannian space depending only on the metric g.

2◦
∗
G is 0-homogeneous on the fibres of T̃ ∗M.

3◦ The distribution N and V are ortogonal with respect to
∗
G

∗
G (hX, vY ) = 0, ∀X, Y ∈ X (T ∗M).

∗
G= gij(x)dxi ⊗ dxj + hrs(x, p)δpr ⊗ δps,(6)

where

hrs(x, p) =
a2

H
grs(x)(7)

From [1] we have:

Definition 1 A linear connection D on T ∗M is called metrical d−linear connection
with respect to

∗
G if D

∗
G = 0 and D preserves by parallelism the horizontal distribution

N .
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We will prove the existence of metrical d−linear connections. In the adapted frame
we have:

Dδk
δj =

h

F i
jk δi + F̃j(r)k∂r, Dδk

∂r = −
˜̃

F
i(r)
k δi−

v

F
(r)
(j)k ∂j ,

D∂kδj =
h

C
i(k)
j δi + C̃

(k)
j(r)∂

r, D∂k∂r = − ˜̃
C(r)i(k)δi−

v

C
(r)(k)
(j) ∂j ,

(8)

where
h

F i
jk, F̃j(r)k,

˜̃
F

i(r)
k ,

v

F
(r)
(j)k,

h

C
i(k)
j , C̃

(k)
j(r),

˜̃
C(r)i(k),

v

C
(r))k)
(j) ) are the coefficients of D.

Theorem 1 There exists a metrical d− linear connection D on T̃ ∗M with respect to
∗
G, which depends only on the metric tensor g; its components are





F̃j(r)k =
˜̃

F
i(r)
k = C̃

(k)
j(r) =

˜̃
C(r)i(k) =

h

C
i(k)
j = 0,

h

F i
jk=

v

F
(i)
(j)k= γi

jk(x),
v

C
(r)(k)
(j) =

1
H

(δk
j pr + δr

j pk − grkpj),

(9)

where grmpm = pr.

Proof. In the general case of a vector bundle we have a canonical metrical connection
given by [2], 




h

F i
jk=

1
2
gis(δjgsi + δkgjs − δsgjk),

v

F
(r)
(j)k= ∂rNjk +

1
2
hrshjs||k,

h

C
i(k)
j =

1
2
gjsg

is||k =
1
2
gjs∂

kgis,
v

C
(r)(k)
(j) = −1

2
hjs(∂rhks + ∂khrs − ∂shrk),

where
,,|́|” and ,,||” are the h−, and v− covariant derivative with respect to the Berwald

connection (Br
jk = ∂rNjk, 0).

But g = g(x), so δjgsi = ∂jgsi and ∂kgis = 0 ⇒
h

F i
jk= γi

jk(x) and
h

C
i(k)
j = 0.

From hrs(x, p) =
a2

H
grs(x) it follows hrs(x, p) =

H

a2
grs(x). But

∂rhks(x, p) = ∂r

(
a2

grmpmpr
gks(x)

)
= −2a2

H2
gks(x)grmpm,

v

C
(r)(k)
(j) = −1

2
hjs(∂rhks + ∂khrs − ∂shrk) =

= −1
2

H

a2
gjs(x)

(
−2a2

H2
gksgrmpm − 2a2

H2
grsgkmpm +

2a2

H2
grkgsmpm

)
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v

C
(r)(k)
(j) =

1
H

(δk
j pr + δr

j pk − grkpj) , grmpm = pr.

v

F
(r)
(j)k= ∂r

c

N jk +
1
2
hrshjs||k = ∂r

c

N jk +
1
2
hrs[δkhjs − ∂m(

c

Nsk)hjm − ∂m(
c

N jk)hsm].

Since Njk = γr
jkpr and

v

F
(r)
(j)k= γr

jk +
1
2

a2

H
grs(x)[

H

a2
∂kgjs +

1
a2

gjs∂kgmlpmpl +
2
a2

γm
klpmgjsg

lmpm−

−H

a2
γm

skgjm − H

a2
γm

jkgsm],

we obtain

v

F
(r)
(j)k=

1
2
γr

jk +
1
2
grs∂kgjs +

1
2H

∂kgmlpmplδ
r
j +

1
2H

gmsglipmpi∂kglsδ
r
j +

+
1

2H
gsmglipmpi∂lgksδ

r
j −

1
2H

gsmglipmpi∂sgklδ
r
j−

−1
4
grs∂sgkj − 1

4
grs∂kgsj +

1
4
grs∂jgsk.

But gms∂k(gls) = −∂k(gms)gls, and consequently

v

F
(r)
(j)k=

1
2
γr

jk +
1
4
grs(∂kgjs + ∂jgsk − ∂sgkj) +

1
2H

∂kgmlpmplδ
r
j −

1
2H

∂kgmspmpsδ
r
j−

− 1
2H

gligkspmpi∂lg
smδr

j +
1

2H
glmgkspmpi∂lg

siδr
j =

1
2
γr

jk +
1
2
γr

jk = γr
jk,

which ends the proof.
2
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