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ON UNIVALENCY AND CONVEXITY OF INTEGRAL
OPERATORS INVOLVING NORMALIZED RABOTNOV
FUNCTION

ANKIT KUMAR RATHORE, DEEPAK BANSAL, AMIT SONI, RAVINDER KRISHNA
RAINA

ABSTRACT. The main objective of this paper is to obtain sufficiency conditions
for some families of integral operators involving the normalized form of Rabot-
nov functions to satisfy basic characteristics in Geometric Function Theory of
univalency and convexity in the open unit disk. We consider several corol-
laries and special cases of our main results. In particular, we mention cases
which give useful applications by including also some examples yielding cor-
responding simpler conditions for integral operators involving the exponential
and hyperbolic functions. Relevance with known results are also pointed out.

1. INTRODUCTION AND PRELIMINARIES

Yu. N. Rabotnov [33] in his work on viscoelasticity introduced a function of time
t which depends on two parameters o and 3, where o € (—1,0] is related to the
type of viscoelasticity and 8 € R(set of real numbers). This function is defined by

0 k
Res =12 s f)u Tapttzo (L1

For more details about the function (1.1), one may refer to [36]. Rabotnov called
the function (1.1) as the fractional exponential function mainly because of the fact
that for o = 0, this function reduces to the standard exponential function exp(St).
The relation of this function with the Mittag-Leffler function in two parameters is
quite obvious. Indeed, we have the relation that

Ra,B(z) =2"E1ta1+a (521+Q)a

where a, 3,z € C, and the function E is the Mittag-Leffler function [24].
Let U := {z € C: |z| < 1} be the open unit disk in the complex plane C, and
let A denote the class of functions f that are analytic in U and normalized by the
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conditions f(0) = f’(0) — 1 = 0. Thus, each function f € A has the following series
representation:

—z—i—Zakz (z € U).

We denote by S the subclass of A con51st1ng of functions f that are univalent in U.
A function f € A that maps U onto a convex domain (i.e. the line segment joining
any two points in f(U) lies completely inside f(U)) is called a convex function.
We denote by K the class of all functions f € A that are convex. The analytic
characterization of I is

1"
:{f:feA,m(Hzf, (Z)) >0,ZEU}.
f'(z)
It is clear that the Rabotnov function Ra g(z) does not belong to the family A.

Therefore, for the purpose of this paper, we consider the following normalization of
Rabotnov functions [16]:

Ras(z) = D(1 + a)zl/(Ha)Ra P

’

(21/(1+a))

Zﬁk 1F 1+0&)Zk
1+ a)k '

We mention below some special cases of R, g(z) for particular values of the param-
eters a and f.

(1) By putting v = 0 in (1.2), we have

©  sk—1 © (3 )k—1
RO,B(Z):Z%ZI“:ZZ ((i)l)' = zeP?. (1.3)

k=1 k=1
(2) Next, if we set a =1 in (1.2), we have then
i NI SN o W (252

z =z

F(Qk) 2k — 1)

Ri(2) =
k=1
2 )Qk 1

2k
ZZ 2k;—1 %Z (2k — 1)!
= \/g sinh(y/32). (1.4)

The geometric properties of various special functions were studied in many ear-
lier works. Such investigations appeared for hypergeometric function, incomplete
beta function, Laguerre polynomials, Bessel function, Lommel and Sturve func-
tions, Mittag-Leffler function and Wright function. See, the related works in [2],
8),41.[51.6],[7].[12],[13],[16] [22] and [34].

An important field in the geometric function theory is also the field of integral
operators on spaces of analytic functions. Several integral operators have been in-
vestigated by many authors. One may refer to the works of Bernardi [7], Libera
[19], Causey [14, 15], Kim and Merkes [18], Merkes and Wright [20], Miller, Mocanu
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and Reade [21, 22, 23], Owa and Srivastava [26], Pascu [27], Pfaltzgraff [32], Pescar
[28, 29] and many others.

Our aim in this paper is to determine some sufficient conditions for certain
families of integral operators defined in terms of the normalized form of the Rabot-
nov functions (1.2) (see below) to be univalent and convex in the open unit disk
U. We also consider various special cases of our main results and point out specific
applications of some of the deduced corollaries.

We mention now necessary details of various families of integral operators which
have been studied in recent past in Geometric Function Theory.

Definition 1.1. The first family of integral operators studied by Seenivasagan and
Breaz [37] is defined as follows (see also the recent investigations on this subject by
Baricz and Frasin [4] and Srivastava et al. [39]):

1/n

: —1 s f](t) L/
Forvpan(2) = (o [ I (=) |, (1.5)
0 ol t

where each of the functions f; (j =1,---,n) belongs to the class A and the param-
eters \j € C/{0} (j =1,...,n) and p € C are so constrained such that the integral
operators in (1.5) exist. We note that if \; = X (j = 1,...,n), then the integral
operator Fx, ..., u(2) reduces to the operator Fi ,(z) which is related closely to
some known integral operators investigated earlier in Geometric Functions Theory
(see, for details, [38]). The operators Fx ,(z) and Fxx(z) were studied by Breaz
and Breaz [10] and Pescar [29], respectively. Upon setting p =1 and also A =1 in
Fu(2), we obtain the operators Fa1(z) and Fi,1(2), which were studied by Breaz
and Breaz [9] and Alexander [2], respectively.

Furthermore, in their special cases when

1

z )

)\ (.7 b n)7

then the integral operator in (1.5) would obviously reduce to the operator Fix1(z),

which was studied earlier by Pescar and Owa [30]. In particular, for A € [0,1], a
special case of the operator Fi/x1(2) was also studied by Miller et al. [22].

n=p=1 and Aj =

Definition 1.2. The second family of integral operators was introduced by Breaz
and Breaz [11] and it has the following form (see also a recent investigation on this
subject by Breaz et al. [12]):

1/(ny+1)

o) = |+ 1) [ T[T ar| (16)

where the functions g; € A (j =1,...,n) and the parameter v € C is so constrained
such that the integral operators in (1.6) exist. In particular, for n = 1, the integral
operator Gi ~(z) was earlier studied by Moldoveanu and Pascu [25].

Definition 1.3. The third family of integral operators was introduced by Breaz and
Breaz [8] and it has the following form:

1/¢

Honooone(2) = 5/0 51 H (W) dt| (1.7)
j=1
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where the functions h; € A (j = 1,...,n) and the parameters & € C and v; €
C (j = 1,...,n) are so constrained that the integral operators in (1.7) exist. In
particular, for & = 1 in (1.7), the integral operator H,, . ., ¢(z) reduces to the
operator H,, .. ., (z) which was studied by Breaz et al. [13]. We observe also that
forn =& =1, the integral operator H(z) was introduced and studied by Kim and
Merkes [18]; see also Pfaltzgraff [32].

Definition 1.4. The fourth family of integral operators was introduced by Pescar

[31] as follows:
2 s 11/6
=6 [ 71 (es® d} , 1.8
Qs(2) [ /0 101 (V) ar (1.8)

where the function ¢ € A and the parameter 6 € C are so constrained that the
integral operators in (1.8) exist.

Two of the most important and known univalence criteria for analytic func-
tions defined in the open unit disk U were obtained by Ahlfors [1] and Becker [5].
Some extensions of these two univalence criteria were given by Pescar [28] involv-
ing a parameter p (which for © =1 yields the Ahlfors-Becker univalence criterion)
and another criteria by Pascu [27] involving two parameters A and g (which for
=X\ =1, yields the Beckers univalence criterion).

Further, in this paper we have mentioned sufficient conditions in terms of the Lam-
bert function W(z), also called omega function or product logarithm is a multival-
ued function. The Lambert function W (z) is defined by

W(x) = f~(z) where f(x) = xe®. (1.9)

Evidentaly, then W (ze®) = x and W(e) = 1. One can use ProductLog function
of Wolfram Mathematica to evaluate value of Lambert function at any point of its
domain. We shall make use of the following lemmas in order to prove our main
results.

Lemma 1.1. ([28] ). Let 1 and ¢ be complex numbers such that

R >0  and |/ <1 (| #-1).
If the function f € A satisfies the following inequality:
1
clz|?* + 1722“2‘/:—(2)<1 z € U),
o4 (L= ) 2 <1 (e D)

then the function F,, defined by

z 1/n
F.(z) = <u/ t“lf’(t)dt) (1.10)
0
is in the class S of normalized univalent functions in U.

Lemma 1.2. ([27]). If f € A satisfies the following inequality:

1— [z | 2f"(2)

( R() ) f'(z)

then for all p € C such that R(p) > R(vy), the function F,, defined by (1.10) is in
the class S of normalized univalent functions in U.

<1 (2 € U,R((y) >0),
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Lemma 1.3. ([30]). Let the parameters § € C and 6 € R be so constrained that
RB)>1, 0>1 and 26/6] < 3V/3.
If the function q € A satisfies the following inequality:
|2q'(z)] < 6 (z € U),

then the function Qs : U — C defined by

o= [ () o

is in the class S of normalized univalent functions in U.

1/6

Lemma 1.3 follows from the Beckers univalence criterion [6, 27] and the well-known
Schwarz lemma [17, p.25]. We shall further require the following known results
proved recently in Theorem 2.4 and Theorem 2.5 of [16].

Lemma 1.4. ([16]). If the parameters a > 0 and 8 > 0, then the function Ry g(2) :
U — C defined by (1.2) satisfies the following inequalities:

Ry, 5(2) 8 s

R’ — T+a 1.11
R pte) - Ro2l] < P erte (111)
Rlas(2) iyerts 8
CHEAG A 1‘ <t (provided that < ln(2)) (1.12)
Ra,ﬂ(z) 2 — eT+a 1+«
and
8
R”q 2 2)eTra
& ; 5(2) < fa+ S+ et 5 (provided that b < W(2e) — 1> ,
Ras) 17 (140) (20+0) — (1 +a+pem=) 1+a
(1.13)
where W is a Lambert function defined by (1.9).
We also prove the following lemma in order to establish our main results.
Lemma 1.5. Ifa« >0 and 8 > 0, then for z € U:
2— <1+1fa>el+ia < 2R 5(2)] < <1+1—i—ia> o5 (1.14)

The lower bound of (1.14) exists only when o > W — 1, where the function
W is defined by (1.9). Further,

B2+ 2a+ fB)

B
Trap (1.15)

}Z2R//a76(z)} S
Proof. We begin with the inequality

I(1+a)1+a)f (k-1 <T((14a)k) Vk € Nand a >0, (1.16)
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which is easy to verify (see [16, p. 1253, Lemma 2.5]). In view of (1.2), we have

Ml 1+ ’“11“1+
s+ 3 e < e X S e

R =
|ZOL | 1+Oé

Bk IF 1 +a oo k—1 )
< .
1+ E GET DR E 1+a FI(E 1)1 (on using (1.16))

& ﬂ > ﬂk 1
:1+Z (1+a)*1(k—2)! +ZQ 1+ a)F1(k—1)!

Similarly, it follows from (1.2) that

IZRQB( )| = Z+Z 5’@* (1+04)Zk Zl_zkﬁkflr(ua)

I'((1+a)k) — T((1+a)k)
> k—1 0 k—1)+1 b1
Z 1+ a) kﬁ I = Z 1T a) kt ) —) (on using (1.16))

=2

=2
6 Bk2 0 Bkl
1+a kZ: 1+ a)k=2(k — 2)! ZQ 1+ a)b=1(k—1)!

:2_(1+ )
1+«

This completes the proof of (1.14). Further to establish (1.15), we obtain from
(1.2) that

k

ST | S Y. Ui )ﬁ’HF(l+a & DT + a)
|2"R"a,8(2)| = kz::l Tk k Skg DI ), !
00 k(k ]_) k IF 1+a oo 71)519 1 |
S; (1 +a)k) kz:: 1—|—a (k= 1) (on using (1.16))
R ) [ VR L VO
- Z (k= 1! (1+ o)t

=~
Il

1

- (1—604)2123 (k:—13)! (1fa>k_3

2<1fa>; (i)

B2+ 20+ ﬂ)
This completes the proof of (1.15). O

+

(14 «)?

2. UNIVALENCE OF INTEGRAL OPERATORS INVOLVING RABOTNOV FUNCTIONS

Our first main result provides an application of Lemma 1.1 which gives sufficient
univalence conditions for the class of integral operators of the type (1.5) when
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the functions f; (j = 1,...,n) are normalized forms of Rabotnov functions (1.2)
involving various parameters.

Theorem 2.1. Let the parameters a; >0, 5; >0 (j =1,...,n) and

B ax{ D (G=1,..,n) (2.1)
1+« 1 + a;
be so constrained that
B :
—— < In(2 > )
T+ a <In(2) with >0, 8>0
Consider the functions Ry, g, : U — C defined by
BT (14 ay)
Ra, 5, (2 —z+2 CET (2.2)

Suppose also that
R(p) >0, ce C\{-1} with [c] <1 and X\; e C\{0} (j=1,...,n)
satisfy the following inequality:

perte S Ly
(1+¢@(27eﬁ%)jﬁJuM|_

Then the function Fu, .. an.Bi...Bor.dwu(2) : U— C, defined by

lef +

/p

1/
‘7:011 »»»»» ny By 5m/\1,w,/\m#(z) = / e H ( aJ’BJ > dt (23)
0

is in the class S of normalized univalent functz’ons in U.

Proof. Let us set =1 in (2.3), then we have

2Ry g (6))
Favveminonnen@ = [ TL(F2) " e
0 Iy
We observe that since Ry, 5, € A (j = 1,...,n) and also Ry, 5,(0) = R’y 5,(0)—1 =
0, therefore Fo, ... .an.B1...Bn Ao An,1 € A that is

]:0511----anvﬂ17~~~7ﬂnakl7~~~7)\n11(0) = ]:10511---aanvﬂ1a---aBn7)\17~~~7)\n11(0) -1=0.
Differentiating (2.4) with respect to z, we have

n o B 1/)\j
]:/oa,...,amﬁla By A L, AR, H ( o ) . (25)

Again differentiating (2.5) with respect to z, we obtain

1—=X;)/A;
, - n i RCE]',B]'(Z) (1=X;)/A;
F 0(17~~~705n7ﬂ17~~~7ﬂnakl7~~~n)\n11(Z) - Y
17 #

. (zR'ajﬁj(z)Raj,asz)) ﬁ (M)w, (2.6)
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Using (2.5) and (2.6), we get

Z]:”Otl,uuanﬁl »»»»» BrAt,..os )\7L71(Z) _ i i (ZR/O‘J',BJ (Z) - 1)
]:ICEl7~~~70‘n161a---aBnJ\la---aAnvl(Z) )\ Ra]‘7ﬂj(2)

Now applying the inequality (1.12) in Lemma 1.4 for each «;,5; (j =1, ...

get
2F a0 an,Bi,., 5m/\1,m,/\m1(z) < ii ZRlajvﬂj(Z) . '
‘7:1051a---aanvﬂl7~~~7ﬂn7)\17~~~7)\n11(Z) o j=1 |)\J| Rajaﬁj (Z)
. bj
-y L (153;)61+a’
=AY £
g=1191 9 _ TFa;
Suppose
xre”
¢(x) - 2 eza
then
, e’ .
Y=gy G

117

(2.7)

(2.8)

Clearly ¢'(x) is positive for x € (0,1n2), and hence ¢(x) is an increasing function

of z. Hence, in view of (2.1), we have

Bj B
<z)(1;0@-) §¢(1+a).

Therefore from (2.7) and (2.8), we get

B
Z]:”CHa---aanaﬁla---aBnJ\la---aAnvl(Z) < zn: L (1+a)€1+“‘
‘7:/041 »»»»» an,y B,y 5m/\1,m,/\m1(z) N |)‘J| 2 — 614‘*

Finally, by using the triangle inequality and the assertion of Theorem 2.1, we obtain

F
C|Z|2'u + (1 B |Z|2p,) Z 1041 »»»»» an, BBy AL >\n,1(z)
lu’]: a17"'7an7ﬂ17"'7ﬂn1A11"'1A71r11(z)

< |C| + i 2F oy, an,B1,Br AL, )\TLfl(Z)‘
N |‘LL| ]:/011,uuan,ﬁl,m,ﬁmAl »»»»» An 1(2)
| glsetie g
1
< le| + _% Z _—
lul o — erva = A
B n
eT+a 1
R R— L

1+ a) (2—e1+ia) = Al =

which in view of Lemma 1.1 implies that Fa, . an81.....8000,.. 0, (2) € S. This

completes the proof of Theorem 2.1.

O

Ifweputn=1, A\ =X\ u=1,07 = @ and ; = 5 in Theorem 2.1, then we get the

following corollary:
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Corollary 2.1. Let the parameters a > 0, > 0 be so constrained that
— < In(2).
— <In(2)

Consider the functions Ropg : U — C defined by (1.2). Suppose also that ¢ €
C\{—1} with |c| <1 and A € C\{0} satisfy the following inequality:
B
perta
IA(1 +a) (27 ei*)

Then the function Fo g a(z) : U— C, defined by

Fusate) = [ (B2)

is in the class S of normalized univalent functions in U.

<1

lef +

Remark 2.1. If we put ¢ = 0, A = 1 in Corollary 2.1, we obtain then a known result
Theorem 3.3 of [35].

We consider below few examples to illustrate the applications of Corollary 2.1.

Ezample 2.1. Next, if we choose & =0, 8 =1/4, ¢ =0 and A = 1/2 in Corollary
2.1 and use (1.3), then we have

Fo,1/4,1/2(2) = /OZ (6”4)2 dt =2 [62/2 — 1} €S.

Ezample 2.2. Putting a« =1, $ =1/4, c=0 and A = 1 in Corollary 2.1 and using
(1.4), we have

F (z) =2 ZSinh(%)dt*8 h vz 1l eSS

1,1/4,1(7) = ) NG = 8 |cos 5 .
Our second main result contains sufficient univalence conditions for integral oper-
ators of the type (1.6) when the functions g; (j = 1,...,n) are normalized forms of

Rabotnov functions involving various parameters. The key tools in the proof are
Lemma 1.2 and the inequality (1.12) of Lemma 1.4.

Theorem 2.2. Let the parameters a; >0, 5; >0 (j=1,...,n) and

s = max 5 (j=1,..,n)
1+« 1+ Q;
be so constrained that
Hia <In(2) with o >0, 8> 0.

Consider the functions Ry, 5, : U — C defined by (2.2), and let R(y) > 0. More-
over, suppose that the following inequality holds true:

1+ a) (276%)

nfetre

vl < R()-
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1/(ny+1)

gal »»»»» ny 1y BvL,n77(z) = n,-}/ + ]‘ / O‘J BJ ))’Y dt

is in the class S of normalized univalent functz’ons in U.

Proof. Let us consider the function G, .. ., 4. 8oy (%) 1 U — C defined by

~ = (R 5. ()
gOél7~~~70‘n7ﬂ17~~~7ﬂnan7’)’(2) :/0 H <%> dt.

j=1

Observe that Ga,,....ap,f.....80,m € A, that is

.....

gal,m,anﬁl,m,ﬁmnﬁ(0) = g/al,m,anﬁl »»»»» 5n7n,’Y(0) -1=0.

Using (1.12) of Lemma 1.4 for each o, 8; (j = 1,...,n) and hypothesis of Theorem
2.2, we have

1 — [2*20) Za”a17~-7an,617~-~7ﬂmn7 (2) |'7| zn: Rl )_1‘
SR(PY) glala---aanvﬂl7~~~7ﬂnan7’)’(2) ]=1 aJ’ﬁJ( )
B,
1 a
< |’Y| Z(lJraJ) i
J 1 2—¢ * e
B__o1fa
< |7| Zn: -‘ra)e1+
SRO) &yt
L
_ Dl nBeT -1

- R(y) (1+a) (Q—EHL(X) B
Applying now Lemma 1.2 and the fact that SR(ny + 1) > (v), the function

Gar,o.sn B ,en., o,y (2) defined by
1/(nvy+1)

,
Gareosan BBy (2) = | (07 + 1) / mH( et > dat :
0

then belongs to the class §. The proof of Theorem 2.2 is complete. O

By choosing n = 1, and also a; = «a,8; = [ in Theorem 2.2, we have the
following result.

Corollary 2.2. Let the parameters a > 0, > 0 be so constrained that

B

— <1
o @
Consider the functions Ry g : U — C defined by (1.2), and let R(y) > 0 be such
that the following inequality holds true:
8
1+a)(2- em)
vl < z R(7)-

Be T+a
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Then the function Ga.g.~(2) : U— C defined by
1/(v+1)

Go(2) = [w 1) [ ®asl)” dt} ,

is in the class S of normalized univalent functions in U.

By settingn = 1,01 = o, 81 =  and v = 1 in Theorem 2.2, we get the following
result.

Corollary 2.3. Let the parameters a > 0, 8 > 0 be so constrained that
B
14+«

where W(2e) is given by (1.9). Consider the functions Ry g : U — C defined by
(1.2), then the function Go p(z) : U— C defined by

<W(2e) -1,

2 1/2
gayg(z) = [2/ Rayg(t)dt}
0
is in the class S of normalized univalent functions in U.
As before, we give below few examples of Corollary 2.3.

Ezample 2.3. Putting oy =0, 81 = 1/4 in Corollary 2.3 and using (1.3), we have

1/2

z 1/2
Go1/4(2) = {2/ tet/4dt} =2 [2 (z—4)et + 8] cS.
0

Ezample 2.4. Next, putting « = 1 and § = 1/4 in Corollary 2.3 and using (1.4),
we have

Gr1/a(2) =2 UO Vtsinh (g) dt}
o[ (e sreom (1) - avmin (£)) -] e

The following result contains another set of sufficient univalence conditions for inte-
gral operators of the type (1.7) when the functions h; (j = 1,...,n) are normalized
forms of Rabotnov functions involving various parameters. We shall apply Lemma
1.1 and the inequality (1.13) of Lemma 1.4 to prove the following theorem.

1/2

Theorem 2.3. Let the parameters o; > 0, B; > 0 and

H—La = max{1 fjaj (=1, an)} (2.9)

be so constrained that

B
1+«

where W (2e) is given by (1.9). Consider the functions Rq; 5, : U — C defined by
(2.2), and also let

R(E) >0,ce C\{-1}with || <1 and v; € C\{0} (j=1,...,n)

< W(2e)—1 with >0, >0,
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satisfy the following inequality:
B
1 2420+ B)eTra
e+ exzatl) Z|u]|<1
€1+ ) (2(1+a) 1+ a+pB) el+a) -
BBt m,e(2) 1 U— C defined by

Then the function Ha,

.....

1/¢

is in the class S of normalized univalent functzons in U.

Proof. Our demonstration of proof of Theorem 2.3 is similar to that of Theorem 2.1.
Indeed, by considering the function Ha,.....an.81.....80.01....0n (2) : U — C defined by

2 mn
Hor s s (2) = / ] (R, s 0)" dt,

i=1
we observe that Mo, ... an.81.....80.01,...0n € A, that is

n
Hlal, 0, B15e e, By Ve ey Vn = H OtJ,ﬁJ( ))Vj (210)
j=1
and
" 1
b
H”(llr--aanaBla---aBnﬂ/la- SV = ZVJ CE],B] )) !
j=1
n
%w@g H Otkﬂk Vk' (2'11)
i
Applying (2.10) and (2.11), we have
H”Oéh 5,815,805V, Z zR /aJﬁﬁJ )
H' at e B1ee Bt e ( Ra;,8,(2)

Now, by making use of the inequality (1.13) of Lemma 1.4 for each «;,3; (j =
1,...,n), we obtain

ZH”OQ »»»»» n, B, Bnsv1,. 5V'n. Z| | 2R’ a]aB]( )
Hlal7~~~70‘n7ﬂ17~~~7ﬂn11’17~~~7’/n j Rl@‘]vﬂ]( )
B
- B2+ 20, + B;)e ™
<Y |yl S— 5
S (20 a) - @ a4 8 )
(2.12)
Let
2+ x T [222 +8x 4+ 4 — (22 42z + 2) e*

T2 (rwe 2 (z+1)e*]?
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Clearly, ¢'(x) is positive for z € (0, W(2¢) — 1) and hence ¢ (x) is an increasing
function of = for x € (0, W(2e) — 1). Thus, in view of (2.9), we have

Bj B
w(rjaj) Sw(lJrOL)'

Using now (2.12), we obtain

”
2H Q1550 By By V15 Vn (Z)

A
..... A BseorBrtrenn (Z)

8
B(2+2a+ B)eT+a z":w
8 Il
(1+0) (200 +0) = (1 +a+ Be ) 15
Finally, from the triangle inequality and the assertion of Theorem 2.3, we get
1

iy

"

ZH Q1405815580 V1 505 Vn (Z)
/

H a1yoesans By Brsvi s vn (Z)

"
2§ 2¢ zH al7“.70(”,61,“.’Bmm,..--a””(Z)‘
clz|*+ (1—1% =l
| | ( | | ) EH a1y an Bryees B ey va (2) | |

n

B
242 T+a i
<lel + et e Sl

(1+a) (2(1+a)—(1+a+6)el%)j=1 el =

which in view of Lemma 1.1 implies that Ha, ... an,81,....80.01,..0m,e(2) € S. This
evidently completes the proof of Theorem 2.3. ]

By setting n = 1, and also oy = a, 51 = 8,71 = v and £ = 1 in Theorem 2.3, we
immediately obtain the following result.

Corollary 2.4. Let the parameters a > 0 and B > 0 be so constrained that

H—La < W(2e) — 1.
Consider the functions Ry g : U — C defined by (1.2), and also let
ce C\{-1}with |¢|] <1 and v e C\{0}
satisfy the following inequality:
B(2+ 20+ feTi
(1+a) (2(1 ta)-(1+a +ﬁ)e%)

Then the function Ha . (2) : U— C defined by

Ha,pu(2) =/O (R o.5(1)" dt

is in the class S of normalized univalent functions in U.

|| + lv| < 1.

Ezample 2.5. If we put « =0, 8 =1/8,¢ =0 and v = 2 in Corollary 2.4 and use
(1.3), we have then

. 2
t
Ho,1/8,2(2) :/ <§ + 1> et/Adt
0

= 1—16 [(22+8z+32) 62/4732} €S.

Ezample 2.6. Next, by setting « = 1, § = 1/4,¢ = 0 and v = 1 in Corollary 2.4
and using (1.4), we have

. z
H1’1/4’1(2) = R1’1/4(2) = 2\/28111}1 (%) (S 8
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By applying Lemma 1.3 and the inequality (1.11) of Lemma 1.4, we can establish
the following result which follows straightforwardly from the details mentioned in
the proof of Theorem 2.3.

Theorem 2.4. Let the parameters a > 0 and 8 > 0 be so constrained that

B
T a <W(2e) -1,

where W (2e) is given by (1.9). Consider the functions Ry 5 : U — C defined by
(1.2), and also let R(6) > 1 and

3v/3
2 (1 + H—ia) el%x
Then the function Qq g,5(2) : U — C defined by

: 5 U/
Qap(2) = [6/ 01 (eRa,ﬁ@)) dt]
0

is in the class S of normalized univalent functions in U.

6] <

For § =1 in Theorem 2.4, we immediately have the following result.

Corollary 2.5. Let the parameters a > 0 and 3 > 0 be so constrained that

8
— 2e) — 1.
T+ra < W (2e)
Consider the functions Ry g : U — C defined by (1.2). Then the function Qq g(2) :

U — C defined by
Quste= [
0

is in the class S of normalized univalent functions in U.

3. CONVEXITY OF INTEGRAL OPERATORS INVOLVING
THE RABOTNOV FUNCTIONS

In this section, we first prove the following theorem which gives the sufficient
conditions of convexity for integral operators of the type (1.5) when the functions
fj (7 =1,,n) are normalized forms of Rabotnov functions. The proof is based on
the application of Lemma 1.1.

Theorem 3.1. Let the parameters o; > 0, 3; > 0 and

g Bi |,._
T+ a max{1+]aj (j= 1,...,n)}

Hia < 111(2) with  « >0, > 0.

Consider the functions Ry, g, : U — C defined by (2.2), and suppose also that
N €O} (G=1,.m)
satisfy the following inequality:

be so constrained that

B _oi¥a n
o) © 3 1
2 —eT+a J
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Then the function Fa,... an.B1....8000n(2) 1 U— C defined by

z n R 1/)\j
.8 ()
]:0(1a---aanvﬂl1---aBn7)\17~~~7)\n (Z) = / H ( aJtJ dt
0 j=1
is in the class KK of normalized convex functions in U.

Proof. Proceeding similarly as in Theorem 2.1, we have

2‘7:”0517~~~~0‘n7ﬂ17~~~7ﬂn1A17~~~~7)\n(Z) — zn: 1 (ZR/O‘JWBJ' (Z) _ 1)

]:/011,uuan,ﬁl,m,ﬁmAl »»»»»» )\n(z) Raj,ﬁj (Z)

Aj

j=1

Hence,

”a a ]_ Z]Rla, Az
% 1+ Z‘F 1s--0s 7L7611“‘157L7)\1 »»»»» An (Z):| — % 1+ . ( JiﬁJ( ) _ 1)
Aj R%‘ﬂj(z)

1 (2R, 5.(2)
-1 — (=it
o Z )‘j ( Ra]‘ﬂj (Z) )

:n_i}sz%@@_‘
2L Ry, ()
B

"1 mrane .
>1- Z m 7 (using (1.12))

Jj=1 2 — ettty

B2 n
el+a 1

) R CEE DA — (in view of (2.8))

2 — eTFa |)‘J|

1
> 0 (in view of (3.1)).

This implies that Fo, ... a.,81,....80.0
complete.

A, (2) € K and the proof of Theorem 3.1 is

.....

Setting n = 1,A\; = A, and also a3 = «, 1 =  in Theorem 3.1, we immediately
obtain the following result.

Corollary 3.1. Let the parameters o > 0, 5> 0 and A € C\{0} be so constrained
that
B

7 < ALY — Al
< W) - |y

Consider the functions Ry g : U — C defined by (1.2), then the function Fu g () :

U — C defined by
7 (R, 51\
Fapa(2) :/o <7’f( )> dt

is in the class KK of normalized convex functions in U.
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Remark 3.1. If we put A = 1 in Corollary 3.1, we then get the same result as
obtained earlier in Theorem 3.4 of [35].

Ezample 3.1. Putting a = 0, 8 = 1/4 and A = 1/2 in Corollary 3.1 and using (1.3),
we have

z 2
Fo,1/a,1/2(2) = / (6t/4) dt =2 [62/2 — 1} € K (See below Figure(a)).
0

Ezample 3.2. Next, putting « = 1 and = 1/4 and A = 1 in Corollary 3.1 and
using (1.4), we get

- sinh (4
Fiaja1(z) =2 ; #dt =8 [cosh (%) - 1} € K.

The following result contains another set of sufficient convexity conditions for
integral operators of the type (1.7) when the functions h; (j = 1,...,n) are normal-
ized forms of Rabotnov functions involving various parameters. The key tools in
the proof are Lemma 1.1 and the inequality (1.13) of Lemma 1.4.

Theorem 3.2. Let the parameters o; > 0, 3; > 0 and

lfoz :max{lfjaj (j= 1,...,n)}

<W(2e)—1 with «a>0,3>0.

be so constrained that
B
14+«

Consider the functions Ry, g, : U — C defined by (2.2), also let

vy €C\{0} (= 1,0m)
satisfy the following inequality:

£} n
B2+ 2a+ B)eTra
5 Z vj| > 0.

(1+a) (2(1+a) (1+a+5) —) =
»»»»» ny B Bnyve .. 5V'n.( U — (C deﬁned by

1—

Then the function Ha,

HCMl7~~~70‘n1611---16n7’/11- U / 0‘]16] t)) dt

is in the class IC of normalized convex functz’ons in U.
Proof. Proceeding similarly as in Theorem 2.3, we have

"

ZH A1y, 815,80,V Vn (Z)
/

H a1 sansBryees Bty svn (Z)

R |1 + ZH”CH7~~~70‘n1617~~~7ﬂn11’1a---aVn(Z) >1—
H' (2) ]~
QLo ¥y Blyeees B Vs Vn

. 5(24-20&4—5)61*% Z'V]|>O
N (1+a)(2(1+a) (1+a+6)el+a) -

This implies that He, .. an.B1.....80.01....0n (2) € K and the proof of Theorem 3.2 is
complete. O

If we set n = 1, and also a3 = «, 1 = ,1 = v in Theorem 3.2, we immediately
obtain the following result.
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Corollary 3.2. Let the parameters a > 0 and B > 0 be so constrained that

H—La < W(2e)—1.

Consider the functions Ry g : U — C defined by (1.2), and also v € C\{0} satisfy
the following inequality:
B(2+ 20+ feTi

" (1+a) (2(1+a)—(1+a+6)61%)

lv] > 0.

Then the function Hapu(2) : U — C defined by

Hosile) = [ (Rap(0)” d
is in the class K of normalized convex functions in U.

Remark 3.2. Setting n = 1, and also oy = «, 51 = 8,1 = 1 in Corollary 3.2, we
obtain the same result as obtained in Theorem 3.2 of [35].

Ezample 3.3. Next, putting « =0, § = 1/8 and v = 2 in above Corollary 3.2 and
using (1.3), we have

2

e
’Hoyl/gyg(zf’) = / (g + 1) et/4dt
0

- 1—16 (2 +82+82) /1 32| e .

Ezample 3.4. Further, putting « = 1, f = 1/4 and v = 1 in Corollary 3.2 and using
(1.4), we have

Hi1/41(2) = Ry1/4(2) = 2¢/zsinh <§> € K (See Figure(b)).

o

L L L L L L L L
-10 =05 0.0 05 10 -10 -0.5 0.0 05 10

(a) Image of U under 2 (e*/2 —1). (b) Image of U under Ry ;/4(2).

Data availability statement: Data is available within the article.
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