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Abstract

This paper is devoted to the investigation of the concept of
(µ1, µ2)-dichotomy. More precisely, we prove that under suitable
conditions on (µ1, µ2), this type of dichotomy has the roughness
property with respect to small perturbations in L∞.
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Resumen

En este art́ıculo se investiga el concepto de dicotomı́a del tipo
(µ1, µ2). Más precisamente se prueba que, bajo condiciones apro-
piadas para (µ1, µ2), las dicotomı́as de este tipo persisten bajo
pequeñas perturbaciones en L∞.
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1 Introduction

Suppose A ∈ C(J, Sn×n), where J = (a, b) with −∞ ≤ a < b ≤ ∞ and S is
the set of real or complex numbers. Let Φ be a fundamental matrix solution
for the linear homogeneous differential system

x′ = A(t)x, t ∈ J. (1.1)

If µ1 and µ2 are continuous real valued functions on J , the system (1.1) will
be said to have a (µ1, µ2)-dichotomy if there exist supplementary projections
P1 and P2 on Rn and a constant K > 0 such that

‖Φ(t)PiΦ−1(s)‖ ≤ K exp(
∫ t

s

µi(τ) dτ) if (t− s)(−1)i−1 ≥ 0, i = 1, 2.

(1.2)

In the case that µ1 and µ2 are constants, the system (1.1) is said to have
an exponential dichotomy if µ1 < 0 < µ2, and an ordinary dichotomy if
µ1 = µ2 = 0.

The condition (1.2) is readily seen to be equivalent to

‖Φ(t)Piξ‖ ≤ K exp(
∫ t

s

µi(τ) dτ)‖Φ(s)Piξ‖, if (t− s)(−1)i−1 ≥ 0, i = 1, 2,

(1.3)

‖Φ(t)PiΦ−1(t)‖ ≤ K, i = 1, 2. (1.4)

Condition (1.4) says that the angle between Φ(t)PiRn (i = 1, 2) remains
bounded away from zero. The two cases of most interest are where J is the
positive half-line R+ and the whole line R. Hereafter we assume that J = R.

This definition was introduced by J. S. Muldowney in [4]. There, three
sets of necessary and sufficient conditions for a (µ1, µ2)-dichotomy were given
in terms of Liapunov functions. Each result gives practical criteria for a
dichotomy, including the extension to unbounded matrices of criteria which
depend on a concept of diagonal dominance for A(t). An asymptotic analysis
is also given for subspaces of the solution set by means of the associated
compound equations.

This paper is devoted to further investigations of this concept of di-
chotomy. More precisely we prove that, under suitable conditions on (µ1, µ2),
this type of dichotomy has the roughness property with respect to small per-
turbations in L∞.
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2 Roughness of a (µ1, µ2)-dichotomy

In the proof of the roughness property of a (µ1, µ2)-dichotomy, it will be very
important that the following “functions” :

u∗(t) =
∫ t

−∞
exp(

∫ t

s

[µ1(τ)− µ2(τ)] dτ) ds, (2.5)

v∗(t) =
∫ ∞
t

exp(
∫ t

s

[µ2(τ)− µ1(τ)] dτ) ds, (2.6)

be well defined and bounded on R. We sketch a few facts that will help us to
clarify this point.

Throughout the following, B = {f : R→ Cn, f continuous and bounded}
and for any f in B, |f | = sup{|f(t)| : t ∈ R}. The subset AP of B denotes
the set of almost-periodic functions. The subset Pω of AP denotes the set
of periodic functions of period ω. An n × n matrix function on R is said to
belong to one of these spaces if each column belongs to the space.

Let us define the operator Lx := x′ −A(t)x with A ∈ B. The operator L
is said to be regular if the equation Lx = f has a unique solution in B, for
any f ∈ B. If the equation Lx = f has at least one solution in B, for each
f ∈ B, L is said to be weakly regular. In general, weak regularity does not
imply regularity. Consider for instance the following equation

x′(t) = a(t)x(t) + f(t), (2.7)

a(t) =

 −1, t ≥ 1
−t, −1 < t < 1

1, t ≤ −1.

Nevertheless, if A ∈ AP , then regularity and weak regularity are equivalent.
See [2, Thm. 2.3, p. 26].

In the scalar case (2.7), being a ∈ AP , J. L. Massera proved in [3] that L
is regular if and only if

M(a) = lim
T→∞

1
2T

∫ T

−T
a(t) dt 6= 0.

From this result it follows that the set of all regular operators L is dense in
the space of almost-periodic operators. From the former discussion the next
result is immediate:
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Lemma 1. Suppose that a ∈ AP and M(a) < 0, where a(t) = µ1(t)− µ2(t).
Then (2.5) and (2.6) are the unique solutions in B of the equations

u′(t) = (µ1(t)− µ2(t))u(t) + 1,
v′(t) = (µ2(t)− µ1(t))v(t)− 1,

respectively.
If a(t) = µ1(t)− µ2(t) is just a bounded function and

lim sup
(t−s)→∞

1
t− s

∫ t

s

a(τ) dτ < 0,

the same assertion holds.

When A ∈ Pω, L is regular if and only if the only solution of (1.1) which
belongs to B is the solution x = 0.

The following result shows when a (µ1, µ2)-dichotomy cannot be destroyed
by small perturbations in L∞.

Theorem 2. Let us assume that system (1.1) has a (µ1, µ2)-dichotomy and
that (2.5) and (2.6) are bounded functions on R. If B(t) ∈ B and δ =
sup{|B(t)| : t ∈ R}, then the perturbed equation

x′ = [A(t) +B(t)]x, t ∈ R, (2.8)

has a (µ′1, µ
′
2)-dichotomy for δ small enough, where µ′1 = µ1 + 6K3δ and

µ′2 = µ2 − 6K3δ.

Proof. Since (1.1) admits a (µ1, µ2)-dichotomy, (1.4) holds. Then, by Lemma 2
in [1, p. 40], there exists a continuously differentiable invertible matrix T (t)
with ‖T (t)‖ ≤

√
2, ‖T−1(t)‖ ≤

√
2K, such that the change of variables

x = T (t)z transforms (2.8) into the system

z′ = [C(t) +D(t)]z, (2.9)

whose coefficient matrix C(t) = T−1(t)A(t)T (t) − T−1(t)T ′(t) is Hermitian,
commutes with P1 and P2, and satisfies ‖C(t)‖ ≤ ‖A(t)‖, ∀t ∈ R. Moreover,
‖D(t)‖ = ‖T−1(t)B(t)T (t)‖ ≤ 2Kδ, ∀t ∈ R.

Our next object is to transform the system (2.9) into a kinematically
similar system whose coefficient matrix commutes with P1 and P2.
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Denoting by Φ(t) the fundamental matrix of (1.1) and observing that
Z(t) = T−1(t)Φ(t) is a fundamental matrix of the system z′ = C(t)z, we
obtain that

‖Z(t)PiZ−1(s)‖ ≤ 2K2 exp(
∫ t

s

µi), (t− s)(−1)i−1 ≥ 0, i = 1, 2. (2.10)

Let us define an operator F on the space B(R,Rn×n) of the continuous and
bounded matrix functions as follows :

FH(t) :=
∫ t

−∞
Z(t)P1Z

−1(s)[I −H(s)]D(s)[I +D(s)]Z(s)P2Z
−1(t) ds

−
∫ ∞
t

Z(t)P2Z
−1(s)[I −H(s)]D(s)[I +D(s)]Z(s)P1Z

−1(t) ds.

Using (2.10) and the fact that u∗ and v∗ are bounded on R, it can be proved
that F is a contraction and maps the ball ‖H‖ ≤ 1/2 into itself, if δ is
sufficiently small. Let H∗ be the unique fixed point of F in ‖H‖ ≤ 1/2 .

Making the transformation z = [I + H∗(t)]v and arguing like in [1]
pp. 42–44, system (2.9) becomes:

v′ = [C(t) +D∗(t)]v, (2.11)

where the coefficient matrices of (2.11) commute with P1 and P2. Hence,
(2.11) decomposes into two independent subsystems. The rest of the proof
goes in a similar manner to [1] pp. 43–44.

Remark. In the case that µ1 < 0 < µ2 are constants, i.e., the system (1.1)
has an exponential dichotomy, the boundedness of u∗ and v∗ is automatically
satisfied.

We point out that [5] proved roughness with respect to small L1 pertur-
bations of A(t), which in general does not imply roughness with respect to
small L∞ perturbations.
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