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STRONG CONVERGENCE RESULTS FOR THE

JUNGCK-ISHIKAWA AND JUNGCK-MANN ITERATION

PROCESSES

ALFRED OLUFEMI BOSEDE

Abstract. In this paper, we establish some strong convergence results for
the Jungck-Ishikawa and Jungck-Mann iteration processes considered in Ba-

nach spaces. These results are proved for a pair of nonselfmappings using the
Jungck-Ishikawa and Jungck-Mann iterations. Our results improve, generalize

and extend some of the known ones in literature especially those of Olatinwo

and Imoru [17] and Berinde [2].

1. Introduction

Let (E, d) be a complete metric space, T : E −→ E a selfmap of E. Suppose
that FT = {p ∈ E : Tp = p} is the set of fixed points of T in E.
Let {xn}∞n=0 ⊂ E be the sequence generated by an iteration procedure involving
the operator T , that is,

xn+1 = f(T, xn), n = 0, 1, 2, ... (1.1)

where x0 ∈ E is the initial approximation and f is some function.
If in (1.1),

f(T, xn) = Txn, n = 0, 1, 2, ... (1.2)

then, we have the Picard iteration process, which has been employed to approximate
the fixed points of mappings satisfying

d(Tx, Ty) ≤ ad(x, y), ∀x, y ∈ E, a ∈ [0, 1), (1.3)

called the Banach’s contraction condition and is of great importance in the cele-
brated Banach’s fixed point Theorem [1]. An operator satisfying (1.3) is called a
strict contraction.
Also, if in (1.1) and E is a Banach space such that for arbitrary x0 ∈ E,

f(T, xn) = (1− �n)xn + �nTxn, n = 0, 1, 2, ..., (1.4)

with {�n}∞n=0 a sequence of real numbers in [0, 1], then we have the Mann iteration
process. [See Mann [10]].
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For x0 ∈ E, the sequence {xn}∞n=0 defined by

xn+1 = (1− �n)xn + �nTzn

zn = (1− �n)xn + �nTxn
(1.5)

where {�n}∞n=o and {�n}∞n=o are sequences of real numbers in [0,1], is called the
Ishikawa iteration process. [For Example, see Ishikawa [8]].
In 1972, Zamfirescu [25] proved the following result.
Theorem 1.1. Let (E, d) be a complete metric space and T : E −→ E be a mapping

for which there exist real numbers a
′
, b

′
and c

′
satisfying 0 ≤ a

′
< 1, 0 ≤ b

′
< 0.5

and 0 ≤ c′ < 0.5 such that, for each x, y ∈ E, at least one of the following is true:
(Z1) d(Tx, Ty) ≤ a′

d(x, y);

(Z2) d(Tx, Ty) ≤ b′ [d(x, Tx) + d(y, Ty)];

(Z3) d(Tx, Ty) ≤ c′ [d(x, Ty) + d(y, Tx)].
Then, T is a Picard mapping.
An operator T satisfying the contractive conditions (Z1), (Z2) and (Z3) in Theorem
1.1 above is called a Zamfirescu operator.
Remark 1.1. The proof of this Theorem is contained in Berinde [2].
If

� = max{a
′
,

b
′

1− b′
,

c
′

1− c′
}, (1.6)

in Theorem 1.1, then
0 ≤ � < 1. (1.7)

Then, for all x, y ∈ E, and by using Z2, it was proved in Berinde [2] that

d(Tx, Ty) ≤ 2�d(x, Tx) + �d(x, y), (1.8)

and using Z3 gives
d(Tx, Ty) ≤ 2�d(x, Ty) + �d(x, y), (1.9)

where 0 ≤ � < 1 is as defined by (1.6).
Remark 1.2. If (E, ∥.∥) is a normed linear space, then (1.8) becomes

∥Tx− Ty∥ ≤ 2� ∥x− Tx∥+ � ∥x− y∥ , (1.10)

for all x, y ∈ E and where 0 ≤ � < 1 is as defined by (1.6).

2. Preliminaries

Rhoades [21, 22] employed the Zamfirescu condition (1.10) to establish several
interesting convergence results for Mann and Ishikawa iteration processes in a uni-
iformly convex Banach space.
Later, the results of Rhoades [21, 22] were extended by Berinde [2] to an arbitrary
Banach space for the same fixed point iteration processes. Several other researchers
such as Bosede [3, 4] and Rafiq [19, 20] obtained some interesting convergence re-
sults for some iteration procedures using various contractive definitions. Apart from
these convergence results, Rhoades [23] used a contractive condition independent
of the Zamfirescu condition and obtained some stability results for other iteration
processes, such as Mann [10] and Kirk iterations.
Using a new idea, Osilike [18] considered the following contractive definition: there
exist L ≥ 0, a ∈ [0, 1) such that for each x, y ∈ E,

d(Tx, Ty) ≤ Ld(x, Tx) + ad(x, y). (2.1)
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Imoru and Olatinwo [7] extended the results of Osilike [18] using the following
contractive condition: there exist b ∈ [0, 1) and a monotone increasing function
' : ℜ+ −→ ℜ+ with '(0) = 0 such that for each x, y ∈ E,

d(Tx, Ty) ≤ '(d(x, Tx)) + bd(x, y). (2.2)

Employing a new concept, Singh et al [24] introduced the following iteration to
obtain some common fixed points and stability results: Let S and T be operators
on an arbitrary set Y with values in E such that T (Y ) ⊆ S(Y ), S(Y ) is a complete
subspace of E. For arbitrary xo ∈ Y , the sequence {Sxn}∞n=o defined by

Sxn+1 = (1− �n)Sxn + �nTxn, n = 0, 1, 2, ..., (2.3)

where {�n}∞n=o is a sequence of real numbers in [0,1], is called the Jungck-Mann
iteration process.
If in (2.3), �n = 1 and Y = E, then we have

Sxn+1 = Txn, n = 0, 1, 2, ..., (2.4)

which is the Jungck iteration. [For example, see Jungck [9]].
Jungck [9] proved that the maps S and T satisfying

d(Tx, Ty) ≤ ad(Sx, Sy), ∀x, y ∈ E, a ∈ [0, 1), (2.5)

have a unique common fixed point in a complete metric space E, provided that S
and T commute, T (Y ) ⊆ S(Y ) and S is continuous. Some stability results were
also obtained by Singh et al [24] for Jungck and Jungck-Mann iteration processes
in metric space using both the contractive definition (2.5) and the following: For
S, T : Y −→ E and some a ∈ [0, 1), we have

d(Tx, Ty) ≤ ad(Sx, Sy) + Ld(Sx, Tx), ∀x, y ∈ Y. (2.6)

Let (E, ∥.∥) be a Banach space and Y an arbitrary set. Let S, T : Y −→ E be two
nonselfmappings such that T (Y ) ⊆ S(Y ), S(Y ) is a complete subspace of E and S
is injective. Then, for xo ∈ Y , the sequence {Sxn}∞n=o defined iteratively by

Sxn+1 = (1− �n)Sxn + �nTzn

Szn = (1− �n)Sxn + �nTxn
(2.7)

where {�n}∞n=o and {�n}∞n=o are sequences of real numbers in [0,1], is called the
Jungck-Ishikawa iteration process. [See Olatinwo [15]].
For xo ∈ Y , the sequence {Sxn}∞n=o defined iteratively by

Sxn+1 = (1− �n)Sxn + �nTzn

Szn = (1− �n)Sxn + �nTyn

Syn = (1− n)Sxn + nTxn

(2.8)

where {�n}∞n=o, {�n}∞n=o and {n}∞n=o are sequences of real numbers in [0,1], is
called the Jungck-Noor iteration process. [See Noor [12, 13] and Olatinwo [16]].
In 2010, Olaleru and Akewe [14] introduced the following Jungck-Multistep iterative
scheme to approximate the common fixed points of contractive-like operators: For
xo ∈ Y , the sequence {Sxn}∞n=o defined iteratively by

Sxn+1 = (1− �n)Sxn + �nTy
1
n

Sy1n = (1− �1
n)Sxn + �1

nTy
i+1
n , i = 1, 2, ..., k − 2,

Syk−1n = (1− �k−1n )Sxn + �k−1n Txn, k ≥ 2,

(2.9)
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where {�n}∞n=o, {�in}∞n=o are sequences of real numbers in [0,1] such that
∑∞
n=0 �n =

∞, is called the Jungck-Multistep iteration process. [See Olaleru and Akewe [14]].
Olatinwo [15] used the Jungck-Ishikawa iteration process (2.7) to establish some
stability as well as some strong convergence results by employing the following con-
tractive definitions: For two nonselfmappings S, T : Y −→ E with T (Y ) ⊆ S(Y ),
where S(Y ) is a complete subspace of E,
(a) there exist a real number a ∈ [0, 1) and a monotone increasing function ' :
ℜ+ −→ ℜ+ such that '(0) = 0 and ∀ x, y ∈ Y , we have,

∥Tx− Ty∥ ≤ '(∥Sx− Tx∥+ a ∥Sx− Sy∥ ; (2.10)

(b) there exist real numbers M ≥ 0, a ∈ [0, 1) and a monotone increasing function
' : ℜ+ −→ ℜ+ such that '(0) = 0 and ∀ x, y ∈ Y , we have,

∥Tx− Ty∥ ≤ '(∥Sx− Tx∥) + a ∥Sx− Sy∥
1 +M ∥Sx− Tx∥

. (2.11)

Using the Jungck-Multistep iteration process (2.9), Olaleru and Akewe [14] ap-
proximated the common fixed points of contractive-like operators by employing the
same contractive condition (2.10) of Olatinwo [15].
In this paper, we prove some strong convergence results for Jungck-Ishikawa and
Jungck-Mann iteration processes considered in Banach spaces by using a contrac-
tive condition independent of those of Olatinwo [15] and Olaleru and Akewe [14].
Consequently, the following natural extension of Theorem 1.1, (that is, the Zam-
firescu [25] condition) shall be required in the sequel:
Theorem 2.1. For two nonselfmappings S, T : Y −→ E with T (Y ) ⊆ S(Y ), there
exist real numbers �, � and  satisfying 0 ≤ � < 1, 0 ≤ �,  < 0.5 such that, for
each x, y ∈ Y, at least one of the following is true:
(gz1) d(Tx, Ty) ≤ �d(Sx, Sy);
(gz2) d(Tx, Ty) ≤ �[d(Sx, Tx) + d(Sy, Ty)];
(gz3) d(Tx, Ty) ≤ [d(Sx, Ty) + d(Sy, Tx)].
The contractive conditions (gz1), (gz2) and (gz3) will be called the generalized Zam-
firescu condition. [See Olatinwo and Imoru [17]].
Indeed, if

� = max{�, �

1− �
,



1− 
}, (2.12)

then
0 ≤ � < 1. (2.13)

Therefore, for all x, y ∈ Y, and by using (gz2), we have

d(Tx, Ty) ≤ 2�d(Sx, Tx) + �d(Sx, Sy). (2.14)

Using (gz3), we obtain

d(Tx, Ty) ≤ 2�d(Sx, Ty) + �d(Sx, Sy), (2.15)

where 0 ≤ � < 1 is as defined by (2.12).
Remark 2.1. If (E, ∥.∥) is a normed linear space or a Banach space, then (2.14)
becomes

∥Tx− Ty∥ ≤ 2� ∥Sx− Tx∥+ � ∥Sx− Sy∥ , (2.16)

for all x, y ∈ E and where 0 ≤ � < 1 is as defined by (2.12).
Olatinwo and Imoru [17] proved some convergence results for the Jungck-Mann
and the Jungck-Ishikawa iteration processes in the class of generalized Zamfirescu
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operators by using the contraction condition (2.12).
Our aim in this paper is to prove some strong convergence results for Jungck-
Ishikawa and Jungck-Mann iteration processes considered in Banach spaces by us-
ing a contractive condition independent of those of Olatinwo [15] and Olaleru and
Akewe [14].
These results are established for a pair of nonselfmappings using the Jungck-
Ishikawa and Jungck-Mann iterations for a class of functions more general than
those of Olatinwo and Imoru [17], Berinde [2] and many others.
We shall employ the following contractive definition: Let (E, ∥.∥) be a Banach space
and Y an arbitrary set. Suppose that S, T : Y −→ E are two nonselfmappings such
that T (Y ) ⊆ S(Y ) and S(Y ) is a complete subspace of E. Suppose also that z is a
coincidence point of S and T , (that is, Sz = Tz = p). There exist a constant L ≥ 0
such that ∀ x, y ∈ Y , we have

∥Tx− Ty∥ ≤ eL∥Sx−Tx∥(2� ∥Sx− Tx∥+ � ∥Sx− Sy∥), (2.17)

where 0 ≤ � < 1 is as defined by (2.12) and ex denotes the exponential function of
x ∈ Y .
Remark 2.2. The contractive condition (2.17) is more general than those consid-
ered by Olatinwo and Imoru [17], Berinde [2] and several others in the following
sense: For example, if L = 0 in the contractive condition (2.17), then we obtain

∥Tx− Ty∥ ≤ 2� ∥Sx− Tx∥+ � ∥Sx− Sy∥ (2.18)

which is the generalized Zamfirescu contraction condition (2.16) used by Olatinwo
and Imoru [17], where

� = max{�, �

1− �
,



1− 
}, 0 ≤ � < 1, (2.19)

while constants �, � and  are as defined in Theorem 2.1 above.

3. Main Results

Theorem 3.1. Let (E, ∥.∥) be a Banach space and Y an arbitrary set. Suppose
that S, T : Y −→ E are two nonselfmappings such that T (Y ) ⊆ S(Y ), S(Y ) is a
complete subspace of E. Suppose that z is a coincidence point of S and T , (that
is, Sz = Tz = p). Suppose also that S and T satisfy the contractive condition
(2.17). For x0 ∈ Y , let {Sxn}∞n=o be the Jungck-Ishikawa iteration process defined
by (2.7), where {�n}∞n=o and {�n}∞n=o are sequences of real numbers in [0,1] such
that

∑∞
k=0 �k =∞.

Then, the Jungck-Ishikawa iteration process converges strongly to p.
Proof. Let Sxn+1 = (1−�n)Sxn+�nTqn, n = 0, 1, ..., where Sqn = (1−�n)Sxn+
�nTxn.
Therefore, using the Jungck-Ishikawa iteration (2.7), the contractive condition
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(2.17) and the triangle inequality, we have

∥Sxn+1 − p∥ = ∥(1− �n)Sxn + �nTqn − p∥
= ∥(1− �n)Sxn + �nTqn − ((1− �n) + �n)p∥
= ∥(1− �n)(Sxn − p) + �n(Tqn − p)∥
≤ (1− �n) ∥Sxn − p∥+ �n ∥Tqn − p∥
= 1− �n) ∥Sxn − p∥+ �n ∥Tz − Tqn∥

≤ (1− �n) ∥Sxn − p∥+ �ne
L∥Sz−Tz∥(2� ∥Sz − Tz∥+ � ∥Sz − Sqn∥)

= (1− �n) ∥Sxn − p∥+ �ne
L∥p−p∥(2� ∥p− p∥+ � ∥p− Sqn∥)

= (1− �n) ∥Sxn − p∥+ �ne
L(0)(2�(0) + � ∥Sqn − p∥)

= (1− �n) ∥Sxn − p∥+ �n� ∥Sqn − p∥
(3.1)

We estimate ∥Sqn − p∥ in (3.1) as follows:

∥Sqn − p∥ = ∥(1− �n)Sxn + �nTxn − p∥
= ∥(1− �n)(Sxn − p) + �n(Txn − p)∥
≤ (1− �n) ∥Sxn − p∥+ �n ∥Txn − p∥
= (1− �n) ∥Sxn − p∥+ �n ∥Tz − Txn∥

≤ (1− �n) ∥Sxn − p∥+ �ne
L∥Sz−Tz∥(2� ∥Sz − Tz∥+ � ∥Sz − Sxn∥)

= (1− �n) ∥Sxn − p∥+ �ne
L(0)(2�(0) + � ∥p− Sxn∥)

= (1− �n) ∥Sxn − p∥+ �n� ∥Sxn − p∥
= (1− �n + ��n) ∥Sxn − p∥

(3.2)

Substitute (3.2) into (3.1) gives

∥Sxn+1 − p∥ ≤ [1− (1− �)�n − (1− �)��n�n] ∥Sxn − p∥
≤ [1− (1− �)�n] ∥Sxn − p∥

≤
∞∏
k=0

[1− (1− �)�k] ∥Sx0 − p∥

≤
∞∏
k=0

e−[1−(1−�)�k] ∥Sx0 − p∥

= e−(1−�)
∞∑
k=0

�k ∥Sx0 − p∥ −→ 0

(3.3)

as n −→∞. By observing that
∑∞
k=0 �k =∞, � ∈ [0, 1) and from (3.3), we get

∥Sxn − p∥ −→0 (3.4)

as n −→∞, which implies that {Sxn}∞n=o converges strongly to p.
To prove the uniqueness, we take z1, z2 ∈ C(S, T ), where C(S, T ) is the set of
coincidence points of S and T such that Sz1 = Tz1 = p1 and Sz2 = Tz2 = p2.
Suppose on the contrary that p1 ∕= p2. Then, using the contractive condition (2.17)
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and since 0 ≤ � < 1, we have

∥p1 − p2∥ ≤ ∥Tz1 − Tz2∥
= ∥p1 − Tz2∥

≤ eL∥Sz1−Tz1∥(2� ∥Sz1 − Tz1∥+ � ∥Sz1 − Sz2∥)

= eL∥p1−p1∥(2� ∥p1 − p1∥+ � ∥p1 − p2∥)

= eL(0)(2�(0) + � ∥p1 − p2∥)
= � ∥p1 − p2∥
< ∥p1 − p2∥ ,

which is a contradiction. Therefore, p1 = p2.
This completes the proof.
Remark 3.1. Our result in Theorem 3.1 of this paper is a generalization of The-
orem 3.1 in Olatinwo and Imoru [17], which itself is a generalization of Berinde [2]
and many others in literature.
The next result shows that the Jungck-Mann iteration process converges strongly
to p.
Theorem 3.2. Let E, Y, S, T, z and p be as in Theorem 3.1.
For arbitrary x0 ∈ Y , let {Sxn}∞n=o be the Jungck-Mann iteration process defined by
(2.3) where {�n}∞n=o is a sequence of real numbers in [0,1] such that

∑∞
k=0 �k =∞.

Then, the Jungck-Mann iteration process converges strongly to p.
Proof. Using the Jungck-Mann iteration (2.3), the contractive condition (2.17) and
the triangle inequality, we have

∥Sxn+1 − p∥ = ∥(1− �n)Sxn + �nTxn − p∥
= ∥(1− �n)Sxn + �nTxn − ((1− �n) + �n)p∥
= ∥(1− �n)(Sxn − p) + �n(Txn − p)∥
≤ (1− �n) ∥Sxn − p∥+ �n ∥Txn − p∥
= 1− �n) ∥Sxn − p∥+ �n ∥Tz − Txn∥
≤ (1− �n) ∥Sxn − p∥

+ �ne
L∥Sz−Tz∥(2� ∥Sz − Tz∥+ � ∥Sz − Sxn∥)

= (1− �n) ∥Sxn − p∥+ �ne
L(0)(2�(0) + � ∥p− Sxn∥)

= (1− �n) ∥Sxn − p∥+ �n� ∥Sxn − p∥)
= [1− (1− �)�n] ∥Sxn − p∥

≤
∞∏
k=0

[1− (1− �)�k] ∥Sx0 − p∥

≤
∞∏
k=0

e−[1−(1−�)�k] ∥Sx0 − p∥

= e−(1−�)
∞∑
k=0

�k ∥Sx0 − p∥ −→ 0

(3.5)

as n −→∞. Since
∑∞
k=0 �k =∞, � ∈ [0, 1), therefore from (3.4), we have

∥Sxn − p∥ −→0 (3.6)
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as n −→∞, which implies that the Jungck-Mann iteration converges strongly to p.
This completes the proof.
Remark 3.2. Theorem 3.2 of this paper is a generalization of Theorem 3.3 in
Olatinwo and Imoru [17]. Theorem 3.2 is also a generalization of the results obtained
by Berinde [2] and this is also a further improvement to many existing known results
in literature.
A special case of Jungck-Mann iteration process is that of Jungck-Krasnoselskij
iteration process which is Jungck-Mann iteration, with each �n = �, for some
0 < � < 1.
For arbitrary xo ∈ Y , the sequence {Sxn}∞n=o defined by

Sxn+1 = (1− �)Sxn + �Txn, n = 0, 1, 2, ..., (3.7)

for some 0 < � < 1, is called the Jungck-Krasnoselskij iteration process.
Corollary 3.1. Let E, Y, S, T, z and p be as in Theorem 3.1. For arbitrary x0 ∈ Y ,
let {Sxn}∞n=o be the Jungck-Krasnoselskij iteration process defined by (3.7) for some
0 < � < 1. Then, the Jungck-Krasnoselskij iteration process converges strongly to
p.
Proof. In Theorem 3.2, set each �n = �.
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