Minimal tensor product immersions
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Abstract. The differential geometric study of the tensor product immer-
sion of two Riemannian immersions was initiated by Chen in [2]. In this
paper we consider the tensor product immersion of an arbitrary curve in
R™ and an arbitrary curve in R™. We are particularly interested when
such a tensor product immersion produces a minimal surface in Euclidean
space. In case that m = 2 and n = 2 or n = 3 this question was previously
studied in [7] and [1]. Here in the present paper we obtain the general
classification result, and at the same time correct some small errors in the
results of [1].
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1 Introduction

Among all submanifolds, minimal submanifolds and in particular minimal surfaces in
euclidean space 3-space are the most widely studied. As minimal surfaces in the three
dimensional euclidean space are by now well understood, two possible generalisations
are nowadays widely studied, namely the study of minimal surfaces in more general
3-dimensional spaces like the Heisenberg group see a.o. [5] or [8] or the study of
minimal surfaces in higher dimensional euclidean spaces. An easy way of constructing
examples of surfaces is using the notion of tensor product immersions. The systematic
study of the tensor product immersion of two Riemmannian immersions was initiated
by Chen in [2]. Let f : M — R™ and g : N — R™ be two isometric immersions
of Riemannian manifolds M and N respectively, then the tensor product immersion
f®g: M x N — R™ is defined by

(f®g)p.q) = f(p) ®g(q)-

Here we represent an element of R™ as a matrix with n rows and m columns. Hence
f(p) ® g(q) = A, where A = [a;;] = [(f(p))ig(a);] = f(p) *9(a)-

Regarding elements of R™" as matrices, we see that the natural metric on R™™
can be expressed using matrix multiplication by
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(A, B) = trace (A 'B) = trace ("AB) = Z Z a;jbij.
i=1 j=1

Necessary and sufficient conditions for (f ® g) to be an immersion were derived in [2].

In this paper we are in particular interested in the tensor product immersion of
an arbitrary curve o : I — R™ with an arbitrary curve 8 : J — R™. We want to
investigate when the tensor product surface of these two curves defines a minimal
surface. We will prove the following theorem:

Theorem 1.1. Let a : I — R™ and § : J — R™ be curves such that the tensor
product a® [ is a reqular surface. Then the tensor product a® 3 is a minimal surface

if and only if, if necessary after interchanging o and 3, one of the following conditions
hold:

(i) « is an open part of a straight line through the origin, 8 is contained in a plane
through the origin and consequently o ® 3 is an open part of a plane,

(i) B is congruent to an open part of a hyperbola centered at the origin and o is
congruent to an open part of a circle centered at the origin.

For n = 2 and m = 2 this theorem was obtained in [7], whereas for m = 2
and n = 3 the above problem was investigated in [1]. In Theorem 2.1 of [1], 6 cases
occurred. However, case (5) by an orthogonal transformation reduces to case (3),
whereas case (6) (as is explained in a remark at the end of the paper) can only occur
for a specific parameter in which case it reduces by an orthogonal transformation to
(4). Furthermore also the extra condition on « was omitted in Theorem 2.1 of [1].

Finally we want to remark that properties of tensor products of spherical curves
were investigated in [6] in order to obtain explicit examples of Willmore surfaces.

The paper is organised as follows. In the next section we recall some basic proper-
ties about the tensor product of vectors which will then be used in Section 3 in order
to prove the main theorem.

2 Preliminaries

As explained in the introduction, we denote the tensor product of u ® v of a vector
u € R™ and a vector v € R™, as the matrix given by © ® v = u 'v. Then we have the
following lemmas:

Lemma 2.1. Let Oy (resp. Oz) be an orthogonal transformation of R™ (resp. R™).
Then the application H : R**™ — R"™™ : A +s O1A 'O is an orthogonal transfor-
mation of R™™ = R™*™,

Proof. As for a matrix A € R™*"™ we have that
<O1A t027 0114 t02> = trace(OlA tOQOQ tA tOl) = trace(OlA tA tOl) = <01A, 01A>

and
<01A, 01A> = trace( tA tOlOlA) = <A, A>,

we conclude that H preserves the scalar product and hence H is an isometry. O
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Lemma 2.2. Let u,u € R" and v,0 € R™. Then (u® v, @ ® v) = (u,@){v, v).

Proof. We remark that the usual metric on R” is given by
n
a) = Z uitl; = 'uil = trace(u 'u).
i=1

Therefore we find that

(u®v,u®v) = trace(u ®v) (i ® v) = trace(u v ' (u

0)) = trace(u 'vv ')
= trace(u(v,?) ‘0) = (v, ) trace(u ‘@) = (v, ) (u, @).

3 Minimal tensor product surfaces

From now on we will assume that o : I — R"™ : ¢t — «(t), where a(t) = (a1,...,an)

and f:J — R™: s+ B(s) = (B1(s), ..., Bm(s)) are two curves in Euclidean space

such that their tensor product defines an immersion of I x J into R™™ = R™*™,
Hence we have that a® 8(t,s) = Y(a1(t),...,an(t))(B1,-- ., Bm(s). Note now that

010 ® 023 = 010305 = ((a ® ),

where O; and O are respectively orthogonal transformations of R™ and R". Con-
sequently from Lemma 1 we have that a ® 8 and O;a ® O3 are related by an
isometry. This shows that we still have the freedom to change the curves a and 8 by
an orthogonal transformation.

Similarly from the expression of the tensor product, (a ® §) = (Aa ® %[3), we see
that we can also multiply the curve a by an arbitrary non zero constant, provided we
divide the curve @ by the same non zero constant.

We now write f(¢,s) = a® B(t,s). A straightforward computation then gives that

fi=%=d®®ps) fi=%L=at)®p ()
It then follows that the components of the induced metric are respectively given by
gu = (fr, fo) = 1812 (la’|?

gi2 = <ft7fs> = <ﬁ761><0670/>,
g22 = (fs, fs) = 1812 |ee]®.

Note that f defines an immersion if and only if g11922 — ¢35 # 0. Note that by
the Cauchy-Schwartz inequality we have that gi1g22 — gfg > 0. It also follows that in
order to have an immersion, we have to exclude the points such that either

L fle(to)|| = 0 or [la’(to)]| = O,
2. [18(so)[| = 0 or [|5"(s0)[l = 0,

3. the vectors o (t9) and a(to) as well as the vectors 3'(so) and 3(so) are dependent.
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Using the Gram-Schmidt orthonormalisation procedure we also find that e; =

1 1 :
——f; and e = —FV—m—v—-— — form an orthonormal basis of the
\/ﬁft 2 \/m(gllfs ngft)
tangent space.
We now introduce some more notation. Let 4,5 € {1,...,n}, with ¢ # j and

a,b € R. We denote by v;;(a,b) the vector v = *(v1,...,v,) of R" given by
v =0, k 7& i, k 7&.7
Vi = a
v; = b.
Similarly for p,q € {1,...,m}, p # q and a,b € R we define wy,(a,b) € R™.
We now define vectors of R™™ by

”zlqu = vij(—aj, ;) @ wpg(—Bq, Bp) ”?qu = v (— %a ;) ® wpq(*ﬂ;aﬁzl;)

Then we have

(Nijpgs fr) = (—ajai + i) (=BpBy + ByfBp) = 0
(n; Jpq’f5> = (—aja; + aia;)(—f, 34 +5 Bp) =0
(n3jpgs J5) = (=i + ahay ) (=B, + B48,) = 0
(Nijpgs 1) = (—ajal + i) (= By + Byf,) = 0

Consequently we have that the vectors nj;,, and ng;,.,

and p,q € {1,...,m}, with p # ¢ are normal vectors.
We then have the following lemmas.

i,j € {1,...,n}, with i # j,

Lemma 3.1. Leta: I — R™ and 5 : J — R™ be curves such that the tensor product
of a and B is a regular surface. Then the tensor product f = a ® B is a minimal
surface if and only if goo frr + g11fss — 2912 fts s a tangent vector.

Proof. We have that the surface is minimal if and only if, for any orthonormal basis
{e1, €2} we have that h(e1, e1)+h(ez, e2) = 0, where h denotes the second fundamental
form of the immersion. Using the previously constructed orthonormal basis, we find
that this is equivalent with (ges fi+ + g11fss — 2g12fst,n) = 0, for any normal vector

n. This concludes the proof. a

Lemma 3.2. Let a: I — R” and 8 : J — R™ be curves. Suppose that the tensor
product f = a ® £ is a minimal surface then the components of a and (3 satisfy the
following system of differential equations:

(3.1) (o, a)(B, B (B8, — ByBy) (—afay; + i) = 0,
(3:2)  (ByB, — By By) (i — ajoy) + 22D (8,87 — B,3,) (o) — afaf) = 0.

Proof. First we remark that

<ftt7 n?qu> = ( O[N(ll + a/,a/)(_ﬂ;ﬂp + ﬁ;ﬂq% <fss’nzlqu> O
<fst= n}qu> = (_aiaj + ajai)(_ﬁqﬁzl7 + /Bpﬁé)a <ftt7 nzlqu> 0
<f887n12j> = (70{1'0‘; + O‘ja;)(fﬂ;ﬂg + 6(/1/5[,))7 <fst7n%]> = 0.
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Substituting the above expressions in the previous lemma then completes the
proof. O

Now we will show how we can solve the above system of differential equations and
determine the curves o and ( explicitly. Remark that if 5;@1 —Bp ﬁg = 0, for all indices
p,q € {1,...,m}, we have that 5'(s) and §(s) are linearly dependent vectors. This
implies that locally 8 is an open part of a straight line through the origin. Similarly
if ;o) — ajaj = 0, for all indices i and j, we have that o/(t) and a(t) are linearly
dependent vectors. Hence in that case « is an open part of a straight line through the
origin. In order to complete the proof we now consider several cases.

3.1 Casel

First we assume that neither o nor 3 are locally contained in a line through the
origin. This implies that there exist indices p and ¢ such that 3,6, — 3,6, # 0 and
that there exist indices ¢ and j such that aia; — aja) # 0. From (3.1) of Lemma
4 this implies that (o, a’){3,5’) = 0. If necessary after interchanging « and § we
may assume that («,a’) = 0. This implies that there exists a constant ¢ such that
(o, @) = ¢. As we assumed that the surface is regular, we must have that ¢ # 0 and
therefore as mentioned before, we can still rescale the curve « (and correspondingly
rescale the curve [3). Hence we may assume that

(o, ) = 1.

We also assume that the curve « is arclength parametrised. Taking now the indices p
and ¢ mentioned before, together with arbitrary indices 7 and j and substituting this
into (3.2) we find that

(8.8)(By By—B84 By)
(33) Wgé_ﬂqqﬁz)(aia; — ajag) -+ (042/()4;- — a;_/a;‘) = 0

Note that the above equation is valid for every value of s and ¢. So, if we take sg and

_ (B,8)(8, B,—8 B;)
put k = —<ﬁ’ﬁ/>(f’p5;*§qﬁ2) (so), we get that

k(aial; — ajog) + (o oy — o) = 0.

As before the above equations, which are valid for all indices 7 and j, imply that the
vectors o’ + ka and o’ are linearly dependent. On the other hand, deriving (o, a) =
1 ={c/,a’) we get that those vectors are also mutually orthogonal. Consequently we
must have that

(3.4) o = —ka.

However, as («, @) = 1, we have that (o, a) = —(a/,a’) = —1. Combining this with
(3.4) we deduce that k = 1. Hence there exist constant vectors C; and Cj such that
a(t) = Crcost+ Cysint. As (a(t), a(t)) = 1, we deduce that (Cy,Cy) = (C2,C2) =1
and (C1,C2) = 0. Hence by applying an orthogonal transformation, we may assume
that

a(t) = (cost,sint,0,...,0).
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This shows that « is a circle centered at the origin. Substituting these expressions
into the first equation of Lemma 4 we deduce for arbitrary indices p and g that

(8. 8)(By By — By Bp) = (8", 8')(BplBy — Bafy)-

So far we have not yet chosen a parameter for the curve §. In order to simplify the
above equation, we can take a parameter for the curve 8 such that (8, 3) = (5', ).
Rewriting now the above equation we find that —3; (8, — 8) + B,(8; — B,) = 0.
This can be interpreted as the condition that the vectors 5” — 3 and 3’ are linearly
dependent. On the other hand deriving (3, 3) = (5, 8’), we obtain that 8” — 8 and
B’ are also mutually orthogonal. So we must have that 8” = 3 and hence there exist
constant vectors D; and Do such that 3(s) = Die® + Doe™*. jFrom (3, 8) = (', 5'),
we then deduce that D; and D5 are orthogonal vectors. Hence by an orthogonal
transformation we may assume that D; = (a,0) and Dy = (0,b). Hence the curve o
satisfies
B(s) = (ae®,be™%,0,...,0),

which is the equation of an orthogonal hyperboloid centered at the origin. This com-
pletes the proof in this case.

3.2 Case 2

In this case we assume that at least one of the curves « or g is contained in a straight
line through the origin. In view of the symmetry of the problem we may assume
that 0 is an open part of a straight line. So by choosing an arc length parameter
for the curve 8 and by applying an orthogonal transformation we may assume that

B(s) = (s,0,...,0). So the tensor product immersion is actually contained in a totally
geodesic R™ and given by f(t,s) = s(ay(t),...,a,(t)). Note that the image of f
corresponds with the image of g where g(t,s) = S(Oﬁﬁ)vvoi\a(ﬁ)) Consequently

without loss of generality we may assume that (o, @) =1 and (o/,a’) = 1. Note that
now fss =0 and fis = % ft is always a tangent vector. So in order for the immersion
to be minimal, by Lemma 3.1, we must have that 1 f;, = (af(t),...,al(t)) = a"(t),
is a tangent vector to the immersion. As the tangent space is spanned by a and o’
and we also have that (a”,a’) = 0 = (a, o) this can only be the case if o’ and « are

linearly dependent. Consequently there exists a function p : I — R such that

a’'(t) = p(t)a(t).

The function pu can be determined by

p(t) = ("(t),a(t)) = —(a/(t),0/(t)) = —1.

Hence there exist constant vectors such that «(t) = C; cost 4+ Cysint. As before we
get that (Cq,C1) = (C2,C2) =1 and (C4,C3) = 0. Consequently by an orthogonal
transformation we may assume that «(t) = (cost,sint,0,...,0) and we find that the
image of the tensor product is again an open part of a plane.

Remark 3.1 We look at the complex immersion C — C? : z — (cos(z), sin(2)).
Writing z = t + is, we get that this corresponds to the map

(t,s) — (cos(t) cosh(s),sin(t) sinh(s), cos(t) sinh(s), sin(¢) cosh(s)),
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which is congruent to the tensor product of a circle and a hyperbola (both centered
at the origin). As a complex immersion is always minimal we deduce that this tensor
product is indeed a minimal immersion. Also a plane is trivially minimal. This shows
the converse direction of the main theorem.

As none of the previous examples can be put together in a differentiable way we
conclude the proof of the main theorem.

Remark 3.2 In the previously cited paper [1], one assumed that the normal space
was spanned by the vectors n}qu and nfqu. Although that is true for a generic tensor
product, it is no longer valid if one of the curves is a straight line through the origin.
This explains the missing condition on the curve ¢; in their Theorem 2.1. In their final
two cases, as here, they obtain that the curve « satisfies o/ (t) = —ka(t) together with
(o, ) = (&', @’) = 1. However they fail to conclude that this is only possible if k =1
leading in their case to additional (incorrect) solutions for the curve 8 (sinusoidal
spiral).

Remark 3.3 Of course the same methods can also be applied for studying a tensor
product of a Riemmannian and a Lorentzian curve, as was done in a special case in
[4]. However, similar as in the Riemannian case, also in that case the additional spiral
solutions are incorrect.

References

[1] K. Arslan, R. Ezentas, I Mihai, C. Murathan, C. Ozgur, Tensor product surfaces
of a Buclidean space curve and a Fucidean plane curve, Beitrdge zur Algebra
und Geometrie, 42(2001), 523-530.

[2] B.-Y. Chen, Differential geometry of semiring of immersions I: General theory,
Bull. Inst. Math. Acad. Sinica, 21(1993), 1-34.

[3] F. Decruyenaere, F. Dillen, L. Verstraelen and L. Vrancken, The semiring of
immersions of manifolds, Beitrage zur Algebra und Geometrie 34(1993) 209-
215.

[4] K. Harslan and E. Nesovic, Tensor product surfaces of a FEuclidean space
curve and a Lorentzian plane curve, Differential Geometry-Dynamical Systems
9(2007), 47-57.

[5] J. Inoguchi, Minimal surfaces in the 3-dimensional Heisenberg group, Differential
Geometry-Dynamical Systems 10(2008), 163-169.

[6] H. Li and L. Vrancken, New examples of Willmore surfaces in S™, Ann. Global
Anal. Geom. 23(2003), 205-225.

[7] I. Mihai, R. Rosca, L. Verstraelen and L. Vrancken, Tensor product surfaces of
Euclidean planar curves, Rend. Sem. Mat. Messina 3(1994/1995), 173-184.

[8] R. R. Montes, A characterization of minimal surfaces in the Heisenberg group
H?3, Differential Geometry-Dynamical Systems 10(2008), 243-248.

Authors’ addresses:

Céline Bernard, Fanny Grandin and Luc Vrancken

LAMAYV, Université de Valenciennes,

59313 Valenciennes Cedex 9, France.

E-mail: clnbrnrd@yahoo.fr, nyfa59@yahoo.fr, luc.vrancken@univ-valenciennes.fr



