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Abstract. It is known that Seiberg-Witten monopole equations are im-
portant for the investigations of smooth 4—manifolds. In this study we
write the similar equations for 6—dimensional manifold M with structure
group SU(3). For Dirac equation we use the associated Spin¢—structure
to the SU(3)—structure. For the curvature equation we make use of the
decomposition A%(M) = A3(M) & A3(M) @ AZ(M) [1]. We consider the
part A3(M) @ AZ(M) as the bundle of self-dual 2—forms. Lastly, we give
a global solution for these equations.
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1 Introduction

The Seiberg-Witten monopole equations, introduced by Witten in [12], play an impor-
tant role in the topology of smooth 4—manifolds. Seiberg-Witten equations in dimen-
sion greater than four have been investigated by some authors [2, 3, 4, 7, 8]. In this pa-
per, we are mainly interested in 6—dimensional manifolds with SU(3)—structure and
write down Seiberg-Witten-like equations on these manifolds. The Seiberg-Witten
equations consist of two equations. The first one is Dirac equation which is the
harmonicity condition of spinor fields. The second one is called the curvature equa-
tion which couples the self-dual part of the curvature form with spinor field. In
order to write down the Dirac equation the manifold must have a Spin®—structure.
6—dimensional differentiable manifolds with SU(3)—structure have Spin®—structure.
Therefore, one can write down Dirac equation on such manifolds. On the other hand,
to write down curvature equation one needs the self-duality notion of a 2—form. In
4—dimension self-duality of a 2—form is well known and this concept is being used
in both mathematics and physics widely. We define self-duality of a 2—form on
a 6—manifold with SU(3)—structure which is consistent with the other self-duality
concepts in literature in 6—dimension [3, 10]. Thus, we achieve to write the curvature
equation by means of this self-duality concept.
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The plan of this article is the following. In Section 2, we give some basic facts
about 6—dimensional SU(3)—manifolds and define self-dual 2—forms with complex
values by using SU(3)—action on the space of 2—forms on such manifolds. In Sec-
tion 3, we discuss Spin®—structures and Dirac operator with respect to any given
Spin€—structure. In Section 4, we write down Seiberg-Witten-like equations on
6—dimensional SU(3)—manifolds. In Section 5, we state these equations on 6— di-
mensional Euclidean space. Finally, we give a global solution to these equations.

2 Self-duality on 6—dimensional SU(3)—manifolds

The space of 2—forms splits into self-dual and anti-self-dual parts by using Hodge *
operator on 4—dimensional Riemannian manifolds. Any self dual 2—form 7 satisfies
*1 = 7). But this definition does not generalize to higher dimensional manifolds. Self-
duality of a 2—form has been studied on some specific dimensions [2, 3, 4]. In this
section, we define self-duality of 2—forms on 6—dimensional SU(3)—manifolds.

A 6—dimensional Riemannian manifold M is called a SU(3)—manifold if its struc-
ture group reduces to the Lie group SU(3). A SU(3)—structure on M is determined
by the choice of a non-degenerate 2—form w and a normalized positive 3—form 2. In
fact such a pair (w, 2) induces an almost complex structure J on T'M, a J—compatible
hermitian metric g and a complex (3,0)—form ¢ of constant norm 25, Then, J can
be defined on the space of 1—forms 7% (M) in a natural manner and extended to its
complexification T* (M) ®@g C, denoted also by J. It satisfies the equation J? = —Id.
The complexification T*(M) ®g C splits into the +i—subspaces of J as follows:

AN (M) =T*(M) @ C = A0 (M) @ A% (M)

where
Al’O(M) ={Z¢ T*(MG) @r C|JZ =iZ}
onl(M) ={Z e T*(MG) ®@r ClJZ = —iZ}.

The space AP7(M) is defined by
APYM) = span{u Avju € AP(AMO(M)),v € AY(A*H(M))}.

Then, we have
AT(M) = )" APYM).
ptq=r
Note that the endomorphism J of T'M also induces an endomorphism on A" (M),
again denoted by J. This satisfies the identity J? = (—1)"I. In particular, J acts on
a 2—form n by
(Jn)(X,Y)=n(JX,JY).

Hence, we have the following:
AV (M) = {n € A*(M) : Jn=n}
AZO(M) & A®2(M) = {n € A2(M) : Jn = —n}

If we consider the natural action of SU(3) on space of 2—forms A?(M), then A%(M)
decomposes as follows:

(2.1) A?(M) = A{(M) & AG(M) & AZ(M)
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where A3(M) = {rw:r e R}
AZ(M) = {n € A2(M) : J(n) = —n}
AZ(M)={neA*(M):J(n)=nand n AwAw = 0}.

(See [1] for more details.)
Any 2—form with complex values can be written as follows:

(2.2) A*(M) @r C = A*°(M) @ A (M) @ AVH(M).

By complexifying the space of 2—forms we get the following:

(2.3) A*(M) ®r C = Cw @ (A2(M) ®g C) @ (A2(M) ®g C).

Using (2.2) and (2.3) we deduce that

(2.4)  AZ0(M) @ A2 (M) @ AV (M) = Cw @ (AZ(M) @r C) & (A2(M) ®g C).
A direct calculation yields

. AVY M) = Cw & (AR(M) ®r C)
(2.5) AZO(M) & A%2(M) = A2(M) @ C.

Definition 2.1. If F € A%2(M,C), then we may decompose the 2—form F as
F=F> 4 F%2 4 (F)Y! 4 Cw

where F20 is of type (2,0) and (F°)b! is of type (1, 1) but with zero w—trace. Then,
the self-dual part of F is F?0 4+ F92 4+ Cw, denoted by Ft and the anti-self-dual part
of F'is (FO)1:!) denoted by F~.

Some authors make use of the decomposition of F' in Definition (2.1) to define
anti-self-dual instantons [11].
From (2.5) the space of self-dual 2—forms is given by

A% = Cw® (A(M) ®g C)
and the space of anti-self-dual 2—forms is given by

A2 = A2(M) @z C.

3 Spin‘—structure and Dirac operator

In this section, we recall the main definitions concerning Spin®—structure and the
associated Dirac operator.
Let M be an n—dimensional differentiable manifold with structure group SO(n).
Then, there is an open covering {U, }aca of M and transition functions
gap : Uo NUg — SO(n) for TM. If there exists another collection of transition
functions
Gap 1 Ua NUg — Spin‘(n)
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such that following diagram commutes

Spin®(n)

Gap
/Ade:l

that is, Ad o gog = gag and the cocycle condition gnggsy = gay on Uy NUg N U,
is satisfied then M is called a Spin® manifold. Then one can construct a principal
Spin®(n)—bundle Pgppeny on M and a 2 — 1 bundle map A : Pspine(n) — Pso(n)-
Let (Pspine(n), A) be a Spin®—structure on M. We can construct a new associated
complex vector bundle
S = PSpinC(n) X Ay

where s : Spin®(n) — Aut(A,,) is the spinor representation of Spin®(n). This complex
vector bundle is called spinor bundle for a given Spin®—structure on M and sections
of S are called spinor fields. The principal bundle Pg,,c(,) and the spinor bundle S
have been studied extensively [6, 9]. The spinor bundle S splits into a direct sum

S = 5T &S where S = Pgpinc(n) Xt AL

The exact sequence 1 — Spin(n) — Spin®(n) st 1 implies Spin®(n)/ spin(n) =
S'. Then, we deduce that Pg1 = Pgpne(n)/Spin(n) is an S*'—bundle over M. Hence,

L:= PSpin“(n) X1 C= Psl XU(1) C

is a determinant line bundle.
Now, fix a connection A : T Pg1 — iR in the principal U(1)—bundle Pg:. By using
this connection and the Levi-Civita connection V on T'M we can obtain a connection

VA T(S) = T(T"M @ S)
on S, which is called spinor covariant derivative operator and it satisfies
V(W 9) =W Vg + (Vv W) - ¢

where V,W € I'(T'M) and 1) is a spinor, a section of S. At this point we can define
the associated Dirac operator D4 : I'(S) — I'(S) locally by

n
g k(e;) VA
i=1

where {e1,eq,...,e,} is any positively oriented local orthonormal frame of TM. The
Dirac operator decomposes into the sum of two operators D : ['(SF) — I'(SF).

4 Seiberg-Witten-like equations on 6—dimensional
SU(3)—manifolds

Let M be 6—dimensional SU(3)—manifold. Fix a Spin®—structure and a connection
A in the principal U(1)—bundle Pg: associated to the Spin®—structure. The spinor
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bundle S on a Spin® manifold M is defined by associated complex vector bundle
S = PSpinC(G) X Ag

where & : Spin®(6) — Aut(Ag) is the spinor representation of Spin®(6). This vector
bundle splits into the sum of two subbundles S* and S~. Namely, S = ST & S,
S+ = Pspine(6) Xt Agt For a spinor ¢ € ST we define an imaginary valued 2—form
o () by the formula

(4.1) o)X, Y) =< XY -9 >+ < X, Y > [¢]?
where X, Y € I'(TM).

Definition 4.1. Let M be 6—dimensional SU(3)—manifold. Fix a Spin®(6)—structure
and a connection A in the U(1)—principal bundle Ps: associated with the Spin® struc-
ture. For ¢ € I'(ST) Seiberg-Witten-like equations are defined by

Dty =0
“2) Ff = —Yo()t,
4

where FX is the self-dual part of the curvature F4 and o(¢))" is the self-dual part of
the 2—form o (1)) corresponding to the spinor ¢ € T'(S™).

5 Local interpretations of Seiberg-Witten-like equa-
tions

Dirac equation which is the first one of Seiberg-Witten equations can be written on
any 2n—dimensional Spin® manifold. Firstly consider a Spin®—structure x on RS
which is coming from the representation of the complex Clifford algebra Clg. The
Spin® connection V4 on RS is given by

— 4+ A0
J (956j+ 7

where 4; : RS—iR and ¥ : R® — C* are smooth maps. Then, the associated
connection on the line bundle L = R® x C is the connection 1—form

6
A=) "Aidx; € Q' (RS, iR)

=1

and its curvature 2-form is given by

Fy=dA=> Fydz; \dz; € Q* (R,iR),
i<j
0A; 04,
83:1- 8xj
on R® with respect to a given Spin®—structure and Spin®—connection V4. The Dirac
equation can be expressed as

where Fj; = fori,j =1,...,6 . Now we can write the Dirac operator D 4

DU =0.
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Firstly we consider the following decompositions of 2—forms on RS. We denote
by {e1, €2, €3, €4, €5, €6} the standard basis of RS and by {e!,e?,e3, e, e, €%} the dual
one. Fix on R® the standard symplectic form

szel/\62+€3/\64+€5/\66
and the standard complex volume form
wo = (! +ie?) A (e® +iet) A (e + ie®)
and the complex structure Jy by

Jo(e1) = ez Jo(es) =es Jo(es) = e.

Any 2—form F = ZKJ. Fet ned € Q*(RS,C) can be decomposed into three part,
we call the one belonging to Cwy @ (A2(R®) ® C) the self-dual part of F' and we denote
it by F. We call Cwy @ (A2(R%) ® C) as the space of self-dual 2—forms the following
2—forms constitute a basis for this space

fi=etned —e?net
fo=elAet +e?ned
fa=elAed —e?neb
fai=e'Neb +e2Aed
fs=e3Nned —et Neb
fe=e3Nnel +etned
fr=wo=e'ne?+e3Anet +e5 Neb.

Let F4 be the curvature form of the iR-valued connection 1-form A and FX be
its self-dual part. Then,

fi
|fil?

L[(Fi3 — Fog) f1 + (Fia + Fag) fo + (Fis — Fae) f3

+(Fi6 + Fas) fa + (F35 — Fug) f5 + (Fs6 + Fus) fe]
+3(Fi2 + Fsq + Fs) fr

7
Fi=Y <Fafi>
i=1

Now we calculate the 2—form o (¢))T. Let {e1, ea, €3, €4, €5, €6} be the standard basis
of R® and {e!,e?,e3,e* e, e} the dual one. Then o (1)) can be written in the following
way:

o) = Z < eiej, ) > e Nel

i<j
The projection onto the subspace AJ is given by

fi
|fil?

7
o)t = Z <o), fi >

If o(1p) T is calculated explicitly, then we obtain the following identity:

o)t = (P + Y3ty) i + (—aths + P3y) fo + (Yathy — 10y) f3 + i(harhy + P1Py) fa

+i(hathg + aty) f5 + (—athy + Yathy) fo + 21001 + |th2]* + |1s]® — 3|al?) f7
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Hence, the curvature form can be defined as follows:

(5.1) Ff=—1o()".

From the definition of (¢)) we obtain the following theorem:
Theorem 5.1. |o(¢)|? = 3|y|*

Corollary 5.2. The curvature equation can be written in the following form:

< Fa, fi >= —% <PY*, pt(fi) >
< Fa, fi>=—3 <, pT(fi)y >

fori=1,2,....7.

Seiberg-Witten equations on R are studied with a different self-duality concept
in [5].

6 A global solution to Seiberg-Witten-like equations
on 6—dimensional SU(3)—manifolds

The 2—form w acts as an endomorphism in the bundle S. The endomorphism w :
S — S has the eigenvalues 3i, i, —i and —3i and the corresponding eigensubspaces
have dimension 1, 3,3 and 1, respectively. The spinor bundle S splits into

S = S(3i) ® S(i) & S(—i) & S(—3i)

where S(k) = {¢ € S : wy = ky}, (k = 3i,i,—i,—3i) are the corresponding
subspaces. The subbundles ST and S~ are given by

St =5(i) @ S(-3i), S™ = 5(—1i) ® S(3i),
respectively. Moreover, we have the following isomorphisms:
(6.1) ST A pA”2 ST =A% g A%

Now we give a global solution of the Seiberg-Witten-like equations. For this, let
(M5, J, g) be a Kahler manifold. Denote by ® the spinor S(—3i) =2 A%Y correspond-
ing to the constant function 1. Hence, we have

0
0
(6.2) ®=|
1

in chosen coordinates. Here ®q € S(—3i) i.e., 0(Pg) = —iw. The line bundle
L = A*(TM) of the canonical Spin® structure has the Levi-Civita connection Ap.
Then, the corresponding Dirac operator D4, : I'(ST) — I'(S7) is given by

DAO = \/5(50 695;)
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Now suppose that the scalar curvature s of the Kahler manifold (M9, J, g) is negative

2
and constant. Let ®; = g/—?s(I)O. Then, ®, is a spinor in S(—3i) and

(6.3) Da,® =0

2s 2
——w = = isw.
3 3

Moreover, the curvature Fyu, in the line bundle L = A?(T M) is given by

(6.4) o (1) = —i|® Pw = —i(

(6'5) FAo =1ip

where p is the Ricci form, p(X,Y) = g(X, JRicY) and Ric: TM — TM is the Ricci
tensor. In local coordinates the almost complex structure .J is given as follows:

0O -10 0 0 O

1 0 0 0 0 O
J— 0o 0 0 -1 0 O
0o 0 1 0 0 O
0o 0 0 0 0 -1
o 0 0 0 1 0

Since J o Ric = Ric o J, we obtain the reduced form of the Ric in the following way:

R 0 Ri3 Ry Ris  Rie
0 Rin —Ris —Ri3 —Rig Ris
Rz —Ryy R 0 R3s  Rsg
Ry —Ri3 0 R33 —Rss Rss
Ryis —Rig R3s —Rze Iss 0
Rig Ris  Rzs  Has 0  Rss

Ric =

Then, the Ricci form p can be written as follows:
p=—Riie' Ne®—Rzze® Ne* — Ryse® AeS+Riz(et Aet—e? Ae)— Rys (et AeS—e? Aed)+

Ris(e' Ned+e2Aet)+ Rig(el Ae® +e2 Neb)+ Rag(e3Ae® +et Aeb) — Ras(e3 Aeb —et Aed).
Moreover, the 2—forms

el Net —e?2 ned

el Neb —e?2 ned

el Ned +e?2 net

el NeP+e? neb

e3Nned+et Aeb

e3Nnel —etned

are anti-self-dual 2—forms. The projection of p onto the subbundle Af_ is given by

the formula

Ri1 + Rys + Ree s

tecpws o =

By using (6.5) and (6.4) we obtain

(6.6) Fi =ipt=—— = —ZU(<I>1).
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Since o(®1) is a self-dual 2—form we have o(®1)* = o(®;). From the identities (6.3)
2
and (6.6), the pairs (Ao, 1) = (AOM/—;(I)()) is a solution of Seiberg-Witten-like

equations in (4.2).
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