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Abstract. In this paper, we study a class of Finsler metrics with or-
thogonal invariance. We find an equation that characterizes these Finsler
metrics of almost vanishing H-curvature. As a consequence, we show that
all orthogonally invariant Finsler metrics of almost vanishing H-curvature
are of almost vanishing Ξ-curvature and corresponding one forms are ex-
act, generalizing a result previously only known in the case of metrics with
vanishing H-curvature.
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1 Introduction

Finsler geometry is just Riemannian geometry without the quadratic restriction on
its metrics [2]. There are several non-Riemannian quantities in Finsler geometry, such
as the Cartan torsion, the S-curvature, the Ξ-curvature and the H-curvature. The
Ξ-curvature is obtained from the S-curvature (see (2.1) below) and the H-curvature
is determined by the Ξ-curvature. In fact, we have the following [13, Lemma 2.1]

Hij =
1

4
(Ξi·j + Ξj·i) , (1.2)

where Ξ := Ξjdx
j andH := Hijdx

i⊗dxj denote the Ξ-curvature and theH-curvature
of F respectively, “ · ” denotes the vertical covariant derivative. These quantities
vanish for Riemannian metrics, hence they are said to be non-Riemannian. The H-
curvature gives a measure of failure of a Finsler metric of scalar curvature to be of
constant flag curvature. Thus the quantity H deserves further investigation.

One of the important problems in Finsler geometry is to understand geomet-
ric meaning of non-Riemannian curvature. Many Finslerian geometers have studied
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Finsler metrics with special curvature properties. See [1, 8, 9, 14, 15, 13]. By (1.2), one
can see that the H-curvature almost vanishes, i.e.

Hij =
n+ 1

2
θFyiyj (1.3)

if the Ξ-curvature almost vanishes, i.e.

Ξj = −(n+ 1)F 2

(
θ

F

)
yj

, (1.4)

where θ is a 1-form on M and n = dimM . However, the converse might not be
true. Recently, Shen, Xia and Tang have showed that (1.3) is equivalent to (1.4) for
Randers metrics [1, 14, 15, 13]. For example, the following Randers metric on Bn(ν)

F =
√

f(|x|)|y|2 + κ2f2(|x|)⟨x, y⟩2 + κf(|x|)⟨x, y⟩

has isotropic S-curvature, S = (n+ 1)cF , where f is any positive differentiable func-
tion, κ is a constant and [3, Theorem 1.2]

c =
κ

4

2f(|x|) + |x|fr(|x|)
1 + κ2|x|2f(|x|)

.

Thus F satisfies the following properties [1, 14, 15, 13]:

(a) (almost vanishing H-curvature)

Hij =
n+ 1

2
θFyiyj ,

(b) (almost vanishing Ξ-curvature and exact 1-form)

Ξj = −(n+ 1)F 2

(
θ

F

)
yj

, θ = dc,

(c) (orthogonal invariance)

F (Ax, Ay) = F (x, y), (1.5)

where x ∈ Bn(ν), y ∈ TxBn(ν) and A ∈ O(n). Orthogonally invariant (spherically
symmetric Finsler metrics form, in an alternative terminology (see [5, 4, 11]), a rich
class of Finsler metrics. The above example leads to the study orthogonally invariant
Finsler metrics of almost vanishingH-curvature. In this paper, we obtain the following
main result:

Theorem 1.1. On Bn(ν), any spherically symmetric Finsler metric

F (x, y) = |y|ϕ
(
|x|, ⟨x, y⟩

|y|

)
has almost vanishing H-curvature, i.e.,

Hij =
n+ 1

2
θFyiyj , θ = θj(x)y

j
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if and only if

us

[
(n+ 1)

∂R1

∂s
+ 3(r2 − s2)

∂R2

∂s
+ 2(n+ 1)R4

]
= 3(n+1)θ(ϕ−sϕs), θ = θj(x)y

j , (1.6)

where R1, R2 and R4 are given in (2.2), (2.3) and (2.5) respectively, and

u := |y|, r := |x|, s :=
⟨x, y⟩
|y|

.

The proof of Theorem 1.1 is given in Section 4. As an application of Theorem 1.1,
we prove that (a) and (c) implies (b).

Corollary 1.2. Let F be a orthogonally invariant Finsler metric on Bn(ν). Then
the H-curvature almost vanishes given by (1.3) if and only if the Ξ-curvature almost
vanishes given by (1.4). In this case, the corresponding 1-form θ is an exact form.

See Section 4 for the proof of Corollary 1.2. As a consequence of Corollary 1.2,
for θ = 0, we get the following result

Corollary 1.3. [12]Let F an orthogonally invariant Finsler metric on Bn(ν).
Then the H-curvature vanishes if and only if the Ξ-curvature vanishes.

A Finsler metric is said to be R-quadratic if its Riemann curvature Ry is quadratic
in y ∈ TxM [3, 9]. In [9], author showed that all of R-quadratic Finsler metrics have
vanishing H-curvature. Together with Corollary 1.3, we have the following:

Corollary 1.4. Let F an orthogonally invariant Finsler metric on Bn(ν). Suppose
that F is R-quadratic, then F has vanishing Ξ-curvature.

For recent results of (α, β)-metrics of almost vanishing H-curvature, we refer the
reader to [17].

2 Preliminaries

Let F = F (x, y) be a Finsler metric on a manifold M . Let γ(t) be the geodesic with
γ(0) = x and γ̇(0) = y. Let

S(x, y) =
d

dt
[τ(γ(t), γ̇(t)]t=0 ,

where τ(x, y) is the distortion of F . S(x, y) is called the S-curvature [1, 3, 13]. We
consider the following non-Riemannian quantity, Ξ = Ξjdx

j , on the tangent bundle
TM :

Ξj := S·j|iy
i − S|j , (2.1)

where “ | ” denotes the horizontal covariant derivative. Ξ is called the Ξ-curvature of
F [13] (χ-curvature in an alternative terminology in [1]).
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The H-curvature Hy = Hijdx
i⊗dxj is defined in (1.2). Let F be a Finsler metric

on Bn(ν) := {x ∈ Rn ; |x| < ν}. F is said to be spherically symmetric if it satisfies
F (Ax, Ay) = F (x, y) for all x ∈ Bn(ν), y ∈ TxBn(ν) and A ∈ O(n). Let |, | and ⟨, ⟩
be the standard Euclidean norm and inner product on Rn. In [5], Huang-Mo showed
the following:

Lemma 2.1. A Finsler metric F on Bn(ν) is orthogonally invariant if and only
if there is a function ϕ : [0, ν)× R → R such that

F (x, y) = |y|ϕ
(
|x|, ⟨x, y⟩

|y|

)
,

where (x, y) ∈ T Bn(ν) := TBn(ν)\{0}.

Let us recall a formula for the Riemann curvature of an orthogonally invariant

Finsler metric F = |y|ϕ
(
|x|, ⟨x, y⟩

|y|

)
.

Let

R1 := P 2 − 1

r
(sPr + rPs) + 2Q[1 + sP + (r2 − s2)Ps] (2.2)

R2 := 2Q(2Q− sQs) +
1

r
(2Qr − sQrs − rQss) + (r2 − s2)(2QQss −Q2

s) (2.3)

R3 := −sR2 (2.4)

R4 :=
2

r
Pr−Qs−Pss−

s

r
Prs+2Q(P−sPs)+2(r2−s2)QPss−sPQs−(r2−s2)PsQs−PPs

(2.5)

R5 := −R1 − sR4, (2.6)

where Ps :=
∂P
∂s , Pr := ∂P

∂r , Qs :=
∂Q
∂s , Qr := ∂Q

∂r , Qss :=
∂2Q
∂s2 , r := |x|, s := ⟨x, y⟩

|y| , P

and Q are given by

Q :=
1

2r

rϕss − ϕr + sϕrs

ϕ− sϕs + (r2 − s2)ϕss
, P :=

rϕs + sϕr

2rϕ
− Q

ϕ

[
sϕ+ (r2 − s2)ϕs

]
.

We have the following [7, 4]

Lemma 2.2. Let F = |y|ϕ
(
|x|, ⟨x, y⟩

|y|

)
be an orthogonally invariant Finsler metric

on Bm(ν). Then the Riemann curvature of F is given by

Ri
j = u2R1δ

ij + u2R2x
ixj + uR3x

iyj + uR4x
jyi +R5y

iyj , (2.7)

where u = |y|.

3 Ξ-curvature and H-curvature

In this section, we are going to give expressions of non-Riemannian quantities H and
Ξ of orthogonally invariant Finsler metrics (see (3.15) and (3.16) below).
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By (2.4), (2.6) and Lemma 2.2, we can easily get a formula for the Ricci curvature
Ric =

∑m
j=1 R

j
j .

Ric = nu2R1 + u2|x|2R2 + u⟨x, y⟩R3 + u⟨x, y⟩R4 + |y|2R5 = u2R, (3.1)

where
R := (n− 1)R1 + (r2 − s2)R2. (3.2)

We have

∂

∂yj
Ric =

∂

∂yj
(u2R)

=
∂u2

∂yj
R+ u2 ∂R

∂s
syj = uRsx

j + (2R− sRs)y
j ,(3.3)

where Rs :=
∂R
∂s and we have used

∂u2

∂yj
= 2yj , syj =

uxj − syj

u2
. (3.4)

By simple calculations, we have

sykyk = 0, sykxk =
r2 − s2

u
. (3.5)

We denote
∂Rj

∂s by Rjs j = 1, · · · , 5. By using (2.7), we obtain

∂Ri
j

∂yk
= 2ykR1δ

i
j + u2R1ssykδij + 2ykR2x

ixj + u2R2ssykxixj

+
yk

u
R3x

iyj + uR3ssykxiyj + uR3x
iδjk

+
yk

u
R4x

jyi + uR4ssykxjyi + uR4x
jδik

+R5ssykyiyj +R5δ
i
ky

j +R5y
iδjk.

It follows that∑
i

∂Ri
j

∂yi
= u[R1s + 2sR2 + (r2 − s2)R2s +R3 + (n+ 1)R4]x

j

+[2R1 − sR1s + sR3 + (r2 − s2)R3s + (n+ 1)R5]y
j ,(3.6)

where we have used (3.5) and the second equation of (3.4). By (2.4), we have

R3s = −R2 − sR2s.

Taking this together with (2.3), (2.5) and (3.6), we obtain

∑
i

∂Ri
j

∂yi
= uMxj +Nyj , (3.7)



A class of Finsler metrics with almost vanishing H-curvature 63

where

M := R1s + sR2 + (r2 − s2)R2s + (n+ 1)R4, (3.8)

and

N := (1− n)R1 − sR1s − r2R2 − s(r2 − s2)R2s − (n+ 1)sR4. (3.9)

The following lemma is well-known [13]:

Lemma 3.1. [9, 13]

Ξj = −1

3

(
2
∑
i

∂Ri
j

∂yi
+

∂

∂yj
Ric

)
. (3.10)

Plugging (3.3) and (3.7) into (3.10), we obtain

Ξj = −1

3

[
u(2M+Rs)x

j + (2N+ 2R− sRs)y
j
]
. (3.11)

By using (3.2) we have

Rs = (n− 1)R1s + (r2 − s2)R2s − 2sR2. (3.12)

From which together with (3.8) we have

2M+Rs = (n+ 1)R1s + 3(r2 − s2)R2s + 2(n+ 1)R4 := κ. (3.13)

By (3.2), (3.9), (3.12) and (3.13),

2N+ 2R− sRs = −sκ. (3.14)

Substituting (3.13) and (3.14) into (3.11), we obtain the following formula for Ξ:

Ξj = −κ

3
(uxj − syj), (3.15)

where κ is given in (3.13). Taking this together with (3.4) yields

Ξj·i = − κs

3u2
(uxj − syj)(uxi − syi)− κ

3

(
xjyi − xiyj

u
+

s

u2
yjyi − sδji

)
,

where κs :=
∂κ
∂s . Plugging this into (1.2) yields

Hij = − κs

6u2
(uxj − syj)(uxi − syi)− sκ

6

(
1

u2
yjyi − δji

)
=

1

6

[
sκδji − κsx

ixj +
sκs

u
(xjyi + xiyj)− s

u2
(κ+ sκs)y

jyi
]
.

(3.16)
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4 Almost vanishing H-curvature

In this section, we will prove Theorem 1.1 and 1.2. Using (3.4), we obtain

uyiyj =
u2δij − yiyj

u3
, (4.1)

syiyj =
3syiyj − uxiyj − uxjyi − su2δij

u4
. (4.2)

Proof of Theorem 1.1. F can be rewritten as F = uϕ(r, s), where u = |y|, r =

|x|, s = ⟨x, y⟩
|y| . It follows that

Fyj = uyjϕ+ uϕssyj (4.3)

and
Fyjyk = uyjykϕ+ (uyjsyk + uyksyj )ϕs + usyjsykϕss + usyjykϕs. (4.4)

Plugging (3.4), (4.1) and (4.2) into (4.4) yields

u3Fyiyj = (uδij − yiyj)ϕ+ [yi(uxj − syj) + yj(uxi − syi)]ϕs

+(uxi − syi)(uxj − syj)ϕss

+[3syiyj − u(xiyj + xjyk)− su2δij ]ϕs

= u2(ϕ− sϕs)δij + u2ϕssx
ixj − uϕss(x

iyj + xjyi)
−(ϕ− sϕs − s2ϕss)y

iyj .

(4.5)

By (3.16) and (4.5), (1.3) holds if and only if

sκδji − κsx
ixj + sκs

u (xjyi + xiyj)− s
u2 (κ+ sκs)y

jyi

=
3(n+ 1)θ

u3

[
u2(ϕ− sϕs)δ

ij + u2ϕssx
ixj − uϕss(x

iyj + xjyi)− (ϕ− sϕs − s2ϕss)y
iyj
]
.

(4.6)
It is easy to see that (4.6) holds if and only if

sκ =
3(n+ 1)θ

u
(ϕ− sϕs), (4.7)

−κs =
3(n+ 1)θ

u
ϕss, (4.8)

sκs = −3(n+ 1)θ

u
sϕss, (4.9)

s(κ+ sκs) =
3(n+ 1)θ

u
(ϕ− sϕs − s2ϕss). (4.10)

By using (3.13), we obtain that (4.7) is equivalent to the first equation of (1.6). Hence
it is sufficient to show that (4.7) implies (4.8), (4.9) and (4.10). Since F is a Finsler
metric, we see that ϕ− sϕs > 0 [11]. Suppose that (4.7) holds. Note that

s =
⟨x, y⟩
u

. (4.11)
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It follows that the 1-form θ can be expressed by

θ =
κ

3(n+ 1)(ϕ− sϕs)
⟨x, y⟩. (4.12)

Furthermore,
κ

3(n+ 1)(ϕ− sϕs)
is independent of y. In fact, it is only dependent of

|x|. Let
κ

3(n+ 1)(ϕ− sϕs)
:= σ

(
|x|2

2

)
. (4.13)

Plugging (4.13) into (4.12) yields

θ = σ

(
|x|2

2

)
⟨x, y⟩. (4.14)

Together with (4.11) we have
θ

u
= sσ

(
|x|2

2

)
. (4.15)

By using (4.13) and (4.15), we obtain

κs =
[
3(n+ 1)σ

(
r2

2

)
(ϕ− sϕs)

]
s

= −3(n+ 1)σ
(

r2

2

)
sϕss = −3(n+ 1) θuϕss.

Thus we obtain (4.8). (4.8)×(−s) yields (4.9). Finally, (4.10) is easy to obtain from
(4.7) and (4.8).

Proof of Corollary 1.2. It suffices to show that the Ξ-curvature almost van-
ishes given by (1.4) if the H-curvature almost vanishes given by (1.3) and in this

case corresponding 1-form is exact. Suppose that F = |y|ϕ
(
|x|, ⟨x, y⟩

|y|

)
has almost

vanishing H-curvature. Then (4.7), (4.13) and (4.14) hold. By using (4.14), we have

d

[
f

(
|x|2

2

)]
= f ′

(
|x|2

2

)
d

(
|x|2

2

)
= σ

(
|x|2

2

)
Σjx

jdxj = θ,

where f(t) :=
∫
σ(t)dt. Hence θ is an exact form. Plugging (3.4) into (4.3) yields

Fyj = ϕsx
j +

ϕ− sϕs

u
yj .

Combining with (4.14) we get

(
θ

F

)
yj

=
σ
(

|x|2
2

)
F 2

(ϕ− sϕs)(ux
j − syj).

Together with (3.15) and (4.13) we obtain that the Ξ-curvature almost vanishes given
by (1.4).
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