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Abstract. This paper reformulates a problem of Sharafutdinov [4] and
extend the new variant from the single-time context to the multi-time
context.

Section 1 is dedicated to the single-time case. It starts with well-known
facts of describing geodesics as extremals. Then it is formulated and stud-
ied the problem of determination of a metric by the boundary energy. The
linearization of this problem leads to the ray transform of a tensor field
and to moment problem.

Section 2 extend the single-time case to the multi-time case. It begins with
well-known facts about harmonic maps and continues with determining a
pair of metrics from boundary energy. Using the linearization, we extend
the idea to multi-ray transform of a distinguished tensor field (moment
problem).
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1 Single-time Case

1.1 Geodesics

Let (M, g) be a Riemannian manifold, dimM = n. Consider (x1, . . . , xn) the local
coordinates and Γi

jk the Christoffel symbols of the second type.

Definition 1.1 Let x: [0, 1] → M , x(t) = (x1(t), . . . , xn(t)) be a curve on M joining
the points x(0) = p and x(1) = q of M . The integral

Eg(x) =
1
2

∫ 1

0

||ẋ(t)||2dt =
1
2

∫ 1

0

gij(x(t))ẋi(t)ẋj(t)dt

is called the energy of the curve x.
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Proposition 1.1 A minimum point of the energy functional Eg, with the boundary
conditions x(0) = p and x(1) = q, necessarily verifies the boundary value problem:

∂L

∂xi
− d

dt

(
∂L

∂ẋi

)
= 0, i = 1, n,(1.1)

x(0) = p, x(1) = q,

where L(xi, ẋi) =
1
2
gij ẋ

iẋj is the Lagrangian (kinetic energy) determining the func-
tional.

Explicitly,

ẍi + Γi
jkẋj ẋk = 0, i = 1, n,

x(0) = p, x(1) = q.

Proof. Let us refer to the second part of the Proposition. We have

∂L

∂xi
=

1
2

∂

∂xi

(
gjkẋj ẋk

)
=

1
2

∂gjk

∂xi
ẋj ẋk

∂L

∂ẋi
=

1
2

∂

∂ẋi

(
gjkẋj ẋk

)
= gij ẋ

j

d

dt

(
∂L

∂ẋi

)
=

d

dt

(
gij ẋ

j
)

=
∂gij

∂xk
ẋkẋj + gij ẍ

j .

Hence, the Euler-Lagrange equations become

1
2

∂gjk

∂xi
ẋj ẋk − ∂gij

∂xk
ẋkẋj − gij ẍ

j = 0 ⇔(1.2)

gij ẍ
j +

1
2

(
2
∂gij

∂xk
ẋkẋj − ∂gjk

∂xi
ẋj ẋk

)
= 0 ⇔

ẍp +
1
2
gip

(
∂gij

∂xk
+

∂gik

∂xj
− ∂gjk

∂xi

)
ẋj ẋk = 0 ⇔

ẍp + Γp
jkẋj ẋk = 0, p = 1, n.

Remark 1.1 a) We suppose that the problem (1.1) stated in the previous proposition
has a unique solution.

b) The equations
ẍi + Γi

jkẋj ẋk = 0, i = 1, n

of the extremals of the energy functional Eg coincide with the equations of the geodesics
of (M, g).

1.2 Determination of a Metric by Boundary Energy

Definition 1.2 Let (M, g) be a compact Riemannian manifold and ∂M be the
boundary of M . The Riemannian metric g is called simple if any two points p, q ∈ ∂M
can be joined by a unique geodesic

xpq: [0, 1] → M, M = M ∪ ∂M,

x(0) = p, x(1) = q, x(0, 1) ⊂ M.
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Definition 1.3 Let (M, g) be a simple Riemannian manifold. The function

Eg: ∂M × ∂M → R, Eg(p, q) = E(xpq),

where xpq is the geodesic joining the points p, q, (xpq \ {p, q}) ⊂ M \ ∂M , is called
the boundary energy produced by the metric g.

The problem of existence of a simple metric g with the property that a given
function E: ∂M × ∂M → R represents the boundary energy attached to g cannot
have a unique solution. To justify this statement, let ϕ:M → M be a diffeomorphism
of M such that ϕ|∂M = id and g1 = ϕ∗g0. The diffeomorphism ϕ transforms the
simple metric g0 into the simple metric g1. The relation

g1(x)(ξ, η) = g0((dxϕ)ξ, (dxϕ)η)ϕ(x),

where dxϕ:TxM → Tϕ(x)M is the differential of ϕ, implies that g0 and g1 have
different families of geodesics, but the energy is the same.

Is the nonuniqueness of the proposed problem settled by the above-mentioned
cons-truction?

Problem 1. Let g0 and g1 be simple metrics on the manifold M , with the
boundary ∂M , such that Eg0 = Eg1 . Is there a diffeomorphism ϕ:M → M , such that
ϕ|∂M = id and g1 = ϕ∗g0? (the problem of determination of a metric by its boundary
energy).

1.3 Linearization of The Problem of Determination of a Metric
by its Boundary Energy

Let us linearize the above-mentioned problem.
Let (gτ ) be a family of simple metrics on M , depending smoothly on the parameter

τ ∈ (−ε, ε), ε > 0. Let xτ : [0, 1] → M be a geodesic joining the points p = xτ (0) and
q = xτ (1). Consider xτ (t) = (x1(t, τ), . . . , xn(t, τ)) as the representation of xτ in a
local coordinate system. Suppose that gτ = (gτ

ij) and xi(t, τ), i, j = 1, n, are C∞

functions.
We start with the boundary energy

Egτ (p, q) =
1
2

∫ 1

0

gτ
ij(x

τ (t))ẋi(t, τ)ẋj(t, τ)dt.

Differentiating with respect to τ and then considering τ = 0, we have

∂

∂τ

∣∣∣∣
τ=0

Egτ (p, q) =
∫ 1

0

fij(x0(t))ẋi(t, 0)ẋj(t, 0)dt

+
1
2

∫ 1

0

[
∂g0

ij

∂xk
(x0(t))ẋi(t, 0)ẋj(t, 0)

∂xk

∂τ
(t, 0)

+2g0
ij(x

0(t))ẋi(t, 0)
∂xj

∂τ
(t, 0)

]
dt,
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where

fij =
1
2

∂

∂τ

∣∣∣∣
τ=0

gτ
ij .(1.3)

Using an integration by parts, having in mind that
∂xi

∂τ
(0, 0) =

∂xi

∂τ
(1, 0) = 0 and

x0 is extremal of energy functional, we obtain
∫ 1

0

g0
ij(x

0(t))ẋi(t, 0)
∂ẋj

∂τ
(t, 0)dt =

∫ 1

0

g0
ij(x

0(t))ẋi(t, 0)
∂

∂t

(
∂xj

∂τ

)
(t, 0)dt

= g0
ij(x

0(t))ẋi(t, 0)
∂xj

∂τ
(t, 0)

∣∣∣∣
1

0

−
∫ 1

0

∂

∂t

[
g0

ij(x
0(t))ẋi(t, 0)

] ∂xj

∂τ
(t, 0)dt

= −
∫ 1

0

[
∂g0

ij

∂xk
(x0(t))ẋk(t, 0)ẋi(t, 0) + g0

ij(x
0(t))ẍi(t, 0)

]
∂xj

∂τ
(t, 0)dt.

(1.4)

The equations (1.2) can be written in the form

∂g0
ij

∂xk
ẋiẋj = 2

(
∂g0

jk

∂xi
ẋiẋj + gjkẍk

)
.(1.5)

By replacing the relations (1.4) and (1.5) in the equality (1.3), we find

∂

∂τ

∣∣∣∣
τ=0

Egτ (p, q) =
∫ 1

0

fij(x0(t))ẋi(t, 0)ẋj(t, 0)dt.

If we denote

If (xpq) =
∫ 1

0

fij(x0(t))ẋi(t, 0)ẋj(t, 0)dt,

the previous relation becomes

∂

∂τ

∣∣∣∣
τ=0

Egτ (p, q) = If (xpq),(1.6)

xpq being a geodesic of the metric g0.
In the particular case when the energy Egτ does not depend on τ , the left side of

the equality (1.6) is null.
From ϕ|∂M = id we obtain v|∂M = 0, so we have the following linearization of

the problem 1: to what extent the family of integrals

If (xpq) =
∫

xpq

fij(x(t))ẋi(t)ẋj(t)dt,

counted after p, q ∈ ∂M , determine the tensor f = (fij) over a Riemannian manifold
(M, g0)?

The existence of the solutions of the stated problem for the family (gτ ) implies
the existence of an one-parameter group of diffeomorphisms ϕ: M → M , such that
ϕτ |∂M = id and gτ = (ϕτ )∗g0, that is

gτ
ij = (g0

k` ◦ ϕτ )
∂x′k

∂xi
(x, τ)

∂x′`

∂xj
(x, τ),(1.7)
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where ϕτ (x) = (ϕ1(x, τ), . . . , ϕn(x, τ)) and x′ = ϕτ (x).
If we differentiate with respect to τ and we make τ = 0, we obtain

Theorem 1.1 The relation (1.7) implies

fij =
1
2
(vi;j + vj;i),(1.8)

v = (vi) being the covariant vector field that generates the one-parameter group (ϕτ )
and vi;j is the covariant derivative of the covariant vector field (vi = g0

ijv
j) in the

metric g0.

Proof. The covariant derivative of v in the metric g◦ is

vi;j =
∂vi

∂xj
− Γk

ijvk,

where

vi = g0
ijv

j ,

Γk
ij =

1
2
gkp

(
∂g0

jp

∂xi
+

∂g0
ip

∂xj
− ∂g0

ij

∂xp

)
,

vk(x) =
∂

∂τ

∣∣∣∣
τ=0

ϕk(x, τ), i, j, k = 1, n.

Differentiating the relation (1.7) with respect to τ and then considering τ = 0, we
find

2fij =
∂

∂τ

∣∣∣∣
τ=0

gτ
ij =

∂g0
k`

∂ϕm

(
∂

∂τ

∣∣∣∣
τ=0

ϕm

)
∂x′k

∂xi
(x, 0)

∂x′`

∂xj
(x, 0)

+(g0
k` ◦ ϕ0)

∂

∂τ

(
∂x′k

∂xi

)
(x, 0)

∂x′`

∂xj
(x, 0)

+(g0
k` ◦ ϕ0)

∂x′k

∂xi
(x, 0)

∂

∂τ

(
∂x′`

∂xj

)
(x, 0) =

∂g0
k`

∂xm
vm ∂x′k

∂xi
· ∂x′`

∂xj

+g0
k`

∂

∂xi

(
∂

∂τ

∣∣∣∣
τ=0

x′k
)

∂x′`

∂xj

+g0
k`

∂x′k

∂xi
· ∂

∂xj

(
∂

∂τ

∣∣∣∣
τ=0

x′`
)

=
∂g0

k`

∂xm
vmδk

i δ`
j + g0

k`

∂vk

∂xi
δ`
j

+g0
k`δ

k
i

∂v`

∂xj
=

∂g0
ij

∂xp
vp + g0

jp

∂vp

∂xi
+ g0

ip

∂vp

∂xj
.

On the other hand

vi;j + vj;i =
∂vi

∂xj
− Γm

ij vm +
∂vj

∂xi
− Γm

jivm =
∂g0

im

∂xj
vm + g0

im

∂vm

∂xj
+

∂g0
jm

∂xi
vm

+g0
jm

∂vm

∂xi
− gmp

0

(
∂g0

jp

∂xi
+

∂g0
ip

∂xj
− ∂g0

ij

∂xp

)
g0

msv
s =

(
∂g0

im

∂xj
+

∂g0
jm

∂xi

)
vm
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+
(

g0
im

∂vm

∂xj
+ g0

jm

∂vm

∂xi

)
−

(
∂g0

jp

∂xi
+

∂g0
ip

∂xj
− ∂g0

ij

∂xp

)
vp

=
∂g0

ij

∂xp
vp + g0

jp

∂vp

∂xi
+ g0

ip

∂vp

∂xj
.

Hence, we obtained the equality

fij =
1
2
(vi;j + vj;i).

1.4 Ray Transform of a Tensor field

Let us generalize this problem from covariant tensors of second order to covariant
tensors of superior order.

Let (M, g) be a simple Riemannian manifold and τM = (TM, p, M), τ ′M =
(T ′M, p′,M) the tangent and the cotangent bundle of M , respectively. Let Smτ ′M
be the set of the symmetric tensor fields on τ ′M and C∞(Smτ ′M ) the space of the sec-
tions of this bundle. Consider ∇ the covariant derivative and σ the symmetrization.

Problem 2. Let (M, g) be a simple Riemannian manifold. Do integrals

If (xpq) =
∫

xpq

fi1...im(x(t))ẋi1(t) · · · ẋim(t)dt,(1.9)

p, q ∈ ∂M , determine a symmetric tensor field f ∈ C∞(Smτ ′M ) (xpq is the geodesic
joining the endpoints p, q and dt is the geodesic arc length)? Particulary, the equality
If (xpq) = 0 allows us to state the existence of a field v ∈ C∞(Sm−1τ ′M ), such that
v|∂M = 0 and σ(∇v) = f?

The function If , determined by the equality (1.9) on the set of the geodesics
joining the points situated on the boundary of M , is called single-ray transform of
the tensor field f .

Remark 1.2 According[4],there are some known results on problem 1.

R. Michel obtained a posi-tive answer to problem 1 in the two-dimensional case
when g0 has constant Gauss curvature.

R. G. Mukhometov, J. W. Bernstein and M. L. Gerver found a solution to the
linear problem 2 for simple metrics, in the case m = 0. When m = 1, Yu. E. Anikonov
and V. G. Romanov solved problem 2. R. G. Mukhometov generalised these results
to metrics whose geodesics form a typical caustics.

2 Multi-time Case

2.1 Harmonic maps

Let (M, g) be a compact Riemannian manifold of dimension n > 1, with the
boundary ∂M . Let (x1, . . . , xn) be the local coordinates, Γij,k, respectively Γi

jk the
Christoffel symbols of the first type, respectively the second type.
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Definition 2.1 The pair of metrics (h, g) is called simple if for any σ ∈ ∂M there is
a unique minimal submanifold N represented by x:T ∪ ∂T → M ∪ ∂M , x

∣∣∣
∂T

= σ, T

parallelipiped, x(T \ ∂T ) ⊂ M , such that x depends smoothly on σ.

Let (N, h) be a minimal Riemannian submanifold of M , dim N = p, 2 ≤ p ≤ n,
fixed by a closed border σ of dimension p − 1, included in ∂M . Suppose that ∂M is
foliated by submanifolds of type σ. Let (t1, . . . , tp) be the local coordinates in N.

Definition 2.2 Let x:T → M , x(t) = (x1(t), . . . , xn(t)), t = (t1, . . . , tp), x
∣∣∣
∂T

= σ,

x ∈ C∞(T, M).
The integral

E(h,g)(x) =
1
2

∫

T

hαβ(t)gij(x(t))xi
α(x(t))xj

β(x(t))dvh,

where (hαβ) = (hαβ)−1, hαβ = h

(
∂

∂tα
,

∂

∂tβ

)
, gij = g

(
∂

∂xi
,

∂

∂xj

)
and xi

α =
∂xi

∂tα
, is

called the energy of the application x.

Proposition 2.1 A minimum of the energy functional E(h,g), with the boundary con-

dition x
∣∣∣
∂T

= σ, necessarily verifies the boundary value problem

∂L

∂xi
− ∂

∂tα

(
∂L

∂xi
α

)
= 0, i = 1, n,

x
∣∣∣
∂T

= σ,

where L(xi, xi
α) =

1
2

√
hhαβgijx

i
αxj

β is the Lagrangian of the functional, h = det(hαβ).

Explicitly, τ(x) = 0, x
∣∣∣
∂T

= σ, where

τ(x) = hαβ

{
∂2xi

∂tα∂tβ
− Γγ

αβxi
γ + Γi

jkxj
αxk

β

}
∂

∂xi

is the tension field of the application x.

Proof. We have

∂L

∂xi
=

1
2

√
hhβγ ∂

∂xi
(gjkxj

βxk
γ) =

1
2

√
hhβγ ∂gjk

∂xi
xj

βxk
γ

=
1
2

√
hhβγ(Γij,k + Γik,j)x

j
βxk

γ =
1
2

√
hhβγΓij,kxj

βxk
γ +

1
2

√
hhβγΓik,jx

j
βxk

γ

=
1
2

√
hhβγΓij,kxj

βxk
γ +

1
2

√
hhβγΓij,kxj

βxk
γ =

√
hhβγΓij,kxj

βxk
γ ;

∂L

∂xi
α

=
1
2

√
hhβγ ∂

∂xi
α

(gjkxj
βxk

γ) =
√

hhαβgijx
j
β ;

∂

∂tα

(
∂L

∂xi
α

)
=

∂

∂tα

(√
hhαβgijx

j
β

)
=

1
2
√

h

∂h

∂hγµ

∂hγµ

∂tα
hαβgijx

j
β +

√
h

∂hαβ

∂tα
gijx

j
β
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+
√

hhαβ ∂gij

∂xk
xj

βxk
α +

√
hhαβgij

∂2xj

∂tα∂tβ

=
1
2

√
hhγµ

(
hγνΓν

µα + hµνΓν
γα

)
hαβgijx

j
β −

√
h

(
hανΓβ

αν + hβνΓα
να

)
gijx

j
β

+
√

hhαβ ∂gij

∂xk
xj

βxk
α +

√
hhαβgij

∂2xi

∂tα∂tβ

=
1
2

√
h

(
δµ
ν Γν

µα + δγ
ν Γν

γα

)
hαβgijx

j
β −

√
h

(
hανΓβ

αν + hβνΓα
να

)
gijx

j
β

+
√

hhαβ (Γik,j + Γjk,i)xj
βxk

α +
√

hhαβgij
∂2xj

∂tα∂tβ

=
1
2

√
h

(
Γµ

µα + Γγ
γα

)
hαβgijx

j
β −

√
h

(
hανΓβ

αν + hβνΓα
να

)
gijx

j
β

+
√

hhαβ (Γik,j + Γjk,i)xj
βxk

α +
√

hhαβgij
∂2xj

∂tα∂tβ

=
√

hΓµ
µαhαβgijx

j
β −

√
hhανΓβ

ανgijx
j
β −

√
hhβνΓα

ναgijx
j
β

+
√

hhαβ (Γik,j + Γjk,i)xj
βxk

α +
√

hhαβgij
∂2xj

∂tα∂tβ

=
√

hΓµ
µαhαβgijx

j
β −

√
hhανΓβ

ανgijx
j
β −

√
hΓµ

µαhαβgijx
j
β

+
√

hhαβ (Γik,j + Γjk,i)xj
βxk

α +
√

hhαβgij
∂2xj

∂tα∂tβ

=
√

h

[
hαβgij

∂2xj

∂tα∂tβ
− hανΓβ

ανgijx
j
β + hαβ (Γik,j + Γjk,i) xj

βxk
α

]
.

Finally, we obtain
∂L

∂xα
− ∂

∂ti

(
∂L

∂xα
i

)
= 0 ⇔

hαβ

[
Γij,kxj

αxk
β − gij

∂2xj

∂tα∂tβ
+ Γγ

αβgijx
j
γ − (Γik,j + Γjk,i) xk

αxj
β

]
= 0 ⇔

hαβgi`

(
∂2x`

∂tα∂tβ
− Γγ

αβxi
γ + Γi

jkxj
αxk

β

)
= 0.

We suppose that the problem stated in the previous proposition has a unique solution.

Remark 2.1 a) The mapping x ∈ C∞(T, M) for which τ(x) = 0 is called harmonic
mapping.

b) If the mapping x ∈ C∞(T, M) is a Riemannian immersion, x is harmonic if
and only if x is minimal.

2.2 Determining a Pair of Metrics by Boundary Energy

Let us consider (h, g) a simple pair of metrics.

Definition 2.3 Let σ ∈ ∂M and E(h,g)(σ) the energy of the submanifold N that
corres-ponds to the border σ. The function E(h,g): ∂M → R generated by the corre-
spondence σ → E(h,g)(σ) is called the boundary energy.
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Given an energy function E, is there a pair of simple metrics (h, g) that realize
that energy? How can these metrics be found?

Let us show that the existence problem of the metrics with the property that
E: ∂M → R represents the boundary energy cannot have a unique solution.

Let Φ: T × M → T × M , Φ(t1, . . . , tp; x1, . . . , xn) = (ψ(t), ϕ(x)) be a diffeomor-
phism with the properties ψ|∂T = id, ϕ|∂M = id. The diffeomorphism transforms the
simple metrics h0, g0 into the simple metrics h1 = ψ∗h0 and g1 = ϕ∗g0, because we
have

h1(t)(µ, ν) = h0((dtψ)µ, (dtψ)ν)ψ(t),

where dtψ: TtT → Tψ(t)T is the differential of ψ, and

g1(x)(ξ, η) = g0((dxϕ)ξ, (dxϕ)η)ϕ(x),

dxϕ:TxM → Tϕ(x)M is the differential of ϕ.
(h0, g0) and (h1, g1) give different families of minimal submanifolds with the same

boundary energy E.

Problem 1′. Let (h0, g0) and (h1, g1) be pairs of simple metrics, h0, h1 on T ,
respectively g0, g1 on M . The equality E(h0,g0) = E(h1,g1) implies the existence of a
diffeomorphism Φ: T ×M → T ×M , Φ = (ψ, ϕ), ψ|∂T = id, ϕ|∂M = id, h1 = ψ∗h0

and g1 = ϕ∗g1 (the problem of finding a pair metrics by the boundary energy)?

2.3 Linearization of the Problem of Determining Metrics
by the Boundary Energy

Let us linearize the problem 1′. Let (gτ ) be a family of simple metrics on M which
depends smoothly on τ ∈ (−ε, ε), ε > 0. Let σ ∈ ∂M and a = E(σ), E: ∂M → R the
given frontier energy. Consider xτ : T → M a minimal submanifold of the metric gτ ,
for which xτ

∣∣∣
∂T

= σ, xi = xi(tα), α = 1, p, i = 1, n. Let T = [0, a]p with the induced

Riemannian metric (hτ
αβ), t = (t1, . . . , tp).

Let xτ (t) = (x1(t, τ), . . . , xn(t, τ)) be the representation of xτ in a coordinate
system and gτ = (gτ

ij). The energy of the deformation xτ is

E(hτ ,gτ )(σ) =
1
2

∫

T

hαβ
τ (t)gτ

ij(x
τ (t))xi

α(t, τ)xj
β(t, τ)dvh.

Differentiating with respect to τ , we obtain

∂

∂τ

∣∣∣∣
τ=0

E(hτ ,gτ )(σ) =
∫

T

[
hαβ

0 (t)fij(x0(t)) + kαβ(t)g0
ij(x

0(t))
]
xi

α(t, 0)xj
β(t, 0)dvh

+
1
2

∫

T

[
hαβ

0 (t)
∂g0

ij

∂xk
(x0(t))xi

α(t, 0)xj
β(t, 0)

∂xk

∂τ
(t, 0)

+2hαβ
0 (t)g0

ij(x
0(t))xi

α(t, 0)
∂xj

β

∂τ
(t, 0)

]
dvh,

(2.1)
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where fij =
1
2

∂

∂τ

∣∣∣∣
τ=0

gτ
ij and kαβ =

1
2

∂

∂τ

∣∣∣∣
τ=0

hαβ
τ .

Integrating by parts and using the fact that
∂xi

∂τ

∣∣∣∣
∂T

= 0, we have

∫

T

hαβ
0 (t)g0

ij(x
0(t))xi

α(t, τ)
∂xj

β

∂τ
(t, 0)dvh =

∫

T

hαβ
0 g0

ijx
i
α

∂

∂tβ

(
∂xj

∂τ

)√
hdt1 ∧ · · · ∧ dtp

= −
∫

T

[
∂hαβ

0

∂tβ
g0

ijx
i
α

√
h + hαβ

0

∂g0
ij

∂xk
xk

βxi
α

√
h + hαβ

0 g0
ij

∂2xi

∂tα∂tβ

√
h

+hαβ
0 g0

ijx
i
α

1
2
√

h

∂h

∂hγδ

∂hγδ

∂tβ

]
∂xj

∂τ

1√
h

dvh

= −
∫

T

[
∂hαβ

0

∂tβ
g0

ijx
i
α + hαβ

0

∂g0
ij

∂xk
xk

βxi
α + hαβ

0 g0
ij

∂2xi

∂tα∂tβ

+
1
2
hαβ

0 hγδ
0 g0

ijx
i
α

∂hγδ

∂tβ

]
∂xj

∂τ
dvh.

The second integral of (2.1) becomes
∫

T

[
hαβ

0

∂g0
i`

∂xj
xi

αx`
β −2

∂hαβ
0

∂tβ
g0

ijx
i
α − 2hαβ

0

∂g0
ij

∂x`
x`

βxi
α − 2hαβ

0 g0
ij

∂2xi

∂tα∂tβ

−hαβ
0 hγδ

0 g0
ijx

i
α

∂h0
γδ

∂tβ

]
∂xj

∂τ
dvh

=
∫

T

{
hαβ

0

[
∂g0

i`

∂xj
− 2

∂g0
ij

∂x`

]
xi

αx`
β − 2

∂hαβ
0

∂tβ
g0

ijx
i
α − 2hαβ

0 g0
ij

∂2xi

∂tα∂tβ

−hαβ
0 hγδ

0 g0
ijx

i
α

∂h0
γδ

∂tβ

}
∂xj

∂τ
dvh

=
∫

T

[
−2hαβ

0 Γi`,jx
i
αx`

β − 2
∂hαβ

0

∂tβ
g0

ijx
i
α − 2hαβ

0 g0
ij

∂2xi

∂tα∂tβ

−hαβ
0 hγδ

0 g0
ijx

i
α

∂h0
γδ

∂tβ

]
∂xj

∂τ
dvh

=
∫

T

{
−2hαβ

0 Γi`,jx
i
αx`

β − 2
∂hαβ

0

∂tβ
g0

ijx
i
α − 2hαβ

0 g0
ij

∂2xi

∂tα∂xβ

−hαβ
0 g0

ijx
i
αhγδ

0 [Γγβ,δ + Γδβ,γ ]
} ∂xj

∂τ
dvh

=
∫

T

{
−2hαβ

0 g0
jpΓ

p
i`x

i
αx`

β − 2
∂hαβ

0

∂tβ
g0

ijx
i
α − 2hαβ

0 g0
ij

∂2xi

∂tα∂tβ

−hαβ
0 g0

ijx
i
α

(
Γγ

γβ + Γδ
δβ

)} ∂xj

∂τ
dvh

=
∫

T

{
2hαβ

0 g0
jp

(
−Γp

i`x
i
αx`

β −
∂2xp

∂tα∂tβ

)
− 2

∂hαβ
0

∂tβ
g0

ijx
i
α
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−2hαβ
0 g0

ijx
i
αΓγ

γβ

} ∂xj

∂τ
dvh.

Since x0 is an extremal of the energy, we have

hαβ
0 g0

jp

(
−Γp

i`x
i
αx`

β −
∂2xp

∂tα∂tβ

)
= −2g0

jph
αβΓγ

αβxp
γ

and the previous integral becomes

∫

T

[
−2g0

jph
αβ
0 Γγ

αβxp
γ − 2

∂hαβ
0

∂tβ
g0

ijx
i
α − 2hαβ

0 g0
ijx

i
αΓγ

γβ

]
∂xj

∂τ
dvh

= −2
∫

T

g0
ijx

i
µ

(
hαβ

0 Γµ
αβ +

∂hµβ
0

∂tβ
+ hµβ

0 Γγ
µβ

)
∂xj

∂τ
dvh

= −2
∫

T

g0
ijx

i
µ

(
hαβ

0 Γµ
αβ − hµν

0 Γβ
βγ − hγβΓµ

βν + hµβ
0 Γγ

γβ

) ∂xj

∂τ
dvh = 0.

Denoting Fαβ
ij = hαβ

0 fij + kαβg0
ij , we have the equality

∂

∂τ

∣∣∣∣
τ=0

E(hτ ,gτ )(σ) =
∫

T

Fαβ
ij xi

α(t, 0)xj
β(t, 0)dvh.

Using the functional IF (x0) =
∫

T

Fαβ
ij (x(t))xi

α(t)xj
β(t)dvh, the previous relation

becomes
∂

∂τ

∣∣∣∣
τ=0

E(hτ ,gτ )(σ) = IF (x0),(2.2)

where x0 is a minimal submanifold of the metric g0.
The existence of solutions of this problem for the family (gτ ) implies the existence

of an one-parameter group of diffeomorphisms Φτ (t, x) = (ψτ (t), ϕτ (x)), such that
gτ = (ϕτ )∗g0 and hτ = (ψτ )∗h0. Explicitly

hτ
αβ =

(
h0

µν ◦ ψτ
) ∂t′µ

∂tα
(t, τ)

∂t′ν

∂tβ
(t, τ),(2.3)

where ψτ (t) = (ψ1(t, τ), . . . , ψp(t, τ)), t′ = ψτ (t),

gτ
ij =

(
g0

k` ◦ ϕτ
) ∂x′k

∂xi
(x, τ)

∂x′`

∂xj
(x, τ),(2.4)

where ϕτ (x) = (ϕ1(x, τ), . . . , ϕn(x, τ)), x′ = ϕτ (x).
Instead of (2.3), we need

hαβ
τ =

(
hµν

0 ◦ ψ−τ
) ∂tα

∂t′µ
(t, τ)

∂tβ

∂t′ν
(t, τ).(2.5)

Theorem 2.1 The relations (2.4) and (2.5) imply

fij =
1
2
(vi;j + vj;i),(2.6)
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where vk(x) =
∂

∂τ
(x′k)(x, τ), vi = g0

ijv
j and vi;j is the covariant derivative of (vi)

and

kαβ =
1
2
(uα;β + uβ;α),(2.7)

where
∂

∂τ

∣∣∣∣
τ=0

(ψα)(t, τ) = uα, uα;β = uα
;µhµβ

0 and uα
;µ is the covariant derivative of

(uα).

Proof. The relation (2.6) is similar to relation (1.8). Differentiating the relation
(2.5) with respect to τ , we have

2kαβ =
∂hµν

0

∂tγ

(
∂

∂τ

∣∣∣∣
τ=0

tγ
)

∂tα

∂t′µ
(t, 0)

∂tβ

∂t′ν
(t, 0) + (hµν

0 ◦ ψ0)
∂

∂τ

(
∂tα

∂t′µ

)
(t, 0)

∂tβ

∂t′ν
(t, 0)

+(hµν
0 ◦ ψ0)

∂tα

∂t′µ
(t, 0)

∂

∂τ

(
∂tβ

∂t′ν

)
(t, 0) = −∂hµν

0

∂tγ
µγδα

µδβ
ν

+hµν
0

∂

∂t′µ

(
∂

∂τ

∣∣∣∣
τ=0

tα
)

δβ
ν + hµν

0 δα
µ

∂

∂t′ν

(
∂

∂τ

∣∣∣∣
τ=0

tβ
)

= −∂hαβ
0

∂t′µ
uµ + hµβ

0

∂uβ

∂t′µ
+ hνα

0

∂uα

∂t′µ
.

On the other hand

uα;β + uβ;α = uα
;µhµβ

0 + uβ
;µhαµ

0 = hµβ
0

(
∂uα

∂t′µ
+ Γα

µνuν

)
+ hαµ

(
∂uβ

∂t′µ
+ Γβ

µνuν

)

= hµν
0

∂uα

∂t′µ
+ hαµ

0

∂uβ

∂t′µ
+

(
hµβ

0 Γα
µν + hαµ

0 Γβ
µν

)
uν

= hµβ
0

∂uα

∂t′µ
+ hαµ

0

∂uβ

∂t′µ
− ∂hαβ

0

∂t′µ
uµ.

The equality (2.7) was proved.
We have the following linearization of the problem 1′: do integrals (2.2) determine

the tensor
(
Fαβ

ij

)
?

2.4 Multi-ray Transform of a Distinguished Tensor Field

Problem 2′. Generalizing the problem to tensor fields of any rank, the following
question appears: to what extent the integrals

IF (x) =
∫

T

Fα1...αm
i1...im

(x(t))xi1
α1

(t) · · ·xim
αm

(t)dvh(2.8)

determine a symmetric tensor field F?
The function IF , determined by the equality (2.8) on the set of submanifolds

σ ∈ ∂M , is called multi-ray transform of the tensor F .
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Ecological University, Bucharest
email: janinamihaelamihaila@yahoo.it


