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A GENERALIZED MEAN PROXIMAL ALGORITHM FOR
SOLVING GENERALIZED MIXED EQUILIBRIUM PROBLEMS

(COMMUNICATED BY MARTIN HERMANN)

A.M. SADDEEK

ABSTRACT. In a recent paper [14], the fixed point and resolvent techniques
have been used to give an iterative algorithm for solving generalized mixed
equilibrium problem (GMEP). In this paper, an extended iterative algorithm,
called generalized mean proximal algorithm (GMPA) is presented and its con-
vergence to the solution of GMEP with #-pseudomonotne and - Lipschitz
continuous mappings in Hilbert spaces is proved. Our approach is based on
the basic notions of generalized resolvents and fixed points. The results im-
prove and extend important recent results.

1. INTRODUCTION

The generalized mixed equilibrium problem (GMEP) is one of the most general
problems appearing in nonlinear analysis. It is well recognized that the GMEP in-
cludes variational inequalities, complementarity problems, saddle point problems,
optimization, Nash equilibria problems, and numerous problems in physics, me-
chanics and economics as special cases. For details, refer to [19].

Very recently, Kazmi et al. [14] dealt with the analysis of iterative algorithms
(which extend and improve the iterative methods given in [18], [23]) for solving
the GMEP in real Hilbert spaces by using fixed point and resolvent methods.
Further, under the #-pseudomonotonicity and J-Lipschitz continuity conditions for
mappings, they proved the weak convergence of the sequences generated by these
iterative algorithms to the solution of GMEP.

Inspired and motivated by recent research works in this filed, this paper intro-
duces an extended iterative algorithm, called generalized mean proximal algorithm
(GMPA); moreover, it presents the convergence of the iterative sequence generated
by this algorithm to the solution of GMEP with #-pseudomonotone and J-Lipschitz
continuous mappings in Hilbert spaces. The results obtained in this paper extend
the recently corresponding results.
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2. INEQUALITIES AND BASIC CONCEPTS

Let H be a real Hilbert space with inner product (-,-) and corresponding norm
||l Let K be a nonempty closed and convex set in H, and let 2% denote the family
of nonempty subsets of K. We denote by R the filed of real numbers and by N the
set of all positive integers. Let T : K — K be a nonlinear mapping. The set of all
fixed points of T is denoted by F(T). Let f: K x K > Rand g: Hx H — R be
nonlinear functions. We denote by dom(f) (resp. dom(g)) the domain of f (resp.
the domain of g ). The interior of the domain of f is denoted by int dom(f).

The GMEP (see, for example, [14]) for f,g and T is to find u € K such that

flu,v) + (Tu,v — u) + g(u,v) — g(u,u) >0, Yo € K. (2.1)

As special cases of the problem (2.1), we have the following problems:

1. If we consider f(u,v) = 0 and g(u,v) = g(v), Yu,v € K, then we get the
following mixed variational inequality:

Find v € K such that

(Tu,v—u) +g(v) —g(u) >0, Yv € K, (2.2)

which was originally considered and studied by Duvaut et al. [10].
2. If we consider T'= 0 and g = 0, then we get the following equilibrium problem:
Find v € K such that

flu,v) >0, Yv € K, (2.3)

which has been initialy introduced by Blum et al. [3].
3. If we take T'= 0 , then we get the following generalized equilibrium problem:
Find v € K such that

flu,v) + g(u,v) — g(u,u) >0, Yo € K, (2.4)

which was introduced and studied by many authors (see, for example, [24]).
4. If we take g = 0 , then we get the following mixed equilibrium problem:
Find v € K such that

flu,v) + (Tu,v —u) >0, Vv € K, (2.5)

which was studied by Moudafi et al. [20].
5. If f=0and g =0, then we get the following classical variational inequality:
Find v € K such that

(Tu,v—u) >0, Vv € K, (2.6)

which was first suggested and studied by Hartman et al. [12] in finite dimensional
spaces.

Now, we present the basic concepts that will be needed in the sequel.

A multivalued mapping A : K — 2 is said to be monotone mapping if for each
u,v € K and w € A(u),w’ € A(v) , we have

(w—w',u—v)>0.

A monotone mapping A is said to be maximal mapping if its graph G(A4) =
{(u,w) € K x K : w € A(u)} is not properly contained in the graph of any
other monotone mapping A’ : K — 2K (see, for example, [25]).

For a given multivalued maximal monotone mapping A : K — 2% and a constant
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r > 0, the resolvent mapping (or the proximal mapping) associated with A (see,
for example, [11]) is the single-valued mapping JA : K — K defined by

JAw) = (I +7rA) "), (2.7)

for any u € K, where I is the identity mapping.

It is known (see, for example, [4]) that a monotone mapping A is maximal if and
only if its resolvent mapping J/ is defined everywhere.

Moreover, it is well known (see, for example, [11]) that the resolvent is firmly
nonexpansive, that is,

() = T ), u = 0) > | () = T ()%, Yu,v € K.
Clearly, every firmly nonexpansive is nonexpansive, that is,
174 () = T )] < Jlu —vll, Yu,v € K.

For every r > 0 we set A, = %(I — JA). Tt is called the Yosida approximation.
It is known (see, for example, [1], [25]) that A,(u) € AJA(u) for all u € K and
F(JA) = A710.
Thus the problems of existence and approximation of zeros of maximal monotone
mappings can be formulated as the corresponding problems of fixed points of firmly
nonexpansive mappings.
For the bifunctions f: K x K — R and g : H x H — R, let us assume that the
following conditions hold.
(C1) for each fixed v € K, u — f(u,v) is a proper, convex and lower semicontin-
uous,
(Cy) for each fixed v € H, u — g(u,v) is a proper, convex and lower semicontin-
uous,
(Cs) for all w € K, f(u,v) + f(v,u) <0,
(Cy) there exists u € dom f(-,v) Ndom g(-,v) such that, either f(-,v) or g(-,v) is
continuous at .
(Cs) g is skew symmetric, i.e.,

g(u,u) — g(u,v) — g(v,u) + g(v,v) >0, Yu,v € H.

Let O(f + g)(-,v) = 9f(-,v) + 9g(+,v) denote the subdifferential of function (f +
9)(50).

It is well known (see, for example, [1]) that if (int dom f(-,v)) N dom g(-,v) # ¢,
then the subdifferential d(f + g)(+, v) is a maximal monotone mapping with respect
to the first argument, so we denote by

JIC9CD) () = (T +79(f + g) (-, 0)) " (w), r > 0, (2.8)

the resolvent mapping associated with 9(f + ¢)(-,v) for any fixed v € K.

On the other hand, Kazmi et al. [14] used the auxiliary principle technique to
characterize the resolvents (defined by this technique) as firmly nonexpansive map-
pings.

Related to the GMEP (2.1), Kazmi et al. [14] considered the following, called the
nonlinear resolvent equations (see, for example, [21], [22]):

Find w € K such that

TJy.‘f(')v)g("'U)w —+ A{("v)g('!v)w = 07 (29)
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where T : K — K is a given mapping, A{"90) = 11— J,f("v)g("v)),r > 0.
The equations (2.9) can be written as
w — JIOVIC) o gF 09, = (2.10)
which can be modeled by the equation
u = Su, (2.11)
where S is a nonlinear mapping of K into itself defined by
Su=u—y[w— JfCICV G 4 g G0ty gy s 0, (2.12)

Here w = u — rTu, that is, u is a fixed point of S.

It has been shown in [14] that the GMEP (2.1) and equations of the type (2.9) have
the same set of solutions.

Let 6 : K x K — R be a given real-valued function.

According to [8], [15] the mapping T : K — K is said to be

(1) f-pseudomonotone if for all u,v € K, we have

(Tu,v—u) +0(u+v) >0
implies
(Tv,v —u) + 0(u+v) > 0;
(#3) d-pseudo-contractive if for all u,v € K, there exists a constant 6 > 0 such that
(Tu — Tv,u —v) < d|ju—v|*

(#491) 0-Lipschitz continuous if for all u,v € K, there exists a constant § > 0 such
that

ITu — To|| < §lju—v|.

It should be pointed out that the class of d-pseudo-contractive (resp. pseudo-
contractive, i.e., § = 1 in (ii)) mappings is larger that of §-Lipschitz continuous
(resp. nonexpansive, i.e., Lipschitz continuous with constant § = 1 ) mappings, the
converse, however, is false (see, for example, [9]).

3. ITERATIVE ALGORITHMS

Let T : K — K be a self mapping and let B = [a,, ;] be a lower triangular matrix
with nonnegative entries, zero column limits, and row sums 1. For any ug € K, the
sequence {u,} given by

n
Upt1 = TUp, Uy = Z G, Uj (31)
Jj=0

is called the Mann iterative process (see, for example, [17]).

Especially, if 4, = u, (i.e., a,; = 1 when j = n and a,; = 0 for all j # n), then
Uy, is called the Picard iterative sequence.

Most of the research in this filed has focused on the following special Mann iterative
sequence {uy, }:

ug € K, upy1 = (1 —vn)tn + yTun, n >0, (3.2)
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where 7, is a sequence in (0, 1) satisfying the conditions

(i) vo =1, (i1) 0 <y < 1 for n >0, and (iii) Y yn = 0.
n=0
Recently, Combettes et al. [6] introduced the following so called generalized Mann
iterative algorithm:

ug € K, tnt1 = (1 —v2)Un + Y0 (Sntn +€n), n >0, (3.3)

where {S,,} is a sequence of mappings of K into itself, e,, € K is the error made in
the computation of S, ,, and v, € (0,2).

Motivated by (3.3), Saddeek [26] introduced the following so called mean proximal
algorithm:

uo € K, Rpupt1 = (1 —vn)Rptin + Wn(Jfl"’A(Rn(ﬂn)) +epn), n>0, (3.4)

where J'4 = (R, +r,A)~! (i.e., R,-resolvents (or generalized resolvents) of A),
A: K — 2% is a maximal monotone mapping, { R, } is a sequence of linear, positive
definite and self-adjoint mappings of K into itself, {e,} is a bounded sequence
of elements of K introduced to take into account possible inexact computation
of JIA(Ry, (1)), 0 <1, <o0o,and 0 <a <7, <b<2.

If R, = I and J;}! = S,, then the algorithm (3.4) is reduced to the generalized
Mann iterative algorithm (3.3).

If A= 0f, where f : K — R is a proper, convex and lower semicontinuous function
on K, then algorithm (3.4) collapses to the following algorithm (see, for example,
13], [25)):

up € K, Rutny1 = (1= ) Rotln + ¥ (ST (R (1)) + €0), >0, (3.5)

where
1
TS (R (1)) = (Ryy + mn0f) " (Ru (1)) = Arg min {f(z) + ol un*},

and {e,} is a bounded sequence of elements of K introduced to take into account
possible inexact computation of Jf (R, (a,)).

Based on the resolvent mapping (2.8) and the fixed point formulation (2.11), Kazmi
et al. [14] extended the iterative methods given in ([18], [23]) and they introduced
the following iterative algorithm for the GMEP (2.1):

ug € K, upy1 = Stp, n >0, (3.6)

where u — Su is defined by (2.12).

This iterative approach requires the restrictive assumptions that 7" must be 6-
pseudomonotone and - Lipschitz continuous to ensure the weak convergence.

We will now introduce and analyze the following GMPA for solving the GMEP
(2.1) with T = T, R,,.

Our generalized algorithm is based on the basic notions of fixed points and gener-
alized resolvents of f + g.

Let {v,} be a sequence in (0,2) and {r,} a sequence in (0,00). Given an initial
up € K, define {u,} by

Rptpt1 = Ryt — Ynlwn — Jﬁ"’f’gwn + rnTanJfL"’f’gwn +en), n>0, (3.7)
where wy, = Uy, — 7, T Rl and J/ 09 = (R, +1,0(f + g)) %
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Remark 3.1.

OIr,=r, ypn=7v, Rn=1,T,=1T, e, =0 and @, = u, for all n > 0, then the
GMPA (3.7) reduces to algorithm 4.1 in Kazmi et al. [14].

(t5) T, =0, g =0, and T — Jﬁ'“f is replaced by J,},i"’f’Rn, then the GMPA
collapses to algorithm (24) in Saddeek [26].

Henceforth, I' (resp. I}) denotes the class of summable sequences in R (resp. RT).
We now recall the following definitions and lemma for our main results:

Definition 3.1. (see [6]) A matrix B is concentrating if every sequence {u,} in
R such that

(3(en) € li) brtl < fin +en, Vn €N
converges.
Definition 3.2. (see, for example, [7, p. 40]). A subset K of a Hilbert space H is
said to be boundedly compact if every bounded sequence in K has a subsequence
converging to a point in K.
Lemma 3.1. (see [16, Theorem 3.5.4]). Let {u,} be a sequence in R. Then
= T

4. CONVERGENCE ANALYSIS

In this section, we first extend Theorem 4.1 of Kazmi et al. [14] to the case of
two sequences of mappings. Then on a Hilbert space, we establish the convergence
analysis of the GMPA (3.7) to the solution of the GMEP (2.1) with T' = T}, R,,.
For this purpose, we define, as in Saddeek [26], ||T5,ul| r-t by

[Tl = sup [Tt
© proek nllR.,

where ||+ |2, = ()5, = (o).
If [|n[| < [In[|g, , one can easily show that || Thul z-1 < [ Thull.
Theorem 4.1. Let K be a nonempty closed and convex subset of a real Hilbert
space H. Let f: K x K - R and g : H x H — R be nonlinear bifunctions such
that (int dom(f) N dom(g) # ¢) and the conditions (Cy) — (Cs) hold. Let {R,}
and {T,} be two sequences of mappings of K into itself such that for each n € N
(i) R, is linear, positive definite and self adjoint,
(#) TRy, is 6-pseudomonotone, where

O(u,v) = f(u,v) + g(u,v) — g(u,u) Vu,v € K,
(#4i) TRy, is d-pseudocontractive.
Let u € K be a solution of the following GMEP
flu,v) + (T Ryu,v — u) + g(u,v) — g(u,u) >0, Yo € K. (4.1)
Then
(u — 1, Ry — 7 (T Ry — Twy)) > (1 — rn6)\|énu||?%;1, Yu € K, (4.2)

where Ryu = u — Jﬁ”’f’g(u —rnThRpu) and w,, = u — r,, T, R,u, provided ||| <
Inllr, Vn#0€ K.

Proof. Note that for each n € N, R, is invertible and R, ! is linear because of
condition (7).

Since for each n € N, the mapping T, R,, is 8-pseudomonotone, then for all v,y € K

<Tanﬂv g - fl’> + 9(71 + g) Z 0
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implies
(TwRny,y —u) +0(a+y) >0,
where
0(i+9) = f(u,9) +9(a,9) — g(u,u),
ie.,

f(,9) + (T Rng, § — u) + g(t,9) — g(a,a) 2 0, Vg € K.
This together with condition (C3) implies that

Now taking § = u — Ryu in (4.3), we have

—f(u—Rpu, @)+ (T Ry (u—Rpu), (u—Ryu) — ) +g (i, u— Ryu)—g(@, @) > 0. (4.4)
Now, let @ be a solution of GMEP (4.1), hence
f(@,v) + (Tn Ry, v — @) + g(,v) — g(@, @) > 0. (4.5)

In particular for @ = Jﬁ"’f’gu, u = Jf;“f’gu — rnTanJﬁn’f’gu, we have

1
f(Jf”’f’gU, ’U)—’—i <J’,Bn7f;gu_u7 v_Jﬁnvfygu>+g(Jﬁn7f;gu, U)_g(JTEnyfmgu’ J,'{%"“f’gu) Z 0.
" Ty " n n n
) (4.6)

Putting v = J/9(u — 7, T, Ryu) = v — Ryu in (4.5), we obtain

f(i,u — Ryu) + (T Ryt (u — Ryu) — @) 4 g(@,u — Ryu) — g(@,@) > 0. (4.7)
Setting v := v — r, T, Ryu, Jf;"’f’g(u) = Jﬁn’f’g(u —rpThRyu) = u — R,u and
v =1 in (4.6), we obtain

- 1 . . .
flu—Ryu, 11)—!—7(u—Rnu—(u—rnTanu), u—(u—Rpu))+g(u—Ryu, 1) —g(u—Ryu, u—Rpu) > 0.
! (4.8)
Now, adding (4.4) and (4.8) and using (C5), we obtain
(P:nu —ry T Rpu+ 1, T Ry (u — RNnu), (u— RNnu) —a) >0 (4.9)

This together with the d-pseudocontractivity of T;, implies that

(Rptt — (T Ryt — Ty Ry (u — Ryu)),u— @) > (R — 7 (TR — T R (u — Ryu)), Ryu)
> ||R~nu|\§371 —rp{TnRpu — T Ry (u — Rnu), I:Enu>
> ||R~nu|\?%;1 — (T Rpu — Ty Ry (u — Rnu),
u  —(u— Ryu))
2 (1_7"n5)||R~nuHifla

the required result (4.2).

Theorem 4.2. Let all assumptions in Theorem 4.1 be satisfied, except for condition
(4i7) let it be replaced by the §-Lipschitz continuous condition. Let @ be a solution
of GMEP (4.1).

Then the iterative sequence {u, } generated by (3.7), where e, € H, {[|ex|[p-1} € It

rpd < 1, limy oorp, =7>0,0<a <y, < %, a € (0,1), up € K, and
B is concentrating, converges weakly to @. If in addition dom (R, (I — r,T,Ry) +

rn0(f+9)(I —r,T,R,)) is boundedly compact, then {u, } converges strongly to .



8 A.M. SADDEEK

Proof. Let @ be a solution of GMEP (4.1). By using (3.7), and the convexity of
|- lr,, we get for n. >0

[tnt1 = %,

|y, —a— ’ynR,jl(wn — Ji“’f’gwn + rnTanin”’f’gwn) + en)H%n

i)

< (1n — @ — Ry (wn — JE T 90, + 1y Ta R T P90, || R, + | Ry enllr, )2
= (Jlan —all%, — 270 (R, (wn — I P90, + 7, T Ry I 190,) 1, — W) R,
+ 2R, (wn — T 9w, + 0, Ty Ry TR 90, |3 12 + 7l By enllr,)?
= (Jlan — all%, — 270 (wn — JE D90, + 1, T, Ry JE 90y, 4y, — @)

+ llwn = I 9w, 1, Ty R JFm 90w, 12112 + yallen] o)

= ([Jan —all%, — 290 (Batin — 10(Tn Rty — Ty R (it — Rntin)), an — @)
+ V| Bt = v (T Rty — Ty R (1, = Bnin)|%112 + Y len 1)

= ([Jan —all%, — 290 (Batin — 10(Tn Rty — TyRo (it — Ratin)), n —

+ Tl Ratinll3-1 = 270 (Rutin, TnRotin — To Ryt — Rptiy)) o

+ 12T Rtin — Ty Ry (i — Rtin)|[%1]% + Ynl|en | 1)

< ((lan — @ll%, — 2¥0(Rattn — ro(ToRatin — TRy (i — Rin)), i — 1)
+ Wl Batn|Fs + 2rn | Rt | ot | T Rl — T R (= Rt o

~ ~ 5 - 1
+ rplTaRntin — TRy (i — Ryttn) | 5112 + nllen]| 1)

As any 6-Lipschitz continuous mapping is d -pseudocontractive, it results by (4.2),
and (4.10) that

[untr — ﬁH%n < (lun = dllr, — w201 = rad) =7 (1 +Tn5)2]||R~nﬂnH?g;1]§

+ mlleallgz)* (4.11)

2(1—r,0)
(1+7716)2

This, together with (3.1) (taking into account 7, < and r,6 < 1, implies

that

n
lunsr = @llr, < anglle; = @llr, +2lenlz- (4.12)
3=0

Since B is concentrating and {|le,[|p-1 € 11}, it results that lim, o ||un —@l|lg, =
p(a).
Then, it follows from Lemma 3.1 and (4.12) that lim,, o |Gy — @l g, = p(@) < co.
Moreover, the sequence {€,} defined by €, = ollen||z-1 + 4||en|\é,1, where o =
4sup,,5¢ [|uns1 — @l g, < oo lies in I'.
Using the convexity of || - [|% and the restrictions on 7, and ry,, from (4.11) we
obtain

IN

~ 1 B _ _
”RnunHégl E[Hun - UHQRn - [Hun+1 - u”Rn, - 'Yn”en”R;lF]

IN

n

1 . _
?[Z an 5llu; — uH%in = [Jtn+1 = u||??n + €nl-

Jj=0

IN

(4.13)

1. _ . -
—lllan = @k, = llunis = @lz, +2mlluns = @llz,llenll gzr + TallenlF]

(4.10)
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Since {||@, — @[/}, } converges, then it follows from Lemma 3.1 that
n
More =12 A2 0
> anjlug = allf, — luner = allf, — 0.
=0

It therefore follows from (4.13) that

nhHH;O ||Rnan||R;1 =0. (4.14)
Further, since T, R,, is d-Lipschitz continuous and
|unt1 —tnllr, = 'Yn”R;Ll(wn - Jyﬁ"’f’gwn + rnTanJflnj"qwn +en)llr,
< 2(||R;1<wn - Jﬁmﬁgwn + TnTanJr}imf’gwnN R, T |‘R;16n‘ Rn)

2 ||wn _ J"{ivuf;gwn _|_ TnTanJT{z:mf’gwn”R;lHR;1 -|— ||e'”«HR;1)

(
2(||wn - inn’ﬁgwn + rnTanJRmfvgwnllR;l + ||en||R:Ll)
(

Tn

2(|| Ry, + 70 (T Ry I T 90, — T, Ryt
< 2(||é7Lan||R;1 +T7L||énan||R;1 + He"”REl)’
then from (4.14) we obtain

|R;1 + ”en”R;l)

lim [[upsr — tnllg, = 0. (4.15)
n—oo

As {u,} is bounded, it results that there exists a subsequence of {u,}, denoted by
{tn, }, which converges to some o € K.
Following the arguments in the proof of ([2, Corollary 6.1]), we can show that

lim Ry, t,, = 0. (4.16)

k—o0
Therefore ¢ € F(JE/9(I —r,T,,Ry)) (i.e., ¥ is a solution of GMEP (4.1) (see [14,
Lemma 3.3]).
Suppose there are two weak limit points of {@,}, say ¥ and &. As above, we have
¥ and @ are solutions of GMEP (4.1) and that

lim (5, = 3llr, = p(@), lim |5 — llr, = (@) (4.17)

n—oo

Similar to the proof of [6, Theorem 3.5], we can show that the sequences {||v,[|% —
2(0n, 0)r, } and {||0n||%, — 2(n, @) R, } converge and therefore so does {(vn,0 —
W)R, }-

This and the weak convergence of {v,}, imply that |6 — @[|% = 0 and, hence,
D =0a.

Thus, all the weak limit points of {7,} coincide and hence, the sequence {7,}
converges weakly to the solution % of GMEP (4.1). This together with (4.15) yields

Uy — . (4.18)

Since dom (R, (I — r,TpnRy) +1r20(f + 9)(I — r, T, Ry)) is boundedly compact, it
follows by (4.16) and [5, Theorem 6.9] that the set of strong cluster points of the
sequence {u,} is nonempty.

The rest of the argument now follows exactly as in the proof of second assertion of
Theorem 3.5 in [6] to yield that {u,} converges strongly to @, completing the proof
of the Theorem.

Remark 4.1. As was mentioned in Remark 3.1, our results improve and extend
many important recent results (for example, [6, 14,18 23,26]).
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5. APPLICATION TO MINIMIZATION PROBLEM

We consider the problem of finding a minimizer of the sum of two proper convex
lower semicontinuous bifunctions.
Theorem 5.1. Let f: K x K — R and g : H x H — R be two proper convex
lower semicontinuous bifunctions such that (int dom(f) N dom(g) # ¢) and the
conditions (C3) — (C5) hold. Let {R,} be a sequence of linear, positive definite
and self adjoint mappings of K into itself. Let ug € K and let {u,} be a sequence
generated by

. _ 1 _
Rptiny1 = Rytly — Yp[ti, — Argmin {(f + g)(t,,v) + 7”v_un”§? }+enl, n >0,
veK 27, "

5.1
where 7, C (0,00), v C (0,2), and {[len | z-1} satisfy lim, 0o rn =17 > 0,(0 <)
a <y, < 2 and {[ley]lp-1} € I'. If B is concentrating, dom (R, + r,d(f + g))
is boundedly compact and (9(f + g))~1(0) # &, then {u,} converges strongly to
v € K, which is the minimizer of f + g.

Proof. Putting T;, =0, n € N and taking

Jiim 9 (a,) = Argminger {(f + 9) (@, v) + 5o llv — Gl }
in Theorem 4.2. The desired conclusion follows immediately.
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