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Abstract

The present paper deals with the almost symplectic structure on T*M. The
set of all almost symplectic d-linear connections are determined for the case
when the nonlinear connection is arbitrary and its structure is discussed. The
important invariants are determined for the transformation group of almost
symplectic d-linear connections corresponding to the same nonlinear connection
N. The problem of integrability of the almost symplectic structure on T* M is
solved by means of these invariants, obtaining two single integrability typs I,II
and one combined type €l + II, where € # 0 is real number.
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1 Introduction

The geometrical structures on T*M have imposed themselves naturally, once the
cotangent bundle geometry was approachead. Moreover, the necessity on studying
them has been put forward by R.Miron, who pointed out the connection between the
metrical structures on T*M and the geometry of [4, 5, 6] Hamilton spaces.

The study of the cotangent bundle geometry is important also because it provides
a natural geometrical structure for the Gauge theories of theoretical physics.

The the cotangent bundle geometry has been studied by R.Miron, S.Watana- be
and S.Ikeda in [9], by K.Yano and S.Ishihara in [12], by Gh.Atanasiu and F.Klepp in
[2], C.Udrigte and O.Sandru [11], by R.Miron, D.Hrimiue, H.Shimada and S.Sab&u in
[8], and others.

Concerning the terminology and notations, we use those from [7].

Let M be a real C*°-differentiable manifold with dimension n, and let (T* M, 7*, M)
be its cotangent bundle.

If (2%) is a local coordinates system on a domain U of a chart on M, the induced

system of coordonates on ﬂ*fl(U) is (%, p;), (i =1,...,n).
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Let N be a nonlinear connection on 7% M, with the coefficients N;;(z,p).
We consider on T*M an almost symplectic structure A:

(1.1) Az, p) = §aij(x,p)dx" Adx? +a" (x,p)dp; A op;,

where {dz*,6p;}, (i = 1,...,n) is the dual basis of {6 75 Bpr 91 and (ai;(z,p), @’ (z,p))
is a pair of given d-tensor fields on T*M, of the type (0,2), and (2,0) respectively,
each of them alternate and nondegenerate.

We asociate to the lift A the Obata’s operators:

‘I’?; = %(5;55 - asjair)a ®*SZ; = %(5;5; + asjair)»
(1.2)
q)gg = %((ZW asja’"), <I>*" = %(6;6; + as;a’m).
Obata’s operators have the same properties as the ones associated with a Finsler space
[7].
The results obtained in the particular case of the normal d-linear connections
support the findings of G.Atanasiu in his paper [1].

2 Almost symplectic d-linear connections on 7*M

Definition 2.1 A d-linear connection, D*, on T* M , with local coefficients D*T'(N) =

(szkaHlfc’CZk C,; ]k) for which:

aijie =0, a;|* =0,
(2.1) B

Zi”“c =0, Ziij‘k =0,

where | and | denote the h-and v-covariant derivatives with respect to D*,is called
almost symplectic d-linear connections on T* M, or compatible whith the almost sym-
plectic structure A, (1.1) and is denoted by: D*I'(N).

We shall determine the set of all almost symplectic d-linear connections on 7% M.

0 0
Let N be an other nonlinear connection on T*M, with the coefficients N;; (x,p).
0 0 0 0

0 0 0. 0 ,
Let D* T(N) = (H';,, H,,, C'F, C7%) be the local coefficients of a fixed d-linear
0
connection, D*, on T* M. Then any d-linear connection, D*, on T*M , can be expresed

in the form:
0

Nl] 7N’L_7 *Azp

Hi k_ij + Ay Cll B7

H ]k —H +Alk C at Bijlw
ik ik i k

o —C;j ~D'

¢t =c* —p,7*

A 0o — 0,
ijlk
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where (Al-j,Bijk,Bijk,Dijk,Dijk) are components of the difference tensor fields of
D*T'(N) from l%* F(J(\)f), [3]-

Theorem 2.1 Let l%* be a given d-linear connection on T* M, with local coefficients
B* F(]OV) = (Hoijk, f.;)ij){, C’gjk, ijk). The set of all almost symplectic d-linear connec-
tions on T*M, with local coefficients D*T'(N) = (Hijk, ﬁi jk, C’ijk,

C’ijk) is given by:

0

Nij =N;; —Xij,

) 0 0 _ ol _
Hip =H') +Xy C)f +%a”(arj(|)k +arg | Xun) + @0 X,
T 7 "0' 0’l 1~ [~1J ~‘Ol Fmj v
Hy =H7, +Xu, C;77 —5aq(a"y +a™ | X)) + 057X,y

2
(2.3) Ik
~i k ~0‘ k 1 4 Ok ir V) k
Czj :Clj +§a”a7.j | k+¢'znrljy7n s
0

0
Jjk _ o Jk 1~ ~rj Hmi rk
C,’" =C7" —5a,a" | +@.7Y,, ",

i i
X o — 0,
ijlk
0

0 0
where | and | denote the h-and v-covariant derivatives with respect to D*, and

Xij,Xijk, )N(l Jé, Y ijlﬂYi Ik are arbitrary tensor fields on T M.
Particular cases: 3 ‘
1. If X;; = Xijk = X, 3 =Y ik =y, 7% =0, in Theorem 2.1 we have:

i J

0
Theorem 2.2 Let D* be a given d-linear connection on T*M. Then the following
d-linear connection K*, with local coefficients K*T'(N) = (Hijk, H/7,, Cijk,

C’ijk) given by (2.4) is an almost symplectic d-linear connection on T* M.

0
i 1 _ir
H]k ij: +§a a 0,
0 rjlk
J _fgJ 1~ ~1j
9.4 Hyy =H;7 —30iway
(2.4) Ik
0 Ok
~i k vk 1 4
4yt =C"F +5a"ar |
0 ok

ik __ v gk 1~ ~rj
;7" =C" —zaia’ |,

0 0

where | and | denote the h-and v-covariant derivatives with respect to the given
0
d-linear connection, D*, on T* M.

0
2. If we take an almost symplectic d-linear connection on 7*M (e.g. K* ) as D*,
in Theorem 2.1., we have:
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0
Theorem 2.3 Let D* be a fixed almost symplectic d-linear connection on T*M , with

0 0 0 o 0 0
local coefficients: D* T(N) = (H'j;,, Hy., C’jk, Ci]k). The set of all almost symplectic
d-linear connections on T* M, with local coefficients: D*T'(N) = (H' .., H,?, , C’ijk, M)
is given by:

gk

0
Nij =Ni; —Xij,
Hiy =H'y + Xy C1L 000 X
0 0
Hi =HJ +X; C7 +®79X "
0

m k>

e A
Cil =CiF yair ym k,

0 0

0
where _| and | gie_note the h-and v-covariant derivatives with respect to D*, and
Xij,lek,Xi 5, Y 1jk, Y, 3% are arbitrary tensor fields on T* M.

3. If we take X;; = 0, in Theorem 2.3 we obtain:

0
Theorem 2.4 Let D* be a fixed almost symplectic d-linear connection on T*M , with
0 0 0

0 0 0 2 09 .
local coefficients: D* T(N) = (H'j;,, H;’y., C’jk, C’i]k). The set of all almost symplectic
d-linear connections on T M, corresponding to the same nonlinear connection N, with
local coefficients:D*T'(N) = (Hijk,Hijk,C’ijk,CA]k) is given by:

3

0
% __ 17t ir m
H'y =H';) +07 X,
0

ﬁijk :ﬁijk +<i);rrlj)~( .
0

(2.6) m ok
Mik ik ir vm k
O =0 TP Y
" B s
c, % =c* +omiy, vk,
where Xijk’ XZ j}w Y ijk,}Q I are arbitrary tensor fields on T* M.

3 The group of transformations of almost symplec-
tic d-linear connections on T*M
We study the transformations D*I'(N) — D*T'(N) of the almost symplectic d-
linear connections on T* M, corresponding to the same nonlinear connection N.

0 0 _
If we replace D* T'(V) and D*I'(N) in Theorem 2.3 by D*I'(N) and D*T'(N),
respectively, two almost symplectic d-linear connections, we obtain:
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Theorem 3.1 Two almost symplectzc d-linear connections D*, D* with local coeffi-
cients D*T'(N) = (H* ]k,HZ k,CZ k.95 and

D*T'(N) = (H* jk,Ei k7C’ ,C, %) respectively, are related as follows:
] j,FH o TP
=/’ PIX T
(3.1) (p = A R
¢ =Ciky oy k

.7k — Ik 4 By

where Xijk, Xl jk, Y 1 kY, Ik are arbitrary tensor fields on 7% M.

Conversely, given the tensor fields X ik X, Jk, Y ij, Y, ¥ the above (3.1) is thought
to be a transformation of an almost symplectic d- linear connection D* to an almost
symplectic d- linear connection D*. .

We shall denote this transformation by ¢(X*® ko XZ ) Y ’jk Y, ]k).

Thus we have:

Theorem 3.2 The set G, of all transformations t(X’ k:’Xz ]k,Y’ kY, ak ) given by
(8.1) is a transformation group of the set of all almost symplectzc d- lmear connections
corresponding to the same nonlinear connection N, on T*M together with the mapping
product: HX L XL YR Y Mo t(X X YR |
)/i]k) (Xik+X/zjk’Xk+X/Jk’Y1k+lekyjk+Y’Jk)

This group, Gas, 1s an abelian group wich is isomorphic to the additive group of

quadruples of tensor fields (@?S;Xsrk,fbsts T B ys k @SJY k).

EE

We determine the invariants of the group Ggs.
We denote with:

ON;;
(3-2) tkij = Ajk{ﬁkj}a

where A;;{...} denotes the alternate summation.
Since R;j;, and the tensor field tkij depend on N only, they are invariants of the group

gas .

We make some notations:

ngk: ljk{alm ]k:}7
S*z]k k{azms ]k}
(3.3) R*k ij — zjk{akamU}v
Xz] - Azg{azm k}’
=A; k{amJP },
where S;ji{......} denotes the cyclic summation.

By direct calculations we have:

Theorem 3.3 The tensor fields t*
invariants of the group Gus.

R*k

7

R i, T

xijk E o Jk
ik SFIE Xijs V' are

i3 %
Theorem 3.4 Let N be a nonlinear connection on T*M. The invariant T, (resp.
S*iikY wanishes if and only if there exists an almost symplectic d-linear connection,
D*, havmg the local coefficients D*T'(N) = (Hijk,Hi]k,Cijk,Cijk), with Tijk =0
(resp. S7% = 0).
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Proof. Let Xijk zaTi],wa € R in (3.1), then we have:
T =T, + O‘A]k{@%]T’” et = (L4 )T, = $a' T,
Takmg o= TJ,C = 0 implies szk =0.

The converse 1s evident.

The statement about S*“* is proved in the same way.

Theorem 3.5 a;; does not depend on p, if and only if Xijk =0.

oa;
Proof. From a;;|" = 0 we have Z2 —x,; * =0.

4 The integrability of an almost symplectic struc-
ture in the cotangent bundle
Let A*(T*M) be the F-module of all k-forms on the cotangent bundle (T* (M), 7*, M)
where F is the ring of all differentiable functions on T*(M). If N is a given nonlinear

connection, then {dz’, p;} is a local basis of A'(T*(M)), which is dual to {32, E%i}'
If f € F, then the 1-form df is written as:

5f af
Sda’ +3p1

and the exterior differential of dp; is given by:

(4.1) df = 8pi,

1 , N
fR,;jkd;vk/\de 9 — L Sp A da?.

(4.2) d(opi) = 5 .

In general, w € A%(T*(M)) is written in the form:
1 . o 1
(4.3) w= iaijdxl Adx? 4+ b/ dz' A dp; + 56”5}% A Opj,

where Elij = _dj’iv ¢ = =t
The exterior differential dw is given by:

dw =1 uljijk dat Adzd A dzk + % u2) dx® A dx? N opg+

6 i
(4.4)
) 3jk ‘ L 4ijk
+5w; dx* Adp; ANopr + 5w  dpi Adp; A py,
where L
éa i
wigk= Sijid5et + b Rinjn} i
2 da; - 8k ON,,
4 “’Jfﬁ*ck Ronij + Ai {5k = b 552,
( 5) 37 §&ik A 65711. ~km ONm;
wi =G T Al —
4 o&ti
w = ijk{ a(;k }

Proposition 4.1 If a d-linear connection D* is given on T* M, with local coefficients:
-~ .~ . k ik 4k
. . 1 2 3 4
D*T(N) = (H';,, H,., Cljk, Ci]k) then the coefficients w;ji, w,;; ,w; ,w  have the

ij e
following expressions:
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1 - - ~
wijk= Siji{@ijik + @im T + b Rimjr },
k

2 ~ ~ ~ ~ ~ ~ ~ o~
(46) Wi; = aigl* + 0T + S Ry + Aip{b; 8, + @i O} * + 0P, Y,
: 3 ik - _ iy - o
w; = Cjk\z’ = b8, % + A {6 |F + 0,CT F 4+ e P, Y,
ik g . .
w = ijk{é” ‘k + (~3lmSm]k}.

= ¥
Definition 4.1 A 2-form w € A*(T*M), for which the matrix A:( a%j lz;] ) is

b7 @
nondegenerate, is called integrable if: dw=0.

Theorem 4.1 A 2-form w € A*2(T*M), for which the matriz A is nondegenerate, is
k ik ijk
integrable, if and only if the tensor fields u%ijk: 0, uQ)Z-j =0, uB)Z =0, and G = 0

Assume that a nonlinear connection N on T* M is given, then an almost symplectic
structure on the base manifold M is lifted to a 2-form w on T* M thus: we consider the
following 2-forms w of two single types I, II and one combined type ¢I+II, ¢ € R* :

Iw= %aijdxi A dxj; H:'w :%Qij(Spi/\dpj,

elHIL: w = ea;jdx* A dx’ + %d”épi N dpj,

Proposition 4.2 FEach 2-form w of the type eI + I is nondegenerate and defines an
almost symplectic structure on T* M.

1 2 K ogik 4uk
Proposition 4.3 The coefficients wiji,w;; ,w; ,w  of the exterior differential of
the 2-form given in Proposition 4.2 are invariants of the group G,s and are given in
the following form

k
1 2
. _ * _ ~km k
el+I11: Wijk= 6Tz‘jk7wij =a Rmij + X5
3 Jk . 4 ijk i
W =k w = §*idk,

? 1 )

Proof. Using the relations (4.6) and (3.3) we calculate the coefficients of the exterior
differentials of the 2-forms of the type I and II:

k ik
1 3 4 ijk
. __ _ k _ _
L wije= T, Wi = X35 " Wi = w =0,
1 2 3 Jk : 4 ijk g
. _ _ =k _Jk _ k
Il wijp= 0, w;; =a"" Ryij, w; =v";", w = §xijk,

Definition 4.2 An almost symplectic structure on a differentiable manifold M is
called integrable of the type €l + II, if there exists an almost symplectic d-linear
connection D* on T*M such that the corresponding lifted 2-form on T*M 1is inte-
grable.

Then from Theorems (3.4), (4.1) and from Definition 4.2 we have:

Theorem 4.2 An almost symplectic structure on a differentiable manifold M is in-
tegrable of the type el + II if and only if there exists an almost symplectic d-linear
connection D* on T*M with local coefficients D*T'(N) = (Hijk, H/\, Cijk,

Cijk) satisfying the following conditions:
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eLHIL Ty = 8,77 = 0, @™ Ryij +exi; ¥ = 0,07," = 0,

Theorem 4.3 An almost symplectic structure on a differentiable manifold M, inte-
grable of the type el + I1,e € R*, does not depend on p if and only if R, = 0.

The proof follows from Ekamij +ex;; k = 0 and Theorem 3.5.
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