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Abstract. In this paper we construct a geometrization on the 1-jet fiber
bundle J*(T, M) for the multi-time quadratic Lagrangian function

L = hoB(t)gi; (¢, w)xl oy + UL (1 2)al, + F(t,2).

Our geometrization includes a nonlinear connection I', a generalized
Cartan canonical I'-linear connection CT together with its d-torsions
and d-curvatures, naturally provided by the given multi-time quadratic
Lagrangian function L.
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1 Metrical multi-time Lagrange spaces

It is important to note that quadratic multi-time Lagrangians dominates most sci-
entific domains. We can remind only the theory of elasticity [19], the dynamics
of ideal fluids, the magnetohydrodynamics [6], [7], the theory of bosonic strings
[5] or the multi-time evolution (p-flow) of some physical or economical phenomena
[21, 22, 23, 24, 25, 26]. This fact emphasizes the importance of the geometrization of
quadratic multi-time Lagrangians. In conclusion, a Riemann-Lagrange geometry on
1-jet spaces was required. Such a geometry was initially developed by Saunders [20]
and Asanov [2], and continued, in a Miron’s approach [10], by Udriste ([21]-[26]) and
Neagu ([13], [16]).

In the sequel, let us fix h = (hag(t?)) a semi-Riemannian metric on the temporal
manifold 7' and let g = (g;;(t7, 2%, 2%)) be a symmetric d-tensor on E = J*(T, M),
of rank n and having a constant signature.

Generally, a smooth multi-time Lagrangian function

(1.1.1) L:E—R, E> (%", 2) — L(t* 2", 2) €R,
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produces a fundamental vertical metrical d-tensor

1 9L
1.1.2 g _ - 2~
(1.1.2) 00 = 3 90t 007
where 4,7 =1,....,nand a, 8 =1, ..., p.

Definition 1.1. A multi-time Lagrangian function L : E — R, having the fundamen-
tal vertical metrical d-tensor of the form

(1.1.3) G (W7, 2k, ak) = hoP (1) gy (17, 2", ),

is called a Kronecker h-regular multi-time Lagrangian function.

In this context, we can introduce the following important concept:

Definition 1.2. A pair ML) = (JYUT,M),L), p = dimT, n = dim M, consisting
of the 1-jet fibre bundle and a Kronecker h-reqular multi-time Lagrangian function
L:JYT,M) — R, is called a multi-time Lagrange space.

Remark 1.3. i) In the particular case (T, h) = (R,0), a multi-time Lagrange space
is called a relativistic rheonomic Lagrange space and is denoted by

RL™ = (J'(R, M), L).

For more details about the relativistic rheonomic Lagrangian geometry, the reader may
consult [15].

it) If the temporal manifold T is 1-dimensional one, then, via a temporal repara-
metrization, we have

JYT, M) = J' (R, M).

In other words, a multi-time Lagrange space, having dimT = 1, is a reparametrized
relativistic rheonomic Lagrange space.

Example 1.4. Let us suppose that the spatial manifold M is also endowed with a
semi-Riemannian metric g = (¢i;(x)). Then, the multi-time Lagrangian function

(1.1.4) Li:E—R L= ho"@(t)gij(oz)xflxé
is a Kronecker h-regular one. It follows that the pair
BSML} = (J'(T, M), Ly)

is a multi-time Lagrange space. It is important to note that the multi-time Lagrangian
L= Ll\/m is exactly the “energy” Lagrangian, whose extremals are ultra-harmonic
maps between the semi-Riemannian manifolds (T, h) and (M, g) [4]. At the same time,
the multi-time Lagrangian that governs the physical theory of bosonic strings is of type

Ly [6].
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Example 1.5. (geometric dynamics [21, 22, 25, 24, 25, 26]) Let us start with a
p-flow described by the completely integrable PDES system

oz’
ote

= X! (t,x(t), i=1,...,m a=1,..,p.

This system and the semi-Riemannian metrics h®?(t) and g;;(t,z) determine the
quadratic Lagrangian function

(1.15)  Ly: E—R,  Ly=h"(t)g;(t,x)(xl, — X} (t,2(t)(xh — X5(t, x(t)),

which is Kronecker h-reqular. If the metrics h and g are positive definite, then this is
the least squares Lagrangian. Also, we remark that any PDFEs system can be replaced
with a p-flow (multi-time evolution), and consequently it produces a Lgrange-Hamilton
problem via any quadratic Lagrange function of preceding form.

Example 1.6. In the above notations, taking U((Z.o)‘) (t,z) a d-tensor field on E and
F:T x M —R a smooth function, the quadratic multi-time Lagrangian function

(1.1.6) Ly: E—R, Ly =h"(t)gy(x)zlal, + UL (t 2)al, + F(t, @),

is also a Kronecker h-regular one. The multi-time Lagrange space
EDMLY = (JY(T, M), Ly)

is called the autonomous multi-time Lagrange space of electrodynamics. This
is because, in the particular case (T, h) = (R,0), the space EDM LY} naturally genera-
lizes the classical Lagrange space of electrodynamics, that governs the movement law
of a particle placed concomitently into a gravitational field and an electromagnetic
one. From physical point of view, the semi-Riemannian metric hqog(t) (resp. g;j(x))
represents the gravitational potentials of the manifold T (resp. M), the d-tensor
U((S)(t,x) plays the role of the electromagnetic potentials which produce a gyro-
scopic force, and F is a potential function. The non-dynamical character of the
spatial gravitational potentials g;;(x) motivates us to use the term ”autonomous”.

Example 1.7. More general, if we consider the symmetrical d-tensor g;;(t,x) on E,
of rank n and having a constant signature on E, we can define the Kronecker h-regular
multi-time Lagrangian function

(1.1.7) Ly: E—R, Ls=h""(t)gyt,2)atal + U (t,x)al, + F(t,2).

The multi-time Lagrange space
NEDML} = (JY(T, M), Ls)

is called the non-autonomous multi-time Lagrange space of electrodynamics.
We use the term “non-autonomous”, in order to emphasize the dynamical character
of spatial gravitational potentials g;;(t,x), i.e., their dependence of the temporal coor-
dinates t7.
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An important role and, at the same time, an obstruction in the subsequent devel-
opment of the theory of the multi-time Lagrange spaces, is played by the following
theorem, proved in [12]:

Theorem 1.8. (of characterization of multi-time Lagrange spaces)
If p=dimT > 2, then the following statements are equivalent:

i) L is a Kronecker h-regular Lagrangian function on J*(T, M).

it) The multi-time Lagrangian function L reduces to a multi-time Lagrangian func-
tion of non-autonomous electrodynamic type, that is

L= K 00,00 + U5 )+ F0,2),

Corollary 1.9. The fundamental vertical metrical d-tensor of an arbitrary Kronecker
h-regular multi-time Lagrangian function L is of the form

(1.1.8) G(a)(ﬁ) 1 0%L _ hll(t)gij(t,xkayk)v p=dimT =1
o @G 2 axfyax% hB(#7) g (t7,2%), p=dimT > 2.

Remark 1.10. ¢) It is obvious that the preceding theorem is an obstruction in the
development of a fertile geometrical theory for the multi-time Lagrange spaces. This
obstruction was surpassed in the paper [13], by introducing the more general notion of
a generalized multi-time Lagrange space. The generalized multi-time Riemann-

Lagrange geometry on J*(T, M) will be constructed using only a Kronecker h-regular

vertical metrical d-tensor GEZO;)(S’?) and a nonlinear connection I', ”a priori” given on

the 1-jet space JY (T, M).

1) In the case p = dimT > 2, the preceding theorem obliges us to continue our
geometrical study of the multi-time Lagrange spaces, directing our attention upon the
non-autonomous multi-time Lagrange spaces of electrodynamics.

Let ML} = (J'(T,M),L), where dimT = p, dim M = n, be a multi-time La-
grange space whose fundamental vertical metrical d-tensor metric is

32L { hll(t)glj(ta xkayk)7 pP= 1

a@® _
WP () gy (7, 2%),  p=2.

1
@G~ 2 ggi ozl

Supposing that the semi-Riemannian temporal manifold (T, k) is compact and
orientable, by integration on the manifold T, we can define the energy functional
associated to the multi-time Lagrange function L, taking

£, : C=(T, M) — R, gL(f)z/L(ta,xi,x;Mm At A2 AL AP,
T

oz’
o

where the smooth map f is locally expressed by (t%) — (z%(t%)) and z¢, =
The extremals of the energy functional £y verify the Euler-Lagrange PDEs

2 2
(@)(B) j 0°L j oL 0°L oL

1.1. 2G —— ——t —HY =
(1.1.9) G 0) Tas 8xJ8x’axo‘ 8xl+8t0‘8x; ozt 0
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9%z

ot otP
temporal metric hog.

Taking into account the Kronecker h-regularity of the Lagrangian function L, it is
possible to rearrange the Euler-Lagrange equations of the Lagrangian £ = L\/m in
the following generalized Poisson form (ultra-hyperbolic partial differential equations):

where xiﬁ = and H;YB are the Christoffel symbols of the semi-Riemannian

(1.1.10) Ena® + 26" (t", 2™, z)') = 0,
where

k k k
Epaz” = haﬁ{xaﬁ - H(;yﬁx'y}7

2gk:gki{ 2L . 9L 9L 0L
B

J Jg_ = 4 2~ 4 7Y By .0
2 \wiors, " x| Oedw, T om, e T 200 Hag m”} ‘
Proposition 1.11. i) The geometrical object G = (G") is a multi-time dependent
spatial h-spray.

ii) Moreover, the spatial h-spray G = (G') is the h-trace of a multi-time dependent

spatial spray G = (G(1) ), that is G' = h*/Gl) .

Proof. The proof of this proposition is given in [12]. O

Following previous reasonings and the preceding result, we can regard the equa-
tions (1.1.10) as being the equations of the ultra-harmonic maps of a multi-time
dependent spray.

Theorem 1.12. The extremals of the energy functional £, attached to the Kronecker
h-regular Lagrangian function L are ultra-harmonic maps on JY(T, M) of the multi-
time dependent spray (H,G) defined by the temporal components

1 )
_7H111(t)yza p=1

Hgi))ﬁ - ?
o )
5oty P22
and the local spatial components GEZ))B =
hug* [ 2L ., OL 8L oL 11171 !
4 6xj8yky]_@+W+WHn+2h Hiyguy' |, p=1

1., . ;

5 ()8’ p>2

)

where p = dim T

Definition 1.13. The multi-time dependent spray (H, G) constructed in the preceding
Theorem is called the canonical multi-time spray attached to the multi-time
Lagrange space M L.
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In the sequel, by local computations, the canonical multi-time spray (H,G) of
the multi-time Lagrange space M L; induces naturally a nonlinear connection I' on
JYT, M).

Theorem 1.14. The canonical nonlinear connection
_ (4) (1)
= (Mg)5 Nia;)

of the multi-time Lagrange space MLy is defined by the temporal components

_Hlllyia p:1

(@) _op _
(1.1.11) M(a)ﬂ = 2H(a)ﬁ = legxi, p>2
and the spatial components
oG'
oG hll@a p=1
(1.1.12) Ny = garor = e 9% 09 g ()
¥ % J J J Y
jkxoz + 2 ot + 4 hOé’YU(k)jv p > 27

i _ paf (7)
where G* = h G(Q)ﬁ.

Remark 1.15. In the particular case (T, h) = (R, ), the canonical nonlinear connec-

tion T = (0, N((;;J) of the relativistic Theonomic Lagrange space RL™ = (JY(R, M), L)

generalizes naturally the canonical nonlinear connection of the classical rheonomic
Lagrange space L™ = (R x TM, L) [10].

2 Generalized Cartan canonical connection CI' of a
metrical multi-time Lagrange space

Now, let us consider that MLy = (J YT, M), L) is a multi-time Lagrange space,
whose fundamental vertical metrical d-tensor is

a)(B) 1 82[1 _ hll(t)gij(tu‘rkayk)7 p= 1
0w 2 a haﬁ(tv)gij(t’yvmk)v p Z 2.

2t 81’%

Let I' = (M ((;) 5 N((;))j) be the canonical nonlinear connection of the multi-time La-
grange space M n

The main result of this Section is the Theorem of existence and uniqueness of
the generalized Cartan canonical connection CT', which allowed us to develop in the
paper [14] the multi-time Riemann-Lagrange geometry of physical fields, theory that
represents a natural generalization of the classical field theories (the Finslerian theory
[1], [2] and the ordinary Lagrangian theory [10]).

Theorem 2.1. (the generalized Cartan canonical connection)
On the multi-time Lagrange space M Ly = (JYT, M), L), endowed with the canonical
nonlinear connection I', there is a unique h-normal I'-linear connection
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CT = (H35. Gy, Lix, 531,
having the metrical properties:

i) g =0, gili}) =0,

P ko 7k i _ i)
W Gj, = o o 0 L= Lis Cit = Criy) -

5 ‘(O‘)w
(#)

” » o

where” |, ;" and
connection CT.

are the local covariant derivatives of the h-normal I'-linear

Proof. Let CT' = (Gzyﬁ,Gf,y, ;k,C’;EZ;) be an h-normal I'-linear connection, whose

ki §g. .
Gk =929 ang

local coefficients are defined by the relations G’Z =H) s,

T2 6
i _ 9" (gjm n OGkm _ 09jk
Jk 2 Sxk Sxd dxm )’
(2.2.1)
Cz('y) ag]m 8gkm - agjk
Jk) = 2 Dk ol Oz |’

Taking into account the local expressions of the local covariant derivatives induced by
the connection I', by a local calculation, we deduce that CT satisfies the conditions
i) and ii).

Conversely, let us consider an h-normal I’-linear connection

~ =y i ~i
CT = (G5, G, jk,cjggg)

which satisfies the metrical conditions ) and ). In this context, we have

=
Gop = Hgﬁ,

G 97 00
2 0t

Moreover, the condition g;;; = 0 is equivalent to

59ij
oxk

= gmjLzT"]z + gimiﬂ-
Applying now a Christoffel process to the indices {i, j, k}, we find

=i g™ (0gim | Ogkm _ Ok
ak 2 Sxk Sxd dxm )’

By analogy, using the relations c' (k) C’,i(j) and gw| B = = 0 and using also a
Christoffel process applied to the indices {i, j, k}, we obtain

Cz('y) 6g]m + agkm _ agjk

In conclusion, the uniqueness of the generalized Cartan canonical connection CT
is clear. O
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Remark 2.2. i) Replacing the canonical nonlinear connection T with an arbitrary
nonlinear connection, the preceding Theorem holds good.

i) In the particular case (T, h) = (R, ), the generalized §-normal T'-linear Cartan
connection associated to the relativistic rheonomic Lagrange space

RL™ = (JY(R,M), L)

generalizes naturally the canonical Cartan connection of a classical rheonomic La-
grange space L™ = (R x TM, L), constructed in [10].

111) The generalized Cartan canonical connection of the multi-time Lagrange space
MLy wverifies also the metrical properties

haﬂ/v = haﬁ|k = haﬁ|g’]z; = 07 gij/'y =0.

iv) In the case p = dimT > 2, the coefficients of the generalized Cartan canonical
connection of the multi-time Lagrange space M Ly reduce to

ki - ) ) )
G?’Y _ g 89” Lt =T% CZ(’Y) =0.

~Y vy J
Ga,@_H - ) at,y ’ ik — * k> (k) —

af3

3 Local d-torsions and d-curvatures of CI'

Applying the formulas that determine the local d-torsions and d-curvatures of an
h-normal T'-linear connection VI' (see [16]) to the generalized Cartan canonical con-
nection CT', we obtain the following results:

Theorem 3.1. The torsion d-tensor T of the generalized Cartan canonical connec-
tion CT' of the multi-time Lagrange space M Ly is determined by the local components

hT hM v
hehry | 0 0 0 0 0 Rl
o) hathr | 0 o | Ty | T RO, e
3. b | 0 | 0 | 0 | o | Ry | R
m) (1) (m) (B)
ohy 0 0 0(1) 0 P((l)l)(](’)l ) Pnad)
m m
vhy 0 0 i(5) 0 Phig) 0
v 0 0 0 0 0 0
where,

i) forp=dimT = 1 we have

o m pm) _ m() ) (1)
iy = -Gji, Dy =Cigy » Py = -G

pom 0 _ONwi gy N N,
Wi = Ty T Bwg T T T T




A Riemann-Lagrange geometrization 95

oN™) aN™
(m) _ (1)j 1 (m) M)j k.
R(l)lj - — 8t + Hll N(l)g 8yk ) Y

1) for p=dimT > 2, denoting

m agm (ﬂ)
i) = 2 EIT huﬁU
OH? oOH”
v po uB ¥ n
Hj.5= 513 5o +HjH,5— HHp,
o 8FZ} B 8I‘m Fk I"“
pig 8.Tj 8.131 kz 9
we have
m m (5) __SBm (m) Y m
Toi = =Glar Puaty) = ~5CGer Biia) = ~Hias®
(m) m
o _ N g™ s 995k hey o
(Waj =™ fpe 2 ot 2 ki)

(m) _ k .
Ry = Tijrdy + {FiTu)\j - FJTH)IZ}’

Theorem 3.2. The curvature d-tensor R of the generalized Cartan canonical connec-
tion CT' of the multi-time Lagrange space M Ly is determined by the local components

hr har v
p=1|p=>22| p=1 |p=>2 p=1 p>2
hrhr 0 Hnﬁv 0 Riﬂv T 0 RE?))((i))ﬁ’Y
7 ] _ 5l a
harhr 0 0 Ry, ka R%ll))((glk Riyy, ((7))((i))ﬁk
l «@
g | O ’ 5”'“1) i (%) a4 }?l”ku) it
b ’ ’ P“l“ﬁ) ’ P(1<)lg?)11>(]ff> P“l(?l)) ’
B P L O 1T o P
v 0 0 1 Sm | 0 | Shmmm =S 0
()(0) _ L () () 1
where R M@y = oy R —|—5 ny R(n)(i)ﬁk oY Rzﬂk , R(n)( ik = oy Ry and
1) forp =dimT =1 we have
LLCE TR ) L — m 1(1) p(m)
Rl = 5ok s T Gl — LGl + CitmyBiyix
5Li 5Lik m (1) m)
R”k oxk ozl + L L — Lik it Cl(m (1)jk >
1
ry _ 9Ghn W) plm) (1)
i) = Py Cioyn + CitmyPiim
!
vy _ Oy iy ci plm

iy (k) gyk - 1(k )i Dik)
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ac') oot

() _ i) _ i(k) m(1) ~I(1)  _ ~m(1) ~U(1)
iO® = gk~ oy T Cio) O ~ Ciy O
1) for p=dimT > 2 we have
0OHY; OHX
a nB ny a a
Y T oy 9B +H;7LBHM_H#7 up s
5Gly  5GE
l _ i3 Y m ol m vl
Y= 5 T g T i8Gmy = GiyGmg
l
,_ 0Gig  oTy,

Ri,@k = Sk - 518 + G%Flmk - F%Glmﬂ )

ork,  ort
Rij, = Tijn = 593;5 - axf + T}, — TRl
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