Documenta Math. 31

Quadric Surface Bundles over Surfaces

Dedicated to Sasha Merkurjev on his 60th birthday

Asher Auel, R. Parimala, and V. Suresh^1

Received: March 27, 2014

Abstract. Let f : T → S be a finite flat morphism of degree 2 between regular integral schemes of dimension ≤ 2 with 2 invertible, having regular branch divisor D ⊂ S. We establish a bijection between Azumaya quaternion algebras on T and quadric surface bundles with simple degeneration along D. This is a manifestation of the exceptional isomorphism^2A_1 = D_2 degenerating to the exceptional isomorphism A_1 = B_1. In one direction, the even Clifford algebra yields the map. In the other direction, we show that the classical algebra norm functor can be uniquely extended over the discriminant divisor. Along the way, we study the orthogonal group schemes, which are smooth yet nonreductive, of quadratic forms with simple degeneration. Finally, we provide two applications: constructing counter-examples to the local-global principle for isotropy, with respect to discrete valuations, of quadratic forms over surfaces; and a new proof of the global Torelli theorem for very general cubic fourfolds containing a plane.

2010 Mathematics Subject Classification: 11E08, 11E20, 11E88, 14C30, 14D06, 14F22, 14L35, 15A66, 16H05 Keywords and Phrases: quadratic form, quadric bundle, Clifford algebra, Azumaya algebra, Brauer group, orthogonal group, local-global principle, cubic fourfold, K3 surface

1The first author benefited greatly from a visit at ETH Zürich and is partially supported by NSF grant MSPRF DMS-0903039 and an NSA Young Investigator grant. The second author is partially supported by NSF grants DMS-1001872 and DMS-1401319. The third author is partially supported by NSF grant DMS-1301785. The authors would specifically like to thank M. Bernardara, J.-L. Colliot-Thélène, B. Conrad, M.-A. Knus, E. Macrì, and M. Ojanguren for many helpful discussions.

32 Auel, Parimala, and Suresh

Introduction

A quadric surface bundle π : Q → S over a scheme S is the flat fibration in quadrics associated to a line bundle-valued quadratic form q : E → L of rank 4 over S. A natural class of quadric surface bundles over P^2 appearing in algebraic geometry arise from cubic fourfolds Y ⊂ P^5 containing a plane. Projection from the plane π : ~Y → P^2, where ~Y is the blow-up of Y along the plane, yields a quadric surface bundle with degeneration along a sextic curve D ⊂ P^2. If Y is sufficiently general then D is smooth and the double cover T → P^2 branched along D is a smooth K3 surface of degree 2. Over the surface T , the even Clifford algebra C_0 associated to π becomes an Azumaya quaternion algebra representing a Brauer class β ∈_2Br(T ). For Y even more sufficiently general, the association Y → (T, β) is injective: smooth cubic fourfolds Y and Y^′ giving rise to isomorphic data (T, β) ∼= (T^′, β^′) are linearly isomorphic. This result was originally obtained via Hodge theory by Voisin [60] in the course of her proof of the global Torelli theorem for cubic fourfolds.

In this work, we provide a vast algebraic generalization of this result to any regular integral scheme T of dimension ≤ 2, which is a finite flat double cover T → S of a regular scheme S, such that the branch divisor D ⊂ S is regular. We establish a bijection between the isomorphism classes of quadric surface bundles on S having simple degeneration (see §1) with discriminant T → S and the isomorphism classes of Azumaya quaternion algebras on T whose norm to S is split (see §5). In one direction, the even Clifford algebra C_0, associated to a quadric surface bundle on S with simple degeneration along D, gives rise to an Azumaya quaternion algebra on T . In the other, a generalization of the classical algebra norm functor N_{T /S} , applied to an Azumaya quaternion algebra on T with split norm to S, gives rise to a quadric surface bundle on S. Our main result is the following.

Theorem 1. Let S be a regular integral scheme of dimension ≤ 2 with 2 invertible and T → S a finite flat morphism of degree 2 with regular branch divisor D ⊂ S. Then the even Clifford algebra and norm functors � quadric surface bundles with simple degeneration along D and discriminant T → S

�_{C0} � � Azumaya quaternion

algebras over T with split norm to S � N_{T /S} �

give rise to mutually inverse bijections.

This result can be viewed as a significant generalization of the exceptional isomorphism^2A_1 = D_2 correspondence over fields and rings (cf. [41, IV.15.B] and [43, §10]) to the setting of line bundle-valued quadratic forms with simple degeneration over schemes. Most of our work goes toward establishing fundamental local results concerning quadratic forms with simple degeneration (see §3) and the structure of their orthogonal group schemes, which are nonreductive (see §2). In particular, we prove that these group schemes are smooth

Quadric Surface Bundles over Surfaces 33

(see Proposition 2.3) and realize a degeneration of exceptional isomorphisms 2A_1 = D_2 to A_1 = B_1. We also establish fundamental structural results concerning quadric surface bundles over schemes (see §1) and the formalism of gluing tensors over surfaces (see §4).

We also present two surprisingly different applications of our results. First, in §6, we provide a class of geometrically interesting quadratic forms that are counter-examples to the local-global principle to isotropy, with respect to discrete valuations, over the function field of any surface over an algebraically closed field of characteristic zero. This is made possible by the tight control we have over the degeneration divisors of norm forms of unramified quaternion algebras over function fields of ramified double covers of surfaces. Moreover, our class of counter-examples exists even over rational function fields, where the existence of such counterexamples was an open question. Second, in §7, combining our main result with tools from the theory of moduli of twisted sheaves, we are able to provide a new proof of the result of Voisin mentioned above, concerning general complex cubic fourfolds containing a plane. Our method is algebraic in nature and could lead to similar results for other classes of complex fourfolds birational to quadric surface bundles over surfaces. Our perspective comes from the algebraic theory of quadratic forms. We employ the even Clifford algebra of a line bundle-valued quadratic form constructed by Bichsel [14]. Bichsel–Knus [15], Caenepeel–van Oystaeyen [16] and Parimala– Sridharan [51, §4] give alternate constructions, which are all detailed in [3, §1.8]. In a similar vein, Kapranov [39, §4.1] (with further developments by Kuznetsov [44, §3]) considered the homogeneous Clifford algebra of a quadratic form—this is related to the generalized Clifford algebra of [15] and the graded Clifford algebra of [16]—to study the derived category of projective quadrics and quadric bundles. We focus on the even Clifford algebra as a sheaf of algebras, rather than its geometric manifestation as a relative Hilbert scheme of lines in the quadric bundle, as in [60, §1] and [37, §5]. In this context, we refer to Hassett–Tschinkel [36, §3] for a version of our result over smooth projective curves over an algebraically closed field.

Finally, our work on degenerate quadratic forms may also be of independent interest. There has been a recent focus on classification of degenerate (quadratic) forms from various number theoretic directions. An approach to Bhargava’s [13] seminal construction of moduli spaces of “rings of low rank” over arbitrary base schemes is developed by Wood [62] where line bundle-valued degenerate forms (of higher degree) are crucial ingredients. In this context, a correspondence such as ours, established over Z, could facilitate density results for discriminants of quaternion orders over quadratic extensions of number fields. In related developments, building on the work of Delone–Faddeev [25] over Z and Gross–Lucianovic [31] over local rings, Venkata Balaji [9], and independently Voight [59], used Clifford algebras of degenerate ternary quadratic forms to classify degenerations of quaternion algebras over arbitrary bases. In this context, our main result can be viewed as a classification of quaternary quadratic forms with squarefree discriminant in terms of their even Clifford algebras.

34 Auel, Parimala, and Suresh

1 Reflections on simple degeneration

Let S be a noetherian separated integral scheme. A (line bundle-valued) quadratic form on S is a triple (E , q, L ), where E is a locally free O_S -module of finite rank and q : E → L is a morphism of sheaves, homogeneous of degree 2 for the action of O_S , and such that the associated morphism of sheaves b_q : E ×E → L , defined on sections by b_q(v, w) = q(v +w)−q(v)−q(w), is O_S - bilinear. Equivalently, a quadratic form is an O_S -module morphism q : S_2E → L , see [57, Lemma 2.1] or [3, Lemma 1.1]. Here, S^2E and S_2E denote the second symmetric power and the submodule of symmetric second tensors of E , respectively. There is a canonical isomorphism S^2(E^∨) ⊗ L ∼= H om(S_2E , L ). A line bundle-valued quadratic form then corresponds to a global section

q ∈ Γ(S, H om(S_2E , L )) ∼= Γ(S, S^2(E^∨) ⊗ L ) ∼= Γ(P(E ), O_{P(E )/S} (2) ⊗ p^∗L ),

where p : P(E ) = Proj S^•(E^∨) → S. There is a canonical O_S -module polar morphism ψ_q : E → H om(E , L ) associated to b_q. A line bundle-valued quadratic form (E , q, L ) is regular if ψ_q is an O_S -module isomorphism. Otherwise, the radical rad(E , q, L ) is the sheaf kernel of ψ_q , which is a torsion-free subsheaf of E . We will mostly dispense with the adjective “line bundle-valued.” We define the rank of a quadratic form to be the rank of the underlying module. A similarity (φ, λ_φ) : (E , q, L ) → (E^′, q^′, L^′) consists of O_S -module isomorphisms φ : E → E^′ and λ_φ : L → L^′ such that q^′(φ(v)) = λ_φ ∘q(v) on sections. A similarity (φ, λ_φ) is an isometry if L = L^′ and λ_φ is the identity map. We write ≃ for similarities and ∼= for isometries. Denote by GO(E , q, L ) and O(E , q, L ) the presheaves, on the flat (fppf) site on S, of similitudes and isometries of a quadratic form (E , q, L ), respectively. These are sheaves and are representable by affine group schemes of finite presentation over S, indeed closed subgroupschemes of GL(E ). The similarity factor defines a homomorphism λ : GO(E , q, L ) → G_m with kernel O(E , q, L ). If (E , q, L ) has even rank n = 2m, then there is a homomorphism det /λ^m : GO(E , b, L ) → μ_2, whose kernel is denoted by GO^+(E , q, L ) (this definition of GO^+ assumes 2 is invertible on S; in general it is defined as the kernel of the Dickson invariant). The similarity factor λ : GO^+(E , q, L ) → G_m has kernel denoted by O^+(E , q, L ). Denote by PGO(E , q, L ) the sheaf cokernel of the central subgroup scheme G_m → GO(E , q, L ) of homotheties; similarly define PGO^+(E , q, L ). At every point where (E , q, L ) is regular, these group schemes are smooth and reductive (see [26, II.1.2.6, III.5.2.3]) though not necessarily connected. In §2, we will study their structure over points where the form is not regular. The quadric bundle π : Q → S associated to a nonzero quadratic form (E , q, L ) of rank n ≥ 2 is the restriction of p : P(E ) → S via the closed embedding j : Q → P(E ) defined by the vanishing of the global section q ∈ Γ_S (P(E ), O_{P(E )/S} (2) ⊗ p^∗L ). Write O_{Q/S} (1) = j^∗O_{P(E )/S} (1). We say that (E , q, L ) is primitive if q_x ≠ 0 at every point x of S, i.e., if q : E → L is an epimorphism. If q is primitive then Q → P(E ) has relative codimension 1 over S and π : Q → S is flat of relative dimension n − 2, cf. [46, 8 Thm. 22.6].

Quadric Surface Bundles over Surfaces 35

We say that (E , q, L ) is generically regular if q is regular over the generic point of S.

Define the projective similarity class of a quadratic form (E , q, L ) to be the set of similarity classes of quadratic forms (N ⊗ E , id_N ⊗2 ⊗ q, N^{⊗2} ⊗ L ) ranging over all line bundles N on S. Equivalently, this is the set of isometry classes (N ⊗E , ϕ∘(id_N ⊗2 ⊗q), L^′) ranging over all isomorphisms ϕ : N^{⊗2} ⊗L → L^′ of line bundles on S. This is referred to as a lax-similarity class in [10]. The main result of this section shows that projectively similar quadratic forms yield isomorphic quadric bundles, while the converse holds under further hypotheses. Let η be the generic point of S and π : Q → S a quadric bundle. Restriction to the generic fiber of π gives rise to a complex

0 → Pic(S)^{π∗}−→ Pic(Q) → Pic(Q_η) → 0 (1)

whose exactness we will study in Proposition 1.6 below.

Proposition 1.1. Let π : Q → S and π^′ : Q^′ → S be quadric bundles associated to quadratic forms (E , q, L ) and (E^′, q^′, L^′). If (E , q, L ) and (E^′, q^′, L^′) are in the same projective similarity class then Q and Q^′ are S-isomorphic. The converse holds if q is assumed to be generically regular and (1) is assumed to be exact in the middle.

Proof. Assume that (E , q, L ) and (E^′, q^′, L^′) are projectively similar with respect to an invertible O_S -module N and O_S -module isomorphisms φ : E^′ → N ⊗ E and λ : L^′ → N^{⊗2} ⊗ L preserving the quadratic forms. Let p : P(E ) → S and p^′ : P(E^′) → S be the associated projective bundles and h : P(E^′) → P(N ⊗ E ) the S-isomorphism associated to φ^∨. There is a natural S-isomorphism g : P(N ⊗ E ) → P(E ) satisfying g^∗O_{P(E )/S} (1) ∼= O_{P(E ⊗N )/S} (1) ⊗ p^{′∗}N , see [34, II Lemma 7.9]. Denote by f = g ∘ h : P(E^′) → P(E ) the composition. Then via the isomorphism Γ � P(E^′), f^∗(O_{P(E )/S} (2) ⊗ p^∗L ) � → Γ � P(E^′), O_{P(E} ′_{)/S} (2) ⊗ p^{′∗}L^′ � induced by f^∗O_{P(E )/S} (2) ∼= O_{P(E} ′_)(2) ⊗ (p^{′∗}N )^{⊗2} and p^{′∗}λ^{−1} : (p^{′∗}N )^{⊗2} ⊗ p^{′∗}L → p^{′∗}L^′, the global section f^∗s_q is taken to the global section s_q′ , hence f restricts to a S-isomorphism Q^′ → Q. The proof of the first claim is complete. Now assume that (E , q, L ) is generically regular and that f : Q^′ → Q is an Sisomorphism. First, we will prove that f can be extended to a S-isomorphism f̃ : P(E ′) → P(E ) satisfying f̃ ∘ j′ = j ∘ f. To this end, considering the long exact sequence associated to applying p_∗ to the short exact sequence

0 → O_{P(E )/S} (−1) ⊗ p^∗L^{∨ sq}−→ O_{P(E )/S} (1) → j_∗O_{Q/S} (1) → 0. (2)

and keeping in mind that R^ip_∗O_{P(E )/S} (−1) = 0 for i = 0, 1, we arrive at an isomorphism p_∗O_{P(E )/S} (1) ∼= π_∗O_{Q/S} (1). In particular, we have a canonical identification E^∨ = π_∗O_{Q/S} (1). We have a similar identification E^{′∨} = π^′_∗O_Q′_{/S} (1).

36 Auel, Parimala, and Suresh

We claim that f^∗O_{Q/S} (1) ∼= O_Q′_{/S} (1) ⊗ π^{′∗}N for some line bundle N on S. Indeed, over the generic fiber, we have f^∗O_{Q/S} (1)_η = f^∗_η O_{Qη} (1) ∼= O_Q′_η (1) by the case of smooth quadrics (as q is generically regular) over a field, cf. [28, Lemma 69.2]. Then the exactness of (1) in the middle finishes the proof of the present claim.

Finally, by the projection formula and our assumption that π^′ : Q^′ → S is of positive relative dimension, we have that f induces an O_S -module isomorphism

E^∨ ⊗ N^∨ ∼= π_∗O_{Q/S} (1) ⊗ π^′_∗π^{′∗}N^∨ ∼= π_∗f_∗(f^∗O_{Q/S} (1) ⊗ π^{′∗}N^∨) ∼= π^′_∗O_{Q′ /S} (1) = E^{′∨}

with induced dual isomorphism φ : E^′ → N ⊗E . Now define f̃ : P(E^′) → P(E ) to be the composition of the morphism P(E^′) → P(N ⊗ E ) defined by φ^∨ with the natural S-isomorphism P(N ⊗ E ) → P(E ), as earlier in this proof. Then by the construction of f̃, we have that f̃^∗O_{P(E )/S} (1) ∼= O_{P(E} ′_{)/S} (1) ⊗ p^{′∗}N and that j ∘ f = f̃ ∘ j^′ (an equality that is checked on fibers using [28, Thm. 69.3]). Equivalently, there exists an isomorphism f̃^∗(O_{P(E )(2)/S} ⊗p^∗L ) ∼= O_{P(E} ′_{)/S} (2)⊗ p^{′∗}L^′ taking f^∗s_q to s_q′ . However, as f̃^∗(O_{P(E )(2)/S} ⊗ p^∗L ) ∼= O_{P(E} ′_{)/S} (2) ⊗ p^{′∗}(N^{⊗2} ⊗ L^′), we have an isomorphism p^{′∗}L^′ ∼= p^{′∗}(N^{⊗2} ⊗ L ). Upon taking pushforward, we arrive at an isomorphism λ : L^′ → N^{⊗2} ⊗ L . By the construction of φ and λ, it follows that (φ, λ) is a similarity (E , q, L ) → (E^′, q^′, L^′), proving the converse.

Definition 1.2. The determinant det ψ_q : det E → det E^∨ ⊗ L^{⊗n} gives rise to a global section of (det E^∨)^{⊗2} ⊗ L^{⊗n}, whose divisor of zeros is called the discriminant divisor D. The reduced subscheme associated to D is precisely the locus of points where the radical of q is nontrivial. If q is generically regular, then D ⊂ S is closed of codimension one.

Definition 1.3. We say that a quadratic form (E , q, L ) has simple degeneration if rk_{κ(x)} rad(E_x, q_x, L_x) ≤ 1 for every point x of S, where κ(x) is the residue field of O_{S,x}.

Our first lemma concerns the local structure of simple degeneration.

Lemma 1.4. Let (E , q) be a quadratic form with simple degeneration over the spectrum of a local ring R with 2 invertible. Then (E , q) ∼= (E_1, q_1) ⊥ (R, <π >) where (E_1, q_1) is regular and π ∈ R.

Proof. Over the residue field k, the form (E , q) has a regular subform (E_1, q_1) of corank one, which can be lifted to a regular orthogonal direct summand (E_1, q_1) of corank 1 of (E , q), cf. [8, Cor. 3.4]. This gives the required decomposition. Moreover, we can lift a diagonalization q_1 ∼=< u_1, . . . , u_{n−1} > with u_i ∈ k^×, to a diagonalization q ∼=<u_1, . . . , u_{n−1}, π >,

with u_i ∈ R^× and π ∈ R.

Quadric Surface Bundles over Surfaces 37

Let D ⊂ S be a regular divisor. Assuming that S is normal, the local ring O_{S,D}′ at the generic point of a component D^′ of D is a discrete valuation ring. When 2 is invertible on S, Lemma 1.4 shows that a quadratic form (E , q, L ) with simple degeneration along D can be diagonalized over O_{S,D}′ as

q ∼=<u_1, . . . , u_{r−1}, u_rπ^e >

where u_i are units and π is a parameter of O_{S,D}′ . We call e ≥ 1 the multiplicity of the simple degeneration along D^′. If e is even for every component of D, then there is a birational morphism g : S^′ → S such that the pullback of (E , q, L ) to S^′ is regular. We will focus on quadratic forms with simple degeneration of multiplicity one along (all components of) D.

We can give a geometric interpretation of simple degeneration.

Proposition 1.5. Let π : Q → S be the quadric bundle associated to a generically regular quadratic form (E , q, L ) over S and D ⊂ S its discriminant divisor. Then:

a) q has simple degeneration if and only if the fiber Q_x of its associated quadric bundle has at worst isolated singularities for each closed point x of S;

b) if 2 is invertible on S and D is reduced, then any simple degeneration along D has multiplicity one;

c) if 2 is invertible on S and D is regular, then any degeneration along D is simple of multiplicity one;

d) if S is regular and q has simple degeneration, then D is regular if and only if Q is regular.

Proof. The first claim follows from the classical geometry of quadrics over a field: the quadric of a nondegenerate form is smooth while the quadric of a form with nontrivial radical has isolated singularity if and only if the radical has rank one. As for the second claim, the multiplicity of the simple degeneration is exactly the scheme-theoretic multiplicity of the divisor D. For the third claim, see [20, §3], [37, Rem. 7.1], or [4, Rem. 2.6]. The final claim is standard, cf. [11, I Prop. 1.2(iii)], [37, Lemma 5.2], or [4, Prop. 1.2.5].

We do not need the full flexibility of the following general result, but we include it for completeness.

Proposition 1.6. Let π : Q → S be a flat proper separated morphism with geometrically integral fibers between noetherian integral separated locally factorial schemes and let η be the generic point of S. Then the complex of Picard groups (1) is exact.

38 Auel, Parimala, and Suresh

Proof. First, we argue that flat pullback and restriction to the generic fiber give rise to an exact sequence of Weil divisor groups

0 → Div(S)^{π∗}−→ Div(Q) → Div(Q_η) → 0. (3)

Indeed, as Div(Q_η ) = lim−→ Div(Q_U ), where the limit is taken over all dense open sets U ⊂ S and we write Q_U = Q ×_S U, the exactness at right of sequence (3) then follows from the exactness of the excision sequence

Z^0(π^{−1}(S ∖ U)) → Div(Q) → Div(Q_U ) → 0

cf. [30, 1 Prop. 1.8]. The sequence (3) is exact at left since π is surjective on codimension 1 points, providing a retraction of π^∗. As for exactness in the middle, if a prime Weil divisor T on Q has trivial generic fiber then it is supported on the fibers over a closed subscheme of S not containing η. Since the fibers of π are irreducible, T must coincide with π^{−1}(Z) for some prime Weil divisor Z of S. Thus T is in the image of π^∗.

Second, we argue that there is an analogous exact sequence of principal Weil divisor groups

0 → PDiv(S)^{π∗}−→ PDiv(Q) → PDiv(Q_η) → 0. (4)

Indeed, since π is dominant, it induces an extension of function fields K_Q over K_S , and hence a well defined π^∗ on principal divisors, which is injective. Since K_Q = K_{Qη} , restriction to the generic point is surjective on principal divisors. For the exactness in the middle, if div_Q(f)_η = 0 then f ∈ Γ(Q_η, O^×_{Qη} ), i.e., f has neither zeros nor poles on Q_η. Since Q_η is a proper geometrically integral K_S -scheme, Γ(Q_η, O^×_{Qη} ) = K^×_S , and hence f ∈ K^×_S . Thus div_Q(f) is in the image of π^∗.

The snake lemma then induces an exact sequence of Weil divisor class groups

0 → Cl(S)^{π∗}−→ Cl(Q) → Cl(Q_η ) → 0.

As π is separated with geometrically integral fibers, Q_η is separated and integral. As Q is a noetherian locally factorial scheme, Q_η is as well. Hence all Weil divisor class groups coincide with Picard groups by [32, Cor. 21.6.10], immediately implying that the complex (1) is exact.

Corollary 1.7. Let S be a regular integral scheme with 2 invertible and (E , q, L ) a quadratic form on S of rank ≥ 4 having at most simple degeneration along a regular divisor D ⊂ S. Let π : Q → S be the associated quadric bundle. Then the complex (1) is exact.

Proof. First, recall that a quadratic form over a field contains a nondegenerate subform of rank ≥ 3 if and only if its associated quadric is irreducible, cf. [34, I Ex. 5.12]. Hence the fibers of π are geometrically irreducible. By Proposition 1.5, Q is regular. Quadratic forms with simple degeneration are primitive, hence π is flat. Thus we can apply all the parts of Proposition 1.6.

Quadric Surface Bundles over Surfaces 39

We will define Quad^D_n (S) to be the set of projective similarity classes of line bundle-valued quadratic forms of rank n on S with simple degeneration of multiplicity one along an effective Cartier divisor D. An immediate consequence of Propositions 1.1 and 1.5 and Corollary 1.7 is the following.

Corollary 1.8. For n ≥ 4 and D reduced, the set Quad^D_n (S) is in bijection with the set of S-isomorphism classes of quadric bundles of relative dimension n − 2 with isolated singularities in the fibers above D.

Definition 1.9. Let (E , q, L ) be a quadratic form of rank n on a scheme S, and C_0 = C_0(E , q, L ) be its even Clifford algebra (see [15] or [3, §1.8]), and Z = Z (E , q, L ) be its center. Then C_0 is a locally free O_S -algebra of rank 2^{n−1}, cf. [40, IV.1.6]. The associated finite morphism f : T → S is called the discriminant cover. We remark that if S is locally factorial and q is generically regular of even rank then Z is a locally free O_S -algebra of rank two, by (the remarks preceding) [40, IV Prop. 4.8.3], hence the discriminant cover f : T → S is finite flat of degree two. Below, we will arrive at the same conclusion under weaker hypotheses on S but assuming that q has simple degeneration.

Lemma 1.10 ([4, App. B]). Let (E , q, L ) be a quadratic form of even rank with simple degeneration of multiplicity one along D ⊂ S and f : T → S its discriminant cover. Then f^∗O(D) is a square in Pic(T ) and the branch divisor of f is precisely D.

By abuse of notation, we also denote by C_0 = C_0(E , q, L ) the O_T -algebra associated to the Z -algebra C_0 = C (E , q, L ). The center Z is an étale algebra over every point of S where (E , q, L ) is regular and C_0 is an Azumaya algebra over every point of T lying over a point of S where (E , q, L ) is regular. Now we prove [44, Prop. 3.13] over any integral scheme.

Proposition 1.11. Let (E , q, L ) be a quadratic form of even rank with simple degeneration over a scheme S with 2 invertible. Then the discriminant cover T → S is finite flat of degree two and C_0 is an Azumaya O_T -algebra.

Proof. The desired properties are local for the étale topology, so we can assume that S = Spec R for a local ring R with 2 invertible, we can fix a trivialization of L , and by Lemma 1.4 we can write (E , q) ∼= (E_1, q_1) ⊥< π > with π ∈ R (not necessarily nonzero) and (E_1, q_1) ∼=< 1, −1, . . . , 1, −1, 1 > a standard split quadratic form of odd rank. We have that C_0(E_1, q_1) is (split) Azumaya over O_S and that C (<−π >) is O_S -isomorphic to Z (E , q). Since C (<−π >) ∼= R[ √ −π] is finite flat of degree two over S, the first claim is verified. For the second claim, by [40, IV Prop. 7.3.1], there are then O_S -algebra isomorphisms

C_0(E , q) ∼= C_0(E_1, q_1) ⊗_{OS} C (<−π >) ∼= C_0(E_1, q_1) ⊗_{OS} Z (E , q). (5)

Thus étale locally, C_0(E , q) is the base extension to Z (E , q) of an Azumaya algebra over O_S , hence can be regarded as an Azumaya O_T -algebra.

40 Auel, Parimala, and Suresh

Over a field, we can now provide a strengthened version of [28, Prop. 11.6].

Proposition 1.12. Let (V, q) be a quadratic form of even rank n = 2m over a field k of characteristic ≠ 2. If n ≥ 4 then the following are equivalent:

a) The radical of q has rank at most 1.

b) The center Z(q) ⊂ C_0(q) is a k-algebra of rank 2.

c) The algebra C_0(q) is Z(q)-Azumaya of degree 2^{m−1}.

If n = 2, then C_0(q) is always commutative.

Proof. If q is nondegenerate (i.e., has trivial radical), then it is classical that Z(q) is an étale quadratic algebra and C_0(q) is an Azumaya Z(q)-algebra. If rad(q) has rank 1, generated by v ∈ V , then a straightforward computation shows that Z(q) ∼= k[ε]/(ϵ^2), where ϵ ∈ vC_1(q) ∩ Z(q) ∖ k. Furthermore, we have that C_0(q) ⊗_{k[ε]/(ε}2_) k ∼= C_0(q)/vC_1(q) ∼= C_0(q/rad(q)) where q/rad(q) is nondegenerate of rank n − 1, cf. [28, II §11, p. 58]. Proposition 1.11 implies that C_0(q) is Z(q)-Azumaya of degree 2^{m−1}, proving a) ⇒ c) The fact that c) ⇒ b) is clear from a dimension count. To prove b) ⇒ a), suppose that rk_k rad(q) ≥ 2. In this case, the embedding

�_2 rad(q) ⊂ C_0(q) is central (and does not contain the central subalgebra generated by V^{⊗n}, as q has rank > 2). More explicitly, if e_1, e_2, . . . , e_n is an orthogonal basis of (V, q), then k ⊕ ke_1 · · · e_n ⊕

�_2 rad(q) ⊂ Z(q). Thus Z(q) has k-rank at least 2 + rk_k

�_2 rad(q) ≥ 3.

Finally, as a corollary of Proposition 1.12, we can deduce a converse to Proposition 1.11.

Proposition 1.13. Let (E , q, L ) be a quadratic form of even rank on an integral scheme S with discriminant cover f : T → S. Then C_0(E , q, L ) is an Azumaya O_T -algebra if and only if (E , q, L ) has simple degeneration or has rank 2 (and any degeneration).

2 Orthogonal groups with simple degeneration

The main results of this section concern the special (projective) orthogonal group schemes of quadratic forms with simple degeneration over semilocal principal ideal domains.

Let S be a regular integral scheme. Recall, from Proposition 1.11, that if (E , q, L ) is a line bundle-valued quadratic form on S with simple degeneration along a closed subscheme D of codimension 1, then the even Clifford algebra C_0(q) is an Azumaya algebra over the discriminant cover T → S. The main result of this section is the following.

Quadric Surface Bundles over Surfaces 41

Theorem 2.1. Let S be a regular scheme with 2 invertible, D a regular divisor, (E , q, L ) a quadratic form of rank 4 on S with simple degeneration along D, T → S its discriminant cover, and C_0(q) its even Clifford algebra over T . The canonical homomorphism

c : PGO^+(q) → R_{T /S} PGL(C_0(q)),

induced from the functor C_0, is an isomorphism of S-group schemes.

The proof involves several preliminary general results concerning orthogonal groups of quadratic forms with simple degeneration and will occupy the remainder of this section.

Let S = Spec R be an affine scheme with 2 invertible, D ⊂ S be the closed scheme defined by an element π in the Jacobson radical of R, and let (V, q) = (V_1, q_1) ⊥ (R, <π >) be a quadratic form of rank n over S with q_1 regular and V_1 free. Let Q_1 be a Gram matrix of q_1. Then as an S-group scheme, O(q) is the subvariety of the affine space of block matrices � A v w u � satisfying

A^tQ_1A + π w^tw = Q_1 A^tQ_1v + uπ w^t = 0 v^tQ_1v = (1 − u^2)π (6) where A is an invertible (n − 1) × (n − 1) matrix, v is an n × 1 column vector, w is a 1×n row vector, and u a unit. Note that since A and Q_1 are invertible, the second relation in (6) implies that v is determined by w and u and that v = 0 over R/π. In particular, if π ≠ 0 and R is a domain then the third relation implies that u^2 = 1 in R/π. Define O^+(q) = ker(det : O(q) → G_m). If R is an integral domain then det factors through μ_2 and O^+(q) is the irreducible component of the identity.

Proposition 2.2. Let R be a regular local ring with 2 invertible, π ∈ m a nonzero element in the maximal ideal, and (V, q) = (V_1, q_1) ⊥ (R, < π >) a quadratic form with q_1 regular of rank n − 1 of R. Then O(q) and O^+(q) are smooth R-group schemes.

Proof. Let K be the fraction field of R and k its residue field. First, we’ll show that the equations in (6) define a local complete intersection morphism in the affine space A^{n2}_R of n × n matrices over R. Indeed, the condition that the generic n × n matrix M over R[x_1, . . . , x_n2 ] is orthogonal with respect to a given symmetric n × n matrix Q over R can be written as the equality of symmetric matrices M^tQM = Q over R[x_1, . . . , x_n2 ][(det M)^{−1}], hence giving n(n + 1)/2 equations. Hence, the orthogonal group is the scheme defined by these n(n + 1)/2 equations in the Zariski open of A^{n2}_R defined by det M. Since q is generically regular of rank n, the generic fiber of O(q) has dimension n(n−1)/2. By (6), the special fiber of O^+(q) is isomorphic to the group scheme of rigid motions of the regular quadratic space (V_1, q_1), which is the semidirect product O^+(q) ×_R k ∼= G^{n−1}_a ⋊ O(q_{1,k}) (7)

42 Auel, Parimala, and Suresh

where G^{n−1}_a acts in V_1 by translation and O(q_{1,k}) acts on G^{n−1}_a by conjugation. In particular, the special fiber of O^+(q) has dimension (n−1)(n−2)/2+(n−1) = n(n − 1)/2, and similarly with O(q).

In particular, O(q) is a local complete intersection morphism. Since R is Cohen–Macaulay (being regular local) then R[x_1, . . . , x_n2 ][(det M)^{−1}] is Cohen–Macaulay, and thus O(q) is Cohen–Macaulay. By the “miracle flatness” theorem, equidimensional and Cohen–Macaulay over a regular base implies that O(q) → Spec R is flat, cf. [32, Prop. 15.4.2] or [46, 8 Thm. 23.1]. Also O^+(q) → Spec R is flat. The generic fiber of O^+(q) is smooth since q is generically regular while the special fiber is smooth since it is a (semi)direct product of smooth schemes (recall that O(q_1) is smooth since 2 is invertible). Hence O^+(q) → Spec R is flat and has geometrically smooth fibers, hence is smooth.

Proposition 2.3. Let S be a regular scheme with 2 invertible and (E , q, L ) a quadratic form of even rank on S with simple degeneration. Then the group schemes O(q), O^+(q), GO(q), GO^+(q), PGO(q), and PGO^+(q) are S-smooth. If T → S is the discriminant cover and C_0(q) is the even Clifford algebra of (E , q, L ) over T , then R_{T /S} GL_1(C_0(q)), R_{T /S} SL_1(C_0(q)), and R_{T /S} PGL_1(C_0(q)) are smooth S-schemes.

Proof. The S-smoothness of O(q) and O^+(q) follows from the fibral criterion for smoothness, with Proposition 2.2 handling points of S contained in the discriminant divisor. As GO ∼= (O(q)×G_m)/μ_2, GO^+(q) ∼= (O^+(q)×G_m)/μ_2, PGO(q) ∼= GO(q)/G_m, PGO^+(q) ∼= GO^+(q)/G_m are quotients of S-smooth group schemes by flat closed subgroups, they are S-smooth. Finally, C_0(q) is an Azumaya O_T -algebra by Proposition 1.11, hence GL_1(C_0(q)), SL_1(C_0(q)), and PGL_1(C_0(q)) are smooth T -schemes, hence their Weil restrictions via the finite flat map T → S are S-smooth by [21, App. A.5, Prop. A.5.2].

Remark 2.4. If the radical of q_s has rank ≥ 2 at a point s of S, a calculation shows that the fiber of O(q) → S over s has dimension > n(n − 1)/2. In particular, if q is generically regular over S then O(q) → S is not flat. The smoothness of O(q) is a special feature of quadratic forms q with simple degeneration. Over a complete discretely valued ring, such O^+(q) can be viewed as an explicit model for one of the quasisplit Bruhat–Tits groups of type^2D_m.

We will also make frequent reference to the classical version of Theorem 2.1 in the regular case, when the discriminant cover is étale.

Theorem 2.5. Let S be a scheme and (E , q, L ) a regular quadratic form of rank 4 with discriminant cover T → S and even Clifford algebra C_0(q) over T . The canonical homomorphism

c : PGO^+(q) → R_{T /S} PGL_1(C_0(q)),

induced from the functor C_0, is an isomorphism of S-group schemes.

Quadric Surface Bundles over Surfaces 43

Proof. The proof over affine schemes S in [43, §10] carries over immediately. See [41, IV.15.B] for the particular case of S the spectrum of a field. Also see [3, §5.3].

Finally, we come to the proof of the main result of this section.

Proof of Theorem 2.1. We will use the following fibral criteria for relative isomorphisms (cf. [32, IV.4 Cor. 17.9.5]): let g : X → Y be a morphism of Sschemes locally of finite presentation over a scheme S and assume X is S-flat, then g is an S-isomorphism if and only if its fiber g_s : X_s → Y_s is an isomorphism over each geometric point s of S.

For each s in S ∖D, the fiber q_s is a regular quadratic form over κ(s), hence the fiber c_s : PGO^+(q_s) → R_{T /S} PGL(C_0(q_s)) is an isomorphism by Theorem 2.5. We are thus reduced to considering the geometric fibers over points in D. Let s = Spec k be a geometric point of D. By Proposition 1.12, there is a natural identification of the fiber T_s = Spec k_ϵ, where k_ϵ = k[ϵ]/(ϵ^2). We use the following criteria for isomorphisms of group schemes (cf. [41, VI Prop. 22.5]): let g : X → Y be a homomorphism of affine k-group schemes of finite type over an algebraically closed field k and assume that Y is smooth, then g is a k-isomorphism if and only if g : X(k) → Y (k) is an isomorphism on k-points and the Lie algebra map dg : Lie(X) → Lie(Y ) is an injective map of k-vector spaces.

First, we shall prove that c is an isomorphism on k points. Applying cohomology to the exact sequence

1 → μ_2 → O^+(q) → PGO^+(q) → 1,

we see that the corresponding sequence of k-points is exact since k is algebraically closed. Hence it suffices to show that O^+(q)(k) → PGL_1(C_0(q))(k) is surjective with kernel μ_2(k).

Write q = q_1 ⊥< 0 >, where q_1 is regular over k. Denote by E the unipotent radical of O^+(q). We will now proceed to define the following diagram 1 � 1 � μ_2 � μ_2 � 1 � E � � O+(q) � � O(q_1) � � 1

1 � I + ϵ c_0(q) � PGL_1(C_0(q)) � � PGL_1(C_0(q_1)) � � 1

1 1 of groups schemes over k, and verify that it is commutative with exact rows and columns. This will finish the proof of the statement concerning c being an

44 Auel, Parimala, and Suresh

isomorphism on k-points. We have H^1_{ét}(k, E) = 0 and also H^1_{ét}(k, μ_2) = 0, as k is algebraically closed. Hence it suffices to argue after taking k-points in the diagram.

The central and right most vertical columns are induced by the standard action of the (special) orthogonal group on the even Clifford algebra. The right most column is an exact sequence

1 → μ_2 → O(q_1) ∼= μ_2 × O^+(q_1) → PGL_1(C_0(q_1)) → 1

arising from the split isogeny of type A_1 = B_1, cf. [41, IV.15.A]. The central row is defined by the map O^+(q)(k) → O(q_1)(k) defined by � A v w u � → A in the notation of (6). In particular, the group E(k) consists of block matrices of the form � I 0 w 1 �

for w ∈ A^3(k). Since O(q_1) is semisimple, the kernel contains the unipotent radical E, so coincides with it by a dimension count. The bottom row is defined as follows. By (5), we have C_0(q) ∼= C_0(q_1) ⊗_k Z (q) ∼= C_0(q_1) ⊗_k k_ϵ. The map PGL_1(C_0(q)) → PGL_1(C_0(q_1) is thus defined by the reduction k_ϵ → k. This also identifies the kernel as I + ϵ c_0(q), where c_0(q) is the affine scheme of reduced trace zero elements of C_0(q), which is identified with the Lie algebra of PGL_1(C_0(q)) in the usual way. The only thing to check is that the bottom left square commutes (since by (7), the central row is split). By the five lemma, it will then suffice to show that E(k) → 1 + ϵ c_0(q)(k) is an isomorphism. To this end, we can diagonalize q =< 1, −1, 1, 0 >, since k is algebraically closed of characteristic ≠ 2. Let e_1, . . . , e_4 be the corresponding orthogonal basis. Then C_0(q_1)(k) is generated over k by 1, e_1e_2, e_2e_3, and e_1e_3 and we have an identification φ : C_0(q_1)(k) → M_2(k) given by 1 → � 1 0 0 1 � , e_1e_2 → � 0 1 1 0 � , e_2e_3 → � 1 0 0 −1 � , e_1e_3 → � 0 1 −1 0 � . Similarly, C_0(q) is generated over Z (q) = k_ϵ by 1, e_1e_2, e_2e_3, and e_1e_3, since we have

e_1e_4 = ϵ e_2e_3, e_2e_4 = ϵ e_1e_3, e_3e_4 = ϵ e_1e_2, e_1e_2e_3e_4 = ϵ.

and we have an identification ψ : C_0(q) → M_2(k_ϵ) extending φ. With respect to this k_ϵ-algebra isomorphism, we have a group isomorphism PGL_1(C_0(q))(k) = PGL_2(k_ϵ) and a Lie algebra isomorphism c_0(q)(k) ∼= sl_2(k), where sl_2 is the scheme of traceless 2 × 2 matrices. We claim that the map E(k) → I + ϵ sl_2(k)

Quadric Surface Bundles over Surfaces 45

is explicitly given by � � � � 1 0 0 0 0 1 0 0 0 0 1 0 a b c 1

� � � � → I − 1 2 ϵ � a −b + c b + c −a � . (8)

Indeed, let ϕ_{a,b,c} ∈ E(S_0) be the orthogonal transformation whose matrix is displayed in (8), and σ_{a,b,c} its image in I + ϵ sl_2(k), thought of as an automorphism of C_0(q)(k_ϵ). Then we have

σ_{a,b,c}(e_1e_2) = e_1e_2 + bϵ e_2e_3 − aϵ e_1e_3 σ_{a,b,c}(e_2e_3) = e_2e_3 + cϵ e_1e_3 − bϵ e_1e_2 σ_{a,b,c}(e_1e_3) = e_1e_3 + cϵ e_2e_3 − aϵ e_1e_2

and σ_{a,b,c}(ϵ) = ϵ. It is then a straightforward calculation to see that

σ_{a,b,c} = ad � 1 − 1 2 ϵ(c e_1e_2 + a e_2e_3 − b e_1e_3) � , where ad is conjugation in the Clifford algebra, and furthermore, that ψ takes c e_1e_2 + a e_2e_3 − b e_1e_3 to the 2 × 2 matrix displayed in (8). Thus the map E(k) → I + ϵ sl_2(k) is as stated, and in particular, is an isomorphism. Thus the diagram is commutative with exact rows and columns, and in particular, c : PGO^+(q) → PGL_1(C_0(q)) is an isomorphism on k-points. Now we prove that the Lie algebra map dc is injective. Consider the commutative diagram

1 � I + x so(q)(k)

1+x dc �

� O+(q)(k[x]/(x2))

c(k[x]/(x^2)) �

� O+(q)(k)

�

� 1

1 � I + x g(k) � PGL_1(C_0(q))(k[ϵ, x]/(ϵ^2, x^2)) � PGL_1(C_0(q))(k_ϵ) � 1

where so(q) and g are the Lie algebras of O^+(q) and R_{kϵ /k}PGL_1(C_0(q)), respectively.

The Lie algebra so(q_1) of O(q_1) is identified with the scheme of 3 × 3 matrices A such that AQ_1 is skew-symmetric, where Q_1 = diag(1, −1, 1). It is then a consequence of (6) that I + x so(q)(k) consists of block matrices of the form � I + xA 0

xw 1 �

for w ∈ A^3(k) and A ∈ so(q_1)(k). Since � I + xA 0 xw 1 � = � I + xA 0 0 1 � � I 0 xw 1 � = � I 0 xw 1 � � I + xA 0 0 1 � ,

46 Auel, Parimala, and Suresh

we see that I + x so(q) has a direct product decomposition E × � I + x so(q_1) � . We claim that the map h → g is explicitly given by the product map � I + xA 0 xw 1 � → � I − ϵβ(xw) � I − α(xA) � = I − x(α(A) + ϵβ(w))

where α : so(q_1) → sl_2 is the Lie algebra isomorphism � � 0 a −b a 0 c b c 0 � � → 1 2 � a −b + c b + c −a �

induced from the isomorphism PSO(q_1) ∼= PGL_2 and β : A^3 → sl_2 is the Lie algebra isomorphism

(a b c) → 1 2 � a −b + c b + c −a �

as above. Thus dc : so(q) → g is an isomorphism.

Remark 2.6. The isomorphism of algebraic groups in the proof of Theorem 2.1 can be viewed as a degeneration of an isomorphism of semisimple groups of type^2A_1 = D_2 (on the generic fiber) to an isomorphism of nonreductive groups whose semisimplification has type A_1 = B_1 = C_1 (on the special fiber).

3 Simple degeneration over semi-local rings

The semilocal ring R of a normal scheme at a finite set of points of codimension 1 is a semilocal Dedekind domain, hence a principal ideal domain. Let R_i denote the (finitely many) discrete valuation overrings of R contained in the fraction field K (the localizations at the height one prime ideals), ^R_i their completions, and ^K_i their fraction fields. If ^R is the completion of R at its Jacobson radical rad(R) and ^K the total ring of fractions, then ^R ∼= � i ^R_i and ^K ∼= �_i ^K_i. We call an element π ∈ R a parameter if π = �_i π_i is a product of parameters π_i of R_i.

We first recall a well-known result, cf. [17, §2.3.1].

Lemma 3.1. Let R be a semilocal principal ideal domain and K its field of fractions. Let q be a regular quadratic form over R and u ∈ R^× a unit. If u is represented by q over K then it is represented by q over R.

We now provide a generalization of Lemma 3.1 to the case of simple degeneration.

Proposition 3.2. Let R be a semilocal principal ideal domain with 2 invertible and K its field of fractions. Let q be a quadratic form over R with simple degeneration of multiplicity one and let u ∈ R^× be a unit. If u is represented by q over K then it is represented by q over R.

Quadric Surface Bundles over Surfaces 47

For the proof, we’ll first need to generalize, to the degenerate case, some standard results concerning regular forms. If (V, q) is a quadratic form over a ring R and v ∈ V is such that q(v) = u ∈ R^×, then the reflection r_v : V → V through v given by r_v (w) = w − u^{−1}b_q (v, w) v

is an isometry over R satisfying r_v (v) = −v and r_v (w) = w if w ∈ v^⊥.

Lemma 3.3. Let R be a semilocal ring with 2 invertible. Let (V, q) be a quadratic form over R and u ∈ R^×. Then O(V, q)(R) acts transitively on the set of vectors v ∈ V such that q(v) = u.

Proof. Let v, w ∈ V be such that q(v) = q(w) = u. We first prove the lemma over any local ring with 2 invertible. Without loss of generality, we can assume that q(v − w) ∈ R^×. Indeed, q(v + w) + q(v − w) = 4u ∈ R^× so that, since R is local, either q(v+w) or q(v−w) is a unit. If q(v−w) is not a unit, then q(v+w) is and we can replace w by −w using the reflection r_w. Finally, by a standard computation, we have r_{v−w} (v) = w. Thus any two vectors representing u are related by a product of at most two reflection.

For a general semilocal ring, the quotient R/rad(R) is a product of fields. By the above argument, v can be transported to −w in each component by a product τ of at most two reflections. By the Chinese remainder theorem, we can lift τ to a product of at most two reflections τ of (V, q) transporting v to −w + z for some z ∈ rad(R) ⊗_R V . Replacing v by −w + z, we can assume that v + w = z ∈ rad(R) ⊗_R V . Finally, q(v + w) + q(v − w) = 4u and q(v + w) ∈ rad(R), thus q(v − w) is a unit. As before, r_{v−w} (v) = w.

Corollary 3.4. Let R be a semilocal ring with 2 invertible. Then regular forms can be canceled, i.e., if q_1 and q_2 are quadratic forms and q a regular quadratic form over R with q_1 ⊥ q ∼= q_2 ⊥ q, then q_1 ∼= q_2.

Proof. Regular quadratic forms over a semilocal ring with 2 invertible are diagonalizable. Hence we can reduce to the case of rank one form q = (R, <u>) for u ∈ R^×. Let φ : q_1 ⊥ (R w_1, < u >) ∼= q_2 ⊥ (R w_2, < u >) be an isometry. By Lemma 3.3, there is an isometry ψ of q_2 ⊥ (R w_2, < u >) taking φ(w_1) to w_2, so that ψ ∘ φ takes w_1 to w_2. By taking orthogonal complements, φ thus induces an isometry q_1 ∼= q_2.

Lemma 3.5. Let R be a complete discrete valuation ring with 2 invertible and K its fraction field. Let q be a quadratic form with simple degeneration of multiplicity one and let u ∈ R^×. If u is represented by q over K then it is represented by q over R.

Proof. For a choice of parameter π of R, write (V, q) = (V_1, q_1) ⊥ (R e, < π >) with q_1 regular. There are two cases, depending on whether q_1 is isotropic over the residue field. First, if q_1 is anisotropic, then q_1 only takes values with even valuation. Let v ∈ V_K satisfy q|_K (v) = u and write v = π^nv_1 + aπ^me with v_1 ∈ V_1 such that v_1 ≠ 0 and a ∈ R^×. Then we have π^{2n}q_1(v_1) + aπ^{2m+1} = u.

48 Auel, Parimala, and Suresh

By parity considerations, we see that n = 0 and m ≥ 0 are forced, thus v ∈ V and u is represented by q. Second, R being complete, if q_1 is isotropic, then it splits off a hyperbolic plane, so represents u.

We now recall the theory of elementary hyperbolic isometries initiated by Eichler [27, Ch. 1] and developed in the setting of regular quadratic forms over rings by Wall [61, §5] and Roy [54, §5]. See also [48], [50], [56], and [8, III §2]. We will need to develop the theory for quadratic forms that are not necessarily regular.

Let R be a ring with 2 invertible, (V, q) a quadratic form over R, and (R^2, h) the hyperbolic plane with basis e, f. For v ∈ V , define E_v and E^∗_v in O(q ⊥ h)(R) by

E_v (w) = w + b(v, w)e E_v (e) = e E_v (f) = −v − 2^{−1}q(v)e + f

E^∗_v (w) = w + b(v, w)f, for w ∈ V E^∗_v (e) = −v − 2^{−1}q(v)f + e E^∗_v (f) = f.

Define the group of elementary hyperbolic isometries EO(q, h)(R) to be the subgroup of O(q ⊥ h)(R) generated by E_v and E^∗_v for v ∈ V . For u ∈ R^×, define α_u ∈ O(h)(R) by

α_u(e) = ue, α_u(f) = u^{−1}f

and β_u ∈ O(h)(R) by

β_u(e) = u^{−1}f, β_u(f) = ue.

Then O(h)(R) = {α_u : u ∈ R^×}∪{β_u : u ∈ R^×}. One can verify the following identities:

α^{−1}_u E_v α_u = E_u−1_v , β^{−1}_u E_v β_u = E^∗_v , α^{−1}_u E^∗_v α_u = E^∗_u−1_v , α^{−1}_u E^∗_v α_u = E_v .

Thus O(h)(R) normalizes EO(q, h)(R).

If R = K is a field and q is nondegenerate, then EO(q, h)(K) and O(h)(K) generate O(q ⊥ h)(K) (see [27, ch. 1]) so that

O(q ⊥ h)(K) = EO(q, h)(K) ⋊ O(h)(K). (9)

Proposition 3.6. Let R be a semilocal principal ideal domain with 2 invertible and K its fraction field. Let ^R be the completion of R at the radical and ^K its fraction field. Let (V, q) be a quadratic form over R that is nondegenerate over K. Then every element φ ∈ O(q ⊥ h)( ^K) is a product φ_1φ_2, where φ_1 ∈ O(q ⊥ h)(K) and O(q ⊥ h)( ^R).

Quadric Surface Bundles over Surfaces 49

Proof. We follow portions of the proof in [50, Prop. 3.1]. As topological rings, ^R is open in ^K, and hence as topological groups, O(q ⊥ h)( ^R) is open inside O(q ⊥ h)( ^K). In particular, O(q ⊥ h)( ^R) ∩ EO(q, h)( ^K) is open in EO(q, h)( ^K). Since R is dense in ^R, K is dense in ^K, V ⊗_R K is dense in V ⊗_R ^K, and hence EO(q, h)(K) is dense in EO(q, h)( ^K). Thus, by topological considerations, every element φ^′ of EO(q ⊥ h)( ^K) is a product φ^′_1φ^′_2, where φ^′_1 ∈ EO(q, h)(K) and φ^′_2 ∈ EO(q, h)( ^K) ∩ O(q ⊥ h)( ^R). Clearly, every element γ of O(h)( ^K) is a product γ_1γ_2, where γ_1 ∈ O(h)(K) and γ_2 ∈ O(h)( ^R).

The form q ⊥ h is nondegenerate over ^K, so by (9), every φ ∈ O(q ⊥ h)( ^K) is a product φ^′γ, where φ^′ ∈ EO(q, h)( ^K) and γ ∈ O(h)( ^K). As above, we can write φ = φ^′γ = φ^′_1φ^′_2γ_1γ_2 = φ^′_1γ_1(γ^{−1}_1 φ^′_2γ_1)γ_2.

Since EO(q, h)( ^K) is a normal subgroup, γ^{−1}_1 φ^′_2γ_1 ∈ EO(q, h)( ^K) and is thus a product ψ_1ψ_2, where ψ_1 ∈ EO(q, h)(K) and ψ_2 ∈ EO(q, h)( ^K) ∩ O(q ⊥ h)( ^R). Finally, φ is a product (φ^′_1γ_1ψ_1)(ψ_2γ_2) of the desired form.

Proof of Proposition 3.2. Let ^R be the completion of R at the radical and ^K the total ring of fractions. As q|_K represents u, we have a splitting q|_K ∼= q_1 ⊥<u>. We have that q|_{^R} = � i q|_{^Ri} represents u over ^R = � i ^R_i, by Lemma 3.5, since u is represented over ^K = � i ^K_i. We thus have a splitting q|_{^R} ∼= q_2 ⊥< u >.

By Witt cancellation over ^K, we have an isometry φ : q_1|_{^K} ∼= q_2|_{^K} , which by patching defines a quadratic form q̃ over R such that q̃_K ∼= q_1 and q̃|_{^R} ∼= q_2. We claim that q ⊥<−u>∼= q̃ ⊥ h. Indeed, as h ∼=<u, −u>, we have isometries

ψ^K : (q ⊥<−u>)_K ∼= (q̃ ⊥ h)_K , ψ^{^R} : (q ⊥<−u>)_{^R} ∼= (q̃ ⊥ h)_{^R}.

By Proposition 3.6, there exists θ_1 ∈ O(q̃ ⊥ h)( ^R) and θ_2 ∈ O(q̃ ⊥ h)(K) such that ψ^{^R}(ψ^K )^{−1} = θ^{−1}_1 θ_2. The isometries θ_1ψ^{^R} and θ_2ψ^K then agree over ^K and so patch to yield an isometry ψ : q ⊥<−u>∼= q̃ ⊥ h.

As h ∼=< u, −u >, we have q ⊥< −u >∼= q̃ ⊥< u, −u >. By Corollary 3.4, we can cancel the regular form < −u >, so that q ∼= q̃ ⊥< u >. Thus q represents u over R.

Lemma 3.7. Let R be a discrete valuation ring and (E, q) a quadratic form of rank n over R with simple degeneration. If q represents u ∈ R^× then it can be diagonalized as q ∼=<u, u_2, . . . , u_{n−1}, π > for u_i ∈ R^× and some parameter π. Proof. If q(v) = u for some v ∈ E, then q restricted to the submodule Rv ⊂ E is regular, hence (E, q) splits as (R, <u>) ⊥ (Rv^⊥, q|_{Rv}⊥ ). Since (Rv^⊥, q|_{Rv}⊥ ) has simple degeneration, we are done by induction.

Corollary 3.8. Let R be a semilocal principal ideal domain with 2 invertible and fraction field K. If quadratic forms q and q^′ with simple degeneration and multiplicity one over R are isometric over K, then they are isometric over R.

50 Auel, Parimala, and Suresh

Proof. Any quadratic form q with simple degeneration and multiplicity one has discriminant π ∈ R/R^{×2} given by a parameter. Since R^×/R^{×2} → K^×/K^{×2} is injective, if q^′ is another quadratic form with simple degeneration and multiplicity one, such that q|_K is isomorphic to q|^′_K , then q and q^′ have the same discriminant.

Over each discrete valuation overring R_i of R, we thus have diagonalizations,

q|_{Ri} ∼=<u_1, . . . , u_{r−1}, u_1 · · · u_{r−1}π_i >, q^′|_R′_i ∼=<u^′_1, . . . , u^′_{r−1}, u^′_1 · · · u^′_{r−1}π_i >,

for a suitable parameter π_i of R_i, where u_j , u^′_j ∈ R^×_i . Now, since q|_K and q^′|_K are isometric, q^′|_K represents u_1 over K, hence by Proposition 3.2, q^′|_{Ri} represents u_1 over R_i. Hence by Lemma 3.7, we have a further diagonalization

q^′|_{Ri} ∼=<u_1, u^′_2, . . . , u^′_{r−1}, u_1u^′_2 · · · u^′_{r−1}π_i >

with possibly different units u^′_i. By cancellation over K, we have

<u_2, . . . , u_{r−1}, u_1 · · · u_{r−1}π_i > |_K ∼=<u^′_2, . . . , u^′_{r−1}, u^′_1 · · · u^′_{r−1}π_i > |_K .

By an induction hypothesis over the rank of q, we have that

<u_2, . . . , u_{r−1}, u_1 · · · u_{r−1}π_i >∼=<u^′_2, . . . , u^′_{r−1}, u^′_1 · · · u^′_{r−1}π_i >

over R. By induction, we have the result over each R_i. Thus q|_{^R} ∼= q^′|_{^R} over ^R = � i ^R_i. Consider the induced isometry ψ^^R : (q ⊥ h)|_{^R} ∼= (q^′ ⊥ h)|_{^R} as well as the isometry ψ^K : (q ⊥ h)|_K ∼= (q^′ ⊥ h)|_K induced from the given one. By Proposition 3.6, there exists θ^{^R} ∈ O(q ⊥ h)( ^R) and θ^K ∈ O(q ⊥ h)(K) such that ψ^{^R−1}ψ^K = θ^{^R}θ^{K −1}. The isometries ψ^{^R}θ^{^R} and ψ^K θ^K then agree over ^K and so patch to yield an isometry ψ : q ⊥ h ∼= q^′ ⊥ h over R. By Corollary 3.4, we then have an isometry q ∼= q^′.

Remark 3.9. Let R be a semilocal principal ideal domain with 2 invertible, closed fiber D, and fraction field K. Let QF^D (R) be the set of isometry classes of quadratic forms on R with simple degeneration of multiplicity one along D. Corollary 3.8 says that QF^D(R) → QF(K) is injective, which can be viewed as an analogue of the Grothendieck–Serre conjecture for the (nonreductive) orthogonal group of a quadratic form with simple degeneration of multiplicity one over a discrete valuation ring. One might wonder if such a statement is true for more general nonreductive smooth R-group schemes.

Corollary 3.10. Let R be a complete discrete valuation ring with 2 invertible and K its fraction field. If quadratic forms q and q^′ of even rank n = 2m ≥ 4 with simple degeneration and multiplicity one over R are similar over K, then they are similar.

Proof. Let ψ : q|_K ≃ q^′|_K be a similarity with factor λ = uπ^e where u ∈ R^× and π is a parameter whose square class we can assume is the discriminant

Quadric Surface Bundles over Surfaces 51

of q and q^′. If e is even, then π^{e/2}ψ : q|_K ≃ q^′|_K has factor u, so defines an isometry q|_K ∼= uq^′|_K . Hence by Corollary 3.8, there is an isometry q ∼= uq^′, hence a similarity q ≃ q^′. If e is odd, then π^{(e−1)/2}ψ^K defines an isometry q|_K ∼= uπq^′|_K . Writing q ∼= q_1 ⊥< aπ > and q^′ = q^′_1 ⊥< bπ > for regular quadratic forms q_1 and q^′_1 over R and a, b ∈ R^×, then πq|_K ∼= uπq^′|_K ∼= uπq^′_1 ⊥<bu>. Comparing first residues, we have that q_1 and <bu> are equal in W (k), where k is the residue field of R. Since R is complete, q_1 splits off the requisite number of hyperbolic planes, and so q_1 ∼= h^{m−1} ⊥< (−1)^{m−1}a >. Now note that (−1)^{m−1}π is a similarity factor of the form q|_K . Finally, we have (−1)^{m−1}πq|_K ∼= q|_K ∼= uπq^′|_K , so that q|_K ∼= (−1)^{m−1}uq^′|_K . Thus by Corollary 3.8, q ∼= (−1)^muq^′ over R, so there is a similarity q ≃ q^′ over R.

We need the following relative version of Theorem 2.1.

Proposition 3.11. Let R be a semilocal principal ideal domain with 2 invertible and K its fraction field. Let q and q^′ be quadratic forms of rank 4 over R with simple degeneration and multiplicity one. Given any R-algebra isomorphism φ : C_0(q) ∼= C_0(q^′) there exists a similarity ψ : q ≃ q^′ such that C_0(ψ) = φ.

Proof. By Theorem 2.5, there exists a similarity ψ^K : q ≃ q^′ such that C_0(ψ^K ) = φ|_K . Thus over ^R = � i ^R_i, Corollary 3.10 applied to each component provides a similarity ρ : q|_{^R} ≃ q^′|_{^R}. Now C_0(ρ)^{−1} ∘ φ : C_0(q)|_{^R} ∼= C_0(q)|_{^R} is a ^R-algebra isomorphism, hence by Theorem 2.1, is equal to C_0(σ) for some similarity σ : q|_{^R} ≃ q|_{^R}. Then ψ^{^R} = ρ ∘ σ : q|_{^R} ≃ q^′|_{^R} satisfies C_0(ψ^{^R}) = φ|_{^R}. Let λ ∈ K^× and u ∈ ^R^× be the factor of ψ^K and ψ^{^R}, respectively. Then ψ^K |^{−1}_{^K} ∘ ψ^{^R}|_{^K} : q|_{^K} ≃ q|_{^K} has factor u^{−1}λ ∈ ^K^×. But since C_0(ψ^K |^{−1}_{^K} ∘

ψ^{^R}|_{^K} ) = id, we have that ψ^K |^{−1}_{^K} ∘ ψ^{^R}|_{^K} is given by multiplication by μ ∈ ^K^×. In particular, u^{−1}λ = μ^2 and thus the valuation of λ ∈ K^× is even in every R_i. Thus λ = vϖ^2 with v ∈ R^× and so ϖψ defines an isometry q|_K ∼= vq^′|_K . By Corollary 3.8, there’s an isometry α : q ∼= vq^′, i.e., a similarity α : q ≃ q^′. As before, C_0(α)^{−1} ∘ φ : C_0(q) ∼= C_0(q) is a R-algebra isomorphism, hence by Theorem 2.1, is equal to C_0(β) for some similarity β : q ≃ q. Then we can define a similarity ψ = α ∘ β : q ≃ q^′ over R, which satisfies C_0(ψ) = φ.

Finally, we need the following generalization of [19, Prop. 2.3] to the setting of quadratic forms with simple degeneration.

Proposition 3.12. Let S be the spectrum of a regular local ring (R, m) of dimension ≥ 2 with 2 invertible and D ⊂ S a regular divisor. Let (V, q) be a quadratic form over S such that (V, q)|_{S∖{m}} has simple degeneration of multiplicity one along D ∖ {m}. Then (V, q) has simple degeneration along D of multiplicity one.

Proof. First note that the discriminant of (V, q) (hence the subscheme D) is represented by a regular element π ∈ m ∖ m^2. Now assume, to get a contradiction, that the radical of (V, q)_{κ(m)}, where κ(m) is the residue field at m, has

52 Auel, Parimala, and Suresh

dimension r > 1 and let e_1, . . . , e_r be a κ(m)-basis of the radical. Lifting to unimodular elements e_1, . . . , e_r of V , we can complete to a basis e_1, . . . , e_n. Since b_q(e_i, e_j ) ∈ m for all 1 ≤ i ≤ r and 1 ≤ j ≤ n, inspecting the Gram matrix M_q of b_q with respect to this basis, we find that det M_q ∈ m^r, contradicting the description of the discriminant above. Thus the radical of (V, q) has rank 1 at m and (V, q) has simple degeneration along D. Similarly, (V, q) also has multiplicity one at m, hence on S by hypothesis.

Corollary 3.13. Let S be a regular integral scheme of dimension ≤ 2 with 2 invertible and D a regular divisor. Let (E , q, L ) be a quadratic form over S that is regular over every codimension 1 point of S ∖ D and has simple degeneration of multiplicity one over every codimension one point of D. Then over S, the quadratic form q has simple degeneration along D of multiplicity one.

Proof. Let U = S ∖ D. The quadratic form q|_U is regular except possibly at finitely many closed points. But regular quadratic forms over the complement of finitely many closed points of a regular surface extend uniquely by [19, Prop. 2.3]. Hence q|_U is regular. The restriction q|_D has simple degeneration at the generic point of D, hence along the complement of finitely many closed points of D. At each of these closed points, q has simple degeneration by Proposition 3.12. Thus q has simple degeneration along D.

4 Gluing tensors

In this section, we reproduce some results on gluing (or patching) tensor structures on vector bundles communicated to us by M. Ojanguren and inspired by Colliot-Thélène–Sansuc [19, §2, §6]. As usual, any scheme S is assumed to be noetherian.

Lemma 4.1. Let S be a scheme of dimension n, U ⊂ S a dense open subset, x ∈ S ∖ U a point of codimension 1 of S, V ⊂ S a dense open neighborhood of x, and W ⊂ U ∩ V a dense open subset of S. Then there exists a dense open neighborhood V^′ of x such that V^′ ∩ U ⊂ W .

Proof. The closed set Z = S ∖ W is of dimension n − 1, contains x, and has a decomposition into closed sets Z = Z_1 ∪ Z_2, where Z_1 = Z ∩ (S ∖ U) contains x and Z_2 = Z ∩ U. No irreducible component of Z_2 can contain x, otherwise it would contain (hence coincide with) the dimension n − 1 set {x}. Setting V^′ = S ∖ Z_2, then V^′ ⊂ S is a dense open neighborhood of x and satisfies V^′ ∩ U ⊂ W .

Let V be a locally free O_S -module (of finite rank). A tensorial construction t(V ) in V is any locally free O_S -module that is a tensor product of modules �_j

(V ),

�_j (V^∨), S^j (V ), or S^j (V^∨). Let L be a line bundle on S. An L - valued tensor (V , q, L ) of type t(V ) on S is a global section q ∈ Γ(S, t(V )⊗L ) for some tensorial construction t(V ) in V . For example, an L -valued quadratic form is an L -valued tensor of type t(V ) = S^2(V^∨); an O_S -algebra structure

Quadric Surface Bundles over Surfaces 53

on V is an O_S -valued tensor of type t(V ) = V^∨ ⊗ V^∨ ⊗ V . If U ⊂ S is an open set, denote by (V , q, L )|_U = (V |_U , q|_U , L |_U ) the restricted tensor over U. If D ⊂ S is a closed subscheme, let O_{S,D} denote the semilocal ring at the generic points of D and (V , q, L )|_D = (V , q, L ) ⊗_{OS} O_{S,D} the associated tensor over O_{S,D}. If S is integral and K its function field, we write (V , q, L )|_K for the stalk at the generic point.

A similarity between line bundle-valued tensors (V , q, L ) and (V^′, q^′, L^′) consists of a pair (φ, λ) where φ : V ∼= V^′ and λ : L ∼= L^′ are O_S -module isomorphisms such that t(φ) ⊗ λ : t(V ) ⊗ L ∼= t(V^′) ⊗ L^′ takes q to q^′. A similarity is an isomorphism if L = L^′ and λ = id.

Proposition 4.2. Let S be an integral scheme, K its function field, U ⊂ S a dense open subscheme, and D ⊂ S ∖ U a closed subscheme of codimension 1. Let (V^U , q^U , L^U ) be a tensor over U, (V^D , q^D, L^D) a tensor over O_{S,D}, and (φ, λ) : (V^U , q^U , L^U )|_K ≃ (V^D, q^D, L^D)|_K a similarity of tensors over K. Then there exists a dense open set U^′ ⊂ S containing U and the generic points of D and a tensor (V^{U ′} , q^{U ′} , L^{U ′} ) over U^′ together with similarities (V^U , q^U , L^U ) ∼= (V^{U ′} , q^{U ′} , L^{U ′} )|_U and (V^D, q^D, L^D ) ∼= (V^{U ′} , q^{U ′} , L^{U ′} )|_D. A corresponding statement holds for isomorphisms of tensors.

Proof. By induction on the number of irreducible components of D, gluing over one at a time, we can assume that D is irreducible. Choose an extension (V^V , q^V , L^V ) of (V^D, q^D, L^D ) to some open neighborhood V of D in S. Since (V^V , q^V , L^V )|_K ≃ (V^U , q^U , L^U )|_K , there exists an open subscheme W ⊂ U ∩ V over which (V^V , q^V , L^V )|_W ≃ (V^U , q^U , L^U )|_W . By Lemma 4.1, there exists an open neighborhood V^′ ⊂ S of D such that V^′ ∩ U ⊂ W . We can glue (V^U , q^U , L^U ) and (V^{V ′} , q^{V ′} , L^{V ′} ) over U ∩V^′ to get a tensor (V^{U ′} , q^{U ′} , L^{U ′} ) over U^′ extending (V^U , q^U , L^U ), where U^′ = U ∪ V^′. But U^′ contains the generic points of D and we are done.

For an open subscheme U ⊂ S, a closed subscheme D ⊂ S ∖ U of codimension 1, a similarity gluing datum (resp. gluing datum) is a triple ((V^U , q^U , L^U ), (V^D , q^D, L^D), φ) consisting of a tensor over U, a tensor over O_{S,D}, and a similarity (resp. an isomorphism) of tensors (φ, λ) : (V^U , q^U , L^U )|_K ≃ (V^D, q^D, L^D)|_K over K. There is an evident notion of isomorphism between two (similarity) gluing data. Two isomorphic gluing data yield, by Proposition 4.2, tensors (V^{U ′} , q^{U ′} , L^{U ′} ) and (V^{U ′′} , q^{U ′′} , L^{U ′′} ) over open dense subsets U^′, U^{′′} ⊂ S containing U and the generic points of D such that there is an open dense refinement U^{′′′} ⊂ U^′ ∩ U^{′′} over which we have (V^{U ′} , q^{U ′} , L^{U ′} )|_U ′′′ ≃ (V^{U ′′} , q^{U ′′} , L^{U ′′} )|_U ′′′ .

Together with results of [19], we get a well-known result—purity for division algebras over surfaces—which we state in a precise way, due to Ojanguren, that is conducive to our usage. If K is the function field of a regular scheme S, we say that β ∈ Br(K) is unramified (along S) if it is contained in the image of the injection Br(O_{S,x}) → Br(K) for all codimension 1 points x of S.

54 Auel, Parimala, and Suresh

Theorem 4.3. Let S be a regular integral scheme of dimension ≤ 2, K its function field, D ⊂ S a closed subscheme of codimension 1, and U = S ∖ D.

a) If A^U is an Azumaya O_U -algebra such that A^U |_K is unramified along D then there exists an Azumaya O_S -algebra A such that A |_U ∼= A^U .

b) If a central simple K-algebra A has Brauer class unramified over S, then there exists an Azumaya O_S -algebra A such that A |_K ∼= A.

Proof. For a), since A^U |_K is unramified along D, there exists an Azumaya O_{S,D}-algebra B^D with B^D |_K Brauer equivalent to A.

We argue that we can choose B^D such that B^D |_K = A. Indeed, writing B^D |_K = M_m(Δ) for a division K-algebra Δ and choosing a maximal O_{S,D}- order D^D of Δ, then M_m(D^D ) is a maximal order of B^D |_K . Any two maximal orders are isomorphic by [7, Prop. 3.5], hence M_m(D^D ) ∼= B^D . In particular, D^D is an Azumaya O_{S,D}-algebra. Finally writing A = M_n(Δ), then M_n(D^D ) is an Azumaya O_{S,D}-algebra and is our new choice for B^D . Applying Proposition 4.2 to A^U and B^D , we get an Azumaya O_U ′ -algebra A^{U ′} extending A^U , where U^′ contains all points of S of codimension 1. Finally, by [19, Thm. 6.13] applied to the group PGL_n (where n is the degree of A), A^{U ′} extends to an Azumaya O_S -algebra A such that A |_U = A^U . For b), the K-algebra A extends, over some open subscheme U ⊂ S, to an Azumaya O_U -algebra A^U . If U contains all codimension 1 points, then we apply [19, Thm. 6.13] as above. Otherwise, D = S ∖ U has codimension 1 and we apply part (1).

Finally, we note that isomorphic Azumaya algebra gluing data on a regular integral scheme S of dimension ≤ 2 yield, by [19, Thm. 6.13], isomorphic Azumaya algebras on S.

5 The norm form N_{T /S} for ramified covers

Let S be a regular integral scheme, D ⊂ S a regular divisor, and f : T → S a ramified cover of degree 2 branched along D. Then T is a regular integral scheme. Let L/K be the corresponding quadratic extension of function fields. Let U = S ∖ D, and for E = f^{−1}(D), let V = T ∖ E. Then f|_V : V → U is étale of degree 2. Let ι be the nontrivial Galois automorphism of T/S. The following lemma is not strictly used in our construction but we need it for the applications in §6.

Lemma 5.1. Let S be a regular integral scheme and f : T → S a finite flat cover of prime degree ℓ with regular branch divisor D ⊂ S on which ℓ is invertible. Let L/K be the corresponding extension of function fields. Let d be a positive integer invertible on D.

a) The corestriction map N_{L/K} : Br(L) → Br(K) restricts to a well-defined map N_{T /S} :_dBr(T ) →_dBr(S).

Quadric Surface Bundles over Surfaces 55

b) If S has dimension ≤ 2 and B is an Azumaya O_T -algebra of degree d representing β ∈ Br(T ) then there exists an Azumaya O_S -algebra of degree d^ℓ representing N_{T /S} (β) whose restriction to U coincides with the classical étale norm algebra N_{V /U} B|_V .

Proof. The hypotheses imply that T is regular integral and so by [6], we can consider Br(S) ⊂ Br(K) and Br(T ) ⊂ Br(L). Let B be an Azumaya O_T - algebra of degree d representing β ∈ Br(T ). As V/U is étale of degree ℓ, the classical norm algebra N_{V /U} (B|_V ) is an Azumaya O_U -algebra of degree d^ℓ representing the class of N_{L/K} (β) ∈ Br(K). In particular, N_{L/K} (β) is unramified at every point (of codimension 1) in U. As D is regular, it is a disjoint union of irreducible divisors and let D^′ be one such irreducible component. If E^′ = f^∗D^′, then O_{T,E}′ is totally ramified over O_{S,D}′ (since it is ramified of prime degree). In particular, E^′ ⊂ T is an irreducible component of E = f^∗D. The commutative diagram

dBr(O_{T,E}′ )

�

�_dBr(L)

N_{L/K} �

∂ � H 1(κ(E′), Z/dZ)

dBr(O_{S,D}′ ) �_dBr(K)^∂ � H^1(κ(D^′), Z/dZ)

of residue homomorphisms implies, since β is unramified along E^′, that N_{L/K} (β) is unramified along D^′. Thus N_{L/K} (β) is an unramified class in Br(K), hence is contained in Br(S) by purity for the Brauer group (cf. [33, Cor. 1.10]). This proves part a.

By Theorem 4.3, N_{V /U} (B|_V ) extends (since by part a, it is unramified along D) to an Azumaya O_S -algebra of degree d^ℓ, whose generic fiber is N_{L/K} (β). This proves part b.

Remark 5.2. Following Deligne [2, Exp. XVII 6.3.13], for any finite flat morphism f : T → S, there exists a natural trace morphism Tr_f : f_∗G_m → G_m of sheaves of abelian groups on X. Taking flat (fppf) cohomology, we arrive at a homomorphism H^2(Tr_f ) : H^2(T, G_m) → H^2(S, G_m). If we assume that the Brauer group and cohomological Brauer group of S coincide (e.g., S has an ample invertible sheaf [22] or is regular of dimension ≤ 2 [33, Cor. 2.2]), then we can refine this to a map Br(T ) → Br(S). This map can be seen to coincide with the one constructed in Lemma 5.1, under the different set of hypotheses imposed there. We do not know how these norm constructions coincide with that defined by Ferrand [29].

Suppose that S has dimension ≤ 2. We are interested in finding a good extension of N_{V /U} (B|_V ) to S. We note that if B has an involution of the first kind τ, then the corestriction involution N_{V /U} (τ|_V ), given by the restriction of ι_∗τ|_V ⊗ τ|_V to N_{V /U} (A |_V ), is of orthogonal type. If N_{V /U} (B|_V ) ∼= End(E^U ) is split, then N_{V /U} (τ|_V ) is adjoint to a regular line bundle-valued quadratic

56 Auel, Parimala, and Suresh

form (E^U , q^U , L^U ) on U unique up to projective similarity. The main result of this section is that this extends to a line bundle-valued quadratic form (E , q, L ) on S with simple degeneration along a regular divisor D satisfying C_0(E , q, L ) ∼= B.

Theorem 5.3. Let S be a regular integral scheme of dimension ≤ 2 with 2 invertible and f : T → S a finite flat cover of degree 2 with regular branch divisor D. Let B be an Azumaya quaternion O_T -algebra with standard involution τ. Suppose that N_{V /U} (B|_V ) is split and N_{V /U} (τ|_V ) is adjoint to a regular line bundle-valued quadratic form (E^U , q^U , L^U ) on U. There exists a line bundle-valued quadratic form (E , q, L ) on S with simple degeneration along D with multiplicity one, which restricts to (E^U , q^U , L^U ) on U and such that C_0(E , q, L ) ∼= B.

First we need the following lemma. Let S be a normal integral scheme, K its function field, D ⊂ S a regular divisor, and O_{S,D} the the semilocal ring at the generic points of D.

Lemma 5.4. Let S be a normal integral scheme with 2 invertible, T → S a finite flat cover of degree 2 with regular branch divisor D ⊂ S, and L/K the corresponding extension of function fields. Under the restriction map H^1_{ét}(U, Z/2Z) → H^1_{ét}(K, Z/2Z) = K^×/K^{×2}, the class of the étale quadratic extension [V/U] maps to a square class represented by a parameter π ∈ K^× of the semilocal ring O_{S,D}.

Proof. Consider any π ∈ K^× with L = K( √ π). For any irreducible component D^′ of D, if v_D′ (π) is even, then we can modify π up to squares in K so that v_D′ (π) = 0. But then T/S would be étale at the generic point of D^′, which is impossible. Hence, v_D′ (π) is odd for every irreducible component D^′ of D. Since O_{S,D} is a principal ideal domain, we can modify π up to squares in K so that v_D′ (π) = 1 for every component D^′ of D. Under the restriction map H^1_{ét}(U, Z/2Z) → H^1_{ét}(K, Z/2Z) = K^×/K^{×2}, the class [V/U] is mapped to the class [L/K], which corresponds via Kummer theory to the square class (π).

Proof of Theorem 5.3. If D = ∪D_i is the irreducible decomposition of D and π_i is a parameter of O_{S,Di} , then π = � i π_i is a parameter of O_{S,D}. Choose a regular quadratic form (E^U , q^U , L^U ) on U adjoint to N_{V /S} (σ|_V ). Since O_{S,D} is a principal ideal domain, modifying by squares over K, the form q^U |_K has a diagonalization < a_1, a_2, a_3, a_4 >, where a_i ∈ O_{S,D} are squarefree. By Lemma 5.4, we can choose π ∈ K^× so that [V/U] ∈ H^1_{ét}(U, Z/2Z) maps to the square class (π). By Theorem 2.5, the class [V/U] maps to the discriminant of q^U |_K . Since O_{S,D} is a principal ideal domain, a_1 · · · a_4 = μ^2π, for some μ ∈ O_{S,D}. If π_i divides μ, then π_i divides exactly 3 of a_1, a_2, a_3, a_4, so that clearing squares from the entries of μ < a_1, a_2, a_3, a_4 > yields a form < a^′_1, a^′_2, a^′_3, a^′_4 > over O_{S,D} with simple degeneration along D, which over K, is isometric to μq^U |_K . Define

(E^D, q^D, L^D) = (O^4_{S,D}, <a^′_1, a^′_2, a^′_3, a^′_4 >, O_{S,D}).

Quadric Surface Bundles over Surfaces 57

By definition, the identity map is a similarity q^U |_K ≃ q^D|_K with similarity factor μ (up to K^{×2}). Our aim is to find a good similarity enabling a gluing to a quadratic form over S with simple degeneration along D and the correct even Clifford algebra.

First note that by the classical theory of^2A_1 = D_2 over V/U (cf. Theorem 2.5), we can choose an O_V -algebra isomorphism φ^U : C_0(E^U , q^U , L^U ) → B|_V . Second, we can pick an O_{T,E} -algebra isomorphism φ^D : C_0(q^D ) → B|_E , where E = f^{−1}D. Indeed, by the classical theory of^2A_1 = D_2 over L/K (cf. Theorem 2.5), the central simple algebras C_0(q^D)|_L and B|_L are isomorphic over L, hence they are isomorphic over the semilocal principal ideal domain O_{T,E} . Now consider the L-isomorphism φ^L = (φ^U |_L)^{−1} ∘ φ^D|_L : C_0(q^D )|_L → C_0(q^U )|_L. Again by the classical theory of^2A_1 = D_2 over L/K (cf. Theorem 2.5), this is induced by a similarity ψ^K : q^D|_K → q^U |_K , unique up to multiplication by scalars. By Proposition 4.2, the quadratic forms (E^U , q^U , L^U ) and (E^D, q^D, L^D) glue, via the similarity ψ^K , to a quadratic form (E^{U ′} , q^{U ′} , L^{U ′} ) on a dense open subscheme U^′ ⊂ S containing U and the generic points of D, hence all points of codimension 1. By [19, Prop. 2.3], the quadratic form (E^{U ′} , q^{U ′} , L^{U ′} ) extends uniquely to a quadratic form (E , q, L ) on S since the underlying vector bundle E^{U ′} extends to a vector bundle E on S (because S is a regular integral schemes of dimension ≤ 2). By Corollary 3.13, this extension has simple degeneration along D.

Finally, we argue that C_0(q) ∼= B. We know that q|_U = q^U and q|_D = q^D and we have algebra isomorphisms φ^U : C_0(q)|_U ∼= B|_U and φ^D : C_0(q)|_D ∼= B|_D such that φ^L = (φ^U |_L)^{−1} ∘ φ^D|_L. Hence the gluing data (C_0(q)|_U , C_0(q)|_D , φ^L) is isomorphic to the gluing data (B|_U , B|_D , id). Thus C_0(q) and B are isomorphic over an open subset U^′ ⊂ S containing all codimension 1 points of S. Hence by [19, Thm. 6.13], these Azumaya algebras are isomorphic over S.

Finally, we can prove our main result.

Proof of Theorem 1. Theorem 5.3 implies that C_0 : Quad_2(T/S) → Az_2(T/S) is surjective. To prove the injectivity, let (E_1, q_1, L_1) and (E_2, q_2, L_2) be line bundle-valued quadratic forms of rank 4 on S with simple degeneration along D of multiplicity one such that there is an O_T -algebra isomorphism φ : C_0(q_1) ∼= C_0(q_2). By the classical theory of^2A_1 = D_2 over V/U (cf. Theorem 2.5), we know that φ|_U : C_0(q_1)|_U ∼= C_0(q_2)|_U is induced by a similarity transformation ψ^U : q_1|_U ≃ q_2|_U ⊗ N^U , for some line bundle N^U on U, which we can assume is the restriction of a line bundle N on S. Replacing (E_2, q_2, L_2) by (E_2 ⊗ N , q_2⊗ < 1 >, L ⊗ N^{⊗2}), which is in the same projective similarity class, we can assume that ψ^U : q_1|_U ≃ q_2|_U . In particular, L_1|_U ∼= L_2|_U so that we have L_1 ∼= L_2 ⊗M for some M |_U ∼= O_U by the exact excision sequence

A^0(D) → Pic(S) → Pic(U) → 0

of Picard groups (really Weil divisor class groups), cf. [32, Cor. 21.6.10], [30, 1 Prop. 1.8].

58 Auel, Parimala, and Suresh

By Theorem 3.11, we know that φ|_D : C_0(q_1)|_E ∼= C_0(q_2)|_E is induced by some similarity transformation ψ^D : q_1|_D ≃ q_2|_D. Thus ψ^K = (ψ^D |_K )^{−1} ∘ ψ^U |_K ∈ GO(q_1|_K ). Since C_0(ψ^U |_K ) = C_0(ψ^D|_K ) = φ|_K , we have that ψ^K ∈ GO(q_1|_K ) is a homothety, multiplication by λ ∈ K^×. As in §4, define a line bundle P on S by the gluing datum (O_U , O_D, λ^{−1} : O_U |_K ∼= O_D |_K ). Then P comes equipped with isomorphisms ρ^U : O_U ∼= P|_U and ρ^D : O_D ∼= P|_D with (ρ^D |_K )^{−1} ∘ρ^U |_K = λ^{−1}. Then we have similarities ψ^U ⊗ρ^U : q_1|_U ≃ q_2|_D ⊗P|_U and ψ^D ⊗ ρ^D : q_1|_D ≃ q_2|_D ⊗ P|_D such that

(ψ^D ⊗ ρ^D)|^{−1}_K ∘ (ψ^U ⊗ ρ^U )|_K = (ψ^D |^{−1}_K ψ^U |_K )(ρ^D |^{−1}_K ρ^U |_K ) = ψ^K λ^{−1} = id

in GO(q_1|_K ). Hence, as in §4, ψ^U ⊗ ρ^U and ψ^D ⊗ ρ^D glue to a similarity (E_1, q_1, L_1) ≃ (E_2 ⊗ P, q_2⊗ < 1 >, L_2 ⊗ P^{⊗2}). Thus (E_1, q_1, L_1) and (E_2, q_2, L_2) define the same element of Quad_2(T/S).

6 Failure of the local-global principle for isotropy of quadratic forms over surfaces

In this section, we mention one application of the theory of quadratic forms with simple degeneration over surfaces. Let S be a regular proper integral scheme of dimension d over an algebraically closed field k of characteristic ≠ 2. For a point x of X, denote by K_x the fraction field of the completion ^O_{S,x} of O_{S,x} at its maximal ideal.

Lemma 6.1. Let S be a regular integral scheme of dimension d over an algebraically closed field k of characteristic ≠ 2 and let D ⊂ S be a divisor. Fix i > 0. If (E , q, L ) is a quadratic form of rank > 2^{d−i} + 1 over S with simple degeneration along D then q is isotropic over K_x for all points x of S of codimension ≥ i.

Proof. The residue field κ(x) of K_x has transcendence degree ≤ d − i over k and is hence a C_{d−i}-field. By hypothesis, q has, over K_x, a subform q_1 of rank > 2^{d−i} that is regular over ^O_{S,x}. Hence q_1 is isotropic over κ(x), thus q is isotropic over the complete field K_x.

As usual, denote by K = k(S) the function field. We say that a quadratic form q over K is locally isotropic if q is isotropic over K_x for all points x of codimension one.

Corollary 6.2. Let S be a proper regular integral surface over an algebraically closed field k of characteristic ≠ 2 and let D ⊂ S be a regular divisor. If (E , q, L ) is a quadratic form of rank ≥ 4 over S with simple degeneration along D then q over K is locally isotropic.

For a different proof of this corollary, see [49, §3]. However, quadratic forms with simple degeneration are mostly anisotropic.

Quadric Surface Bundles over Surfaces 59

Theorem 6.3. Let S be a proper regular integral surface over an algebraically closed field k of characteristic ≠ 2. Assume that_2Br(S) trivial. Let T → S be a finite flat morphism of degree 2 with regular branch divisor D ⊂ S. Then each nontrivial class in_2Br(T ) gives rise to a locally isotropic, yet anisotropic, quadratic form over k(S), unique up to similarity.

Proof. Let L = k(T ) and K = k(S). Let β ∈_2Br(T ) be nontrivial. By a result of Artin [1], the class β|_L ∈_2Br(L) has index 2. Thus by purity for division algebras over regular surfaces (Theorem 4.3), there exists an Azumaya quaternion algebra B over T whose Brauer class is β. Since N_{L/K} (β|_L) is unramified on S, by Lemma 5.1, it extends to an element of_2Br(S), which is assumed to be trivial. Hence B ∈ Az_2(T/S).

By the classical theory of^2A_1 = D_2 over L/K (cf. Theorem 2.5), the quaternion algebra B|_L corresponds to a unique similarity class of quadratic form q^K of rank 4 on K. The crucial contribution of our work is that we can control the degeneration divisor of an extension of q^K to a quadratic form on S. Indeed, by Theorem 1, B corresponds to a unique projective similarity class of quadratic form (E , q, L ) of rank 4 with simple degeneration along D that is generically similar, by the compatibility of the norm constructions in Theorems 2.5 and 5.3, to q^K . Thus by Corollary 6.2, q^K is locally isotropic.

A classical result in the theory of quadratic forms of rank 4 is that q^K is isotropic over K if and only if C_0(q^K ) splits over L (since L/K is the discriminant extension of q^K ), see [42, Thm. 6.3], [55, 2 Thm. 14.1, Lemma 14.2], or [8, II Prop. 5.3]. Hence q^K is anisotropic since C_0(q^K ) = B_L has nontrivial Brauer class β by construction.

We can make Theorem 6.3 explicit as follows. Write L = K( √ d). Let B be an Azumaya quaternion algebra over T , with B_L given by the quaternion symbol (a, b) over L. Since N_{L/K} (B_L) is trivial, the restriction-corestriction sequence shows that B|_L is the restriction of a class from_2Br(K), so we can choose a, b ∈ K^×. The corresponding quadratic form over K (from Theorem 1) is then given, up to similarity, by < 1, a, b, abd >. Indeed, its similarity class is uniquely characterized by having discriminant d and even Clifford invariant (a, b) over L, see [42].

In order to produce counterexamples to the local-global principle for isotropy of quadratic forms over a given surface, we need branched double covers with nontrivial 2-torsion in their Brauer group. This always exists, at least assuming characteristic zero.

Proposition 6.4. Let S be a smooth projective surface over an algebraically closed field k of characteristic zero. Then there exists a finite flat double cover T → S with smooth branch divisor D ⊂ S such that_2Br(T ) ≠ 0.

Proof. Choose a very ample line bundle N on S. By Serre’s theorem [34, II Thm. 5.17], there exists n_0 such that ω_S ⊗ N^{⊗n} is generated by global sections for all n ≥ n_0. We are free to enlarge n_0 as we wish. Write M = N^{⊗n0} .

60 Auel, Parimala, and Suresh

Let φ : S → P^N be the projective embedding associated to the very ample line bundle M^{⊗2}. Then by Bertini’s theorem, there exists a hyperplane H ⊂ P^N such that D = H ∩ S is a smooth divisor of S. As M^{⊗2} ∼= O_S (D), there exists a nonzero section s ∈ Γ(S, M^{⊗2}) with D as divisor of zeros. Then s defines an O_S -algebra structure on O_S ⊕ M^∨ and let f : T → S be the finite flat double cover associated to its relative spectrum, i.e., the cyclic double cover taking a square root of D. As D is smooth, T is a smooth projective surface. We will argue that taking the degree of the embedding φ large enough (i.e., taking n_0 large enough) will suffice.

The double cover is tame, so we have ω_T ∼= f^∗(ω_S ⊗ M ). Then

H^0(T, ω_T ) ∼= H^0(S, f_∗ω_T ) ∼= H^0(S, ω_S ) ⊕ H^0(S, ω_S ⊗ M )

is a k-vector space of positive dimension, since ω_S ⊗ M is generated by global sections. Hence h^{2,0}(T ) = dim_k H^0(T, ω_{T /k}) > 0. In general, the Hodge numbers are defined as h^{p,q} (T ) = dim_k H^q (T, Ω^p_{T /k}). From the Kummer exact sequence, we derive a short exact sequence

0 → Pic(T ) ⊗_Z Z_2 → H^2_{ét}(T, Z_2(1)) → Hom_Z(Q_2/Z_2, H^2_{ét}(T, G_m)) → 0.

As T is smooth and proper over a field, the 2-adic cohomology groups are of cofinite type, thus we get isomorphisms of 2-primary torsion subgroups

Br(T )[2^∞] ∼= H^2(T, G_m)[2^∞] ∼= (Q_2/Z_2)^{b2 (T )−ρ(T )} × G,

for some finite group G, where b_2(T ) = dim_{Z2} H^2_{ét}(T, Z_2) is the 2nd 2-adic Betti number, and ρ(T ) is the rank of the Néron–Severi group of T . By the degeneration of the Hodge–de Rham spectral sequence for smooth projective varieties in characteristic zero, the Hodge decomposition yields b_2(T ) = h^{2,0}(T ) + h^{1,1}(T ) + h^{0,2}(T ) and we note that ρ(T ) ≤ h^{1,1}(T ). Hence by construction, b_2(T ) − ρ(T ) ≥ 2h^{2,0}(T ) > 0. In particular, we have_2Br(T ) ≠ 0.

We remark that the characteristic zero hypothesis can be relaxed to the condition that the Hodge–de Rham spectral sequence degenerates at the first page, since all we used in the proof of Lemma 6.4 was the Hodge decomposition. By [24], for a smooth surface S over a perfect field of characteristic ≠ 2, it is sufficient to assume that S admits a smooth lift to the Witt vectors W_2(k) of length 2. In any case, we wonder whether it is possible to remove the characteristic zero hypothesis in general.

Corollary 6.5. Let K be a field finitely generated of transcendence degree 2 over an algebraically closed field k of characteristic zero. Then there exist anisotropic quadratic forms q of rank 4 over K such that q_v is isotropic for every rank 1 discrete valuation v on K.

Proof. By resolution of singularities and Chow’s lemma, we can find a smooth projective connected surface S over k with function field K. If_2Br(S) ≠ 0, then

Quadric Surface Bundles over Surfaces 61

as before, by purity for division algebras (Theorem 4.3) and Artin’s result [1], any nontrivial β in_2Br(S) is represented by an Azumaya quaternion algebra B over S. Then the norm form Nrd : B → O_S is locally isotropic by Tsen’s theorem (cf. Lemma 6.1) yet is globally anisotropic. Hence we can assume that_2Br(S) = 0. Appealing to Proposition 6.4, we have a finite flat morphism T → S of degree 2 with regular branch divisor such that_2Br(T ) ≠ 0. We then apply Theorem 6.3 to provide the counterexamples.

Example 6.6. Let T → P^2 be a double cover branched over a smooth sextic curve over an algebraically closed field of characteristic ≠ 2. Then T is a smooth projective K3 surface of degree 2. We remark that b_2(T ) = 22 and that ρ(T ) ≤ 20. In fact, S admits a smooth lift to the Witt vectors by [23]. In particular,_2Br(T ) ∼= (Z/2Z)^{22−ρ} ≠ 0, so that T gives rise to 2^{22−ρ} − 1 similarity classes of locally isotropic yet anisotropic quadratic forms of rank 4 over K = k(P^2). This proves that the explicit Brauer classes constructed in [37] and [5] give rise to explicit quadratic forms that are counterexamples to the local-global principle.

We remark that while counter-examples to the local-global principle for isotropy of quadratic forms over the function field of a surfaces S could have previously been constructed from unramified quaternion algebras on S (cf. [18, Prop. 11]), such an approach cannot be used, for example, over rational surfaces.

7 A Torelli theorem for general cubic fourfolds containing a plane

Let Y be a cubic fourfold, i.e., a smooth cubic hypersurface of P^5 = P(V ) over C. Let W ⊂ V be a vector subspace of dimension three, P = P(W ) ⊂ P(V ) the associated plane, and P^′ = P(V/W ). If Y contains P , let ~Y be the blow-up of Y along P and π : ~Y → P^′ the projection from P . The blow-up of P^5 along P is isomorphic to the total space of the projective bundle p : P(E ) → P^′, where E = W ⊗ O_P ′ ⊕ O_P ′ (−1), and in which π : ~Y → P^′ embeds as a quadric surface bundle. The degeneration divisor of π is a sextic curve D ⊂ P^′. It is known that D is smooth and π has simple degeneration along D if and only if Y does not contain any other plane meeting P , cf. [60, §1, Lemme 2]. In this case, the discriminant cover T → P^′ is a K3 surface of degree 2. All K3 surfaces considered will be smooth and projective.

We choose an identification P^′ = P^2 and suppose, for the rest of this section, that π : ~Y → P^′ = P^2 has simple degeneration. If Y contains another plane R disjoint from P , then R ⊂ ~Y is the image of a section of π, hence C_0(π) has trivial Brauer class over T by a classical result concerning quadratic forms of rank 4, cf. proof of Theorem 6.3. Thus if C_0(π) has nontrivial Brauer class β ∈_2Br(T ), then P is the unique plane contained in Y .

Given a scheme T with 2 invertible and an Azumaya quaternion algebra B on T , there is a standard choice of lift [B] ∈ H^2_{ét}(T, μ_2) of the Brauer class of B,

62 Auel, Parimala, and Suresh

defined in [52] by taking into account the standard symplectic involution on B. Denote by c_1 : Pic(T ) → H^2_{ét}(T, μ_2) the mod 2 cycle class map arising from the Kummer sequence.

Definition 7.1. Let T be a K3 surface of degree 2 over k together with a polarization F , i.e., an ample line bundle of self-intersection 2. For β ∈ H^2_{ét}(T, μ_2)/⟨c_1(F )⟩, we say that a cubic fourfold Y represents β if Y contains a plane whose associated quadric bundle π : ~Y → P^2 has simple degeneration and discriminant cover f : T → P^2 satisfying f^∗O_P2 (1) ∼= F and [C_0(π)] = β.

Remark 7.2. For a K3 surface T of degree 2 with a polarization F , not every class in H^2_{ét}(T, μ_2)/⟨c_1(F )⟩ is represented by a cubic fourfold, though one can characterize such classes. Consider the cup product pairing in étale cohomology H^2_{ét}(T, μ_2) × H^2_{ét}(T, μ_2) → H^4_{ét}(T, μ^{⊗2}_2 ) ∼= Z/2Z. Define

B(T, F ) = {x ∈ H^2_{ét}(T, μ_2)/⟨c_1(F )⟩ � � x ∪ c_1(F ) ≠ 0}.

Note that the natural map B(T, F ) →_2Br(T ) is injective if and only if Pic(T ) is generated by F . A consequence of the global description of the period domain for cubic fourfolds containing a plane is that for a K3 surface T of degree 2 with polarization F , the subset of H^2_{ét}(T, μ_2)/⟨c_1(F )⟩ represented by a cubic fourfolds containing a plane coincides with B(T, f) ∪ {0}, cf. [58, §9.7] and [37, Prop. 2.1].

We can now state the main result of this section. Using Theorem 1 and results on twisted sheaves described below, we provide an algebraic proof of the following result, which is due to Voisin [60] (cf. [58, §9.7] and [37, Prop. 2.1]). See [12, Prop. 6.3] for a related result.

Theorem 7.3. Let T be a general K3 surface of degree 2 with a polarization F . Then each element of B(T, F ) is represented by a single cubic fourfold containing a plane up to isomorphism.

We now explain the interest in this statement. The global Torelli theorem for cubic fourfolds states that a cubic fourfold Y is determined up to isomorphic by the polarized Hodge structure on H^4(Y, Z). Here polarization means a class h^2 ∈ H^4(Y, Z) of self-intersection 3. Voisin’s approach [60] is to deal first with cubic fourfolds containing a plane, then apply a deformation argument to handle the general case. For cubic fourfolds containing a plane, we can give an alternate argument in the general case, assuming the global Torelli theorem for K3 surfaces of degree 2, which is a celebrated result of Piatetski-Shapiro and Shafarevich [53].

Proposition 7.4. Assuming the global Torelli theorem holds for K3 surfaces of degree 2, the global Torelli theorem holds for general cubic fourfolds.

Proof. Let Y be a cubic fourfold containing a plane P with discriminant cover f : T → P^2 and even Clifford algebra C_0. Consider the cycle class of P

Quadric Surface Bundles over Surfaces 63

in H^4(Y, Z). Then F = f^∗O_P2 (1) is a polarization on T , which together with [C_0] ∈ H^2_{ét}(T, μ_2), determines the sublattice ⟨h^2, P ⟩^⊥ ⊂ H^4(Y, Z). The key lattice-theoretic result we use is [60, §1, Prop. 3], which can be stated as follows: the polarized Hodge structure H^2(T, Z) and the class [C_0] ∈ H^2_{ét}(T, μ_2) determines the Hodge structure of Y ; conversely, the polarized Hodge structure H^4(Y, Z) and the sublattice ⟨h^2, P ⟩ determines the primitive Hodge structure of T , hence T itself by the global Torelli theorem for K3 surfaces of degree 2. Furthermore, if Y (and hence T ) is general, then H^4(Y, Z) and ⟨h^2, P ⟩ determines the Brauer class [C_0] of the even Clifford algebra. Now let Y and Y^′ be cubic fourfolds containing a plane P with associated discriminant covers T and T^′ and even Clifford algebras C_0 and C^′_0. Assume that Ψ : H^4(Y, Z) ∼= H^4(Y, Z) is an isomorphism of Hodge structures preserving the polarization h^2. By [35, Prop. 3.2.4], we can assume (by composing Ψ with a Hodge automorphism fixing h^2) that Ψ preserves the sublattice ⟨h^2, P ⟩. By [60, §1, Prop. 3], Ψ induces an isomorphism T ∼= T^′, with respect to which [C_0] = [C^′_0] = β ∈ H^2_{ét}(T, μ_2) ∼= H^2_{ét}(T^′, μ_2), for T general. Hence if there is at most a single cubic fourfold representing β up to isomorphism then Y ∼= Y^′.

The following lemma, whose proof we could not find in the literature, holds for smooth cubic hypersurfaces Y ⊂ P^{2r+1}_k containing a linear subspace of dimension r over any field k. Since Aut(P^{2r+1}_k ) ∼= PGL_{2r+2}(k) acts transitively on the set of linear subspaces in P^{2r+1}_k of dimension r, any two cubic hypersurfaces containing linear subspaces of dimension r have isomorphic representatives containing a common such linear subspace.

Lemma 7.5. Let Y_1 and Y_2 be smooth cubic hypersurfaces in P^{2r+1}_k containing a linear space P of dimension r. The associated quadric bundles π_1 : ~Y_1 → P^r_k and π_2 : ~Y_2 → P^r_k are P^r_k-isomorphic if and only if the there is a linear isomorphism Y_1 ∼= Y_2 fixing P .

Proof. Any linear isomorphism Y_1 ∼= Y_2 fixing P will induce an isomorphism of blow-ups ~Y_1 ∼= ~Y_2 commuting with the projections from P . Conversely, assume that ~Y_1 and ~Y_2 are P^r_k-isomorphic. Since PGL_{2r+2}(k) acts transitively on the set of linear subspaces of dimension r, without loss of generality, we can assume that P = {x_0 = · · · = x_r = 0} where (x_0 : · · · : x_r : y_0 : · · · : y_r) are homogeneous coordinates on P^{2r+1}_k . For l = 1, 2, write Y_l as � 0≤m≤n≤r

a^l_{mn}y_my_n + � 0≤p≤r

b^l_py_p + c^l = 0

for homogeneous linear forms a^l_{mn}, quadratic forms b^l_p, and cubic forms c^l in k[x_0, . . . , x_r]. The blow-up of P^{2r+1}_k along P is identified with the total space of the projective bundle π : P(E ) → P^r_k, where E = O^{r+1}_Pr_k ⊕ O_Pr_k (−1). The homogeneous coordinates y_0, . . . , y_r correspond, in the blow-up, to a basis of global sections of O_{P(E )}(1). Let z be a nonzero global section of of line bundle

64 Auel, Parimala, and Suresh

O_{P(E )}(1) ⊗ π^∗O_Pr_k (−1). Then z is unique up to scaling, as we have

Γ(P(E ), O_{P(E )}(1) ⊗ π^∗O_Pr_k (−1)) ∼= Γ(P^r_k, π_∗O_{P(E )}(1) ⊗ O_Pr_k (−1))

= Γ(P^r_k, E^∨ ⊗ O_Pr_k (−1)) = k

by the projection formula. Thus (y_0 : · · · : y_r : z) forms a relative system of homogeneous coordinates on P(E ) over P^r_k. Then ~Y_l can be identified with the subscheme of P(E ) defined by the global section

q_l(y_0, . . . , y_r, z) = � 0≤m≤n≤r

a^l_{mn}y_my_n + � 0≤p≤r

b^l_py_pz + c^lz^2 = 0

of O_{P(E )}(2) ⊗ π^∗O_Pr_k (1). Under these identifications, π_l : ~Y_l → P^r_k can be identified with the restriction of π to ~Y_l, hence with the quadric bundle associated to the line bundle-valued quadratic form (E , q_l, O_Pr_k (1)). Since Y_l and P are smooth, so is ~Y_l. Thus π_l : ~Y_l → P^r_k is flat, being a morphism from a Cohen– Macaulay scheme to a regular scheme. Thus by Propositions 1.1 and 1.6, the P^r_k-isomorphism ~Y_1 ∼= ~Y_2 induces a projective similarity ψ between q_1 and q_2. But as E ⊗ N ∼= E implies N is trivial in Pic(P^r_k), we have that ψ : q_1 ≃ q_2 is, in fact, a similarity. In particular, ψ ∈ GL(E )(P^r_k ), hence consists of a block matrix of the form � H v 0 u �

where H ∈ GL(O^{r+1}_Pr_k )(P^r_k) = GL_{r+1}(k) is a constant invertible matrix and u ∈ GL(O_Pr_k (−1))(P^r_k) = G_m(P^r_k) = k^× is an invertible constant element, while v ∈ Hom_{OPrk} (O_Pr_k (−1), O^{r+1}_Pr_k ) = Γ(P^r_k, O_Pr_k (1))^{⊕(r+1)} consists of a vector of linear forms in k[x_0, . . . , x_r]. Let v = G·(x_0, . . . , x_r )^t for a matrix G ∈ M_{r+1}(k). Then writing H = (h_{ij} ) and G = (g_{ij} ), we have that ψ acts as

x_i → x_i, y_i → � 0≤j≤r

(h_{ij} y_j + g_{ij} x_j z), z → uz

and satisfies q_2(ψ(y_0), . . . , ψ(y_r), ψ(z)) = λq_1(y_0, . . . , y_r, z) for some λ ∈ k^×. Considering the matrix J ∈ M_{2r+2}(k) with (r + 1) × (r + 1) blocks J = � uI 0 G H �

as a linear automorphism of P^{2r+1}_k , then J acts on (x_0 : · · · : x_r : y_0 : · · · : y_r) as x_i → ux_i, y_i → � 0≤j≤r

(h_{ij} y_j + g_{ij} x_j ),

and hence satisfies q_2(J(y_0), . . . , J(y_r), 1) = uλq_1(y_0, . . . , y_r, 1) due to the homogeneity properties of x_i and z. Thus J is a linear automorphism taking Y_1 to Y_2 and fixes P .

Quadric Surface Bundles over Surfaces 65

Let T be a K3 surface. We shall freely use the notions of β-twisted sheaves, B-fields associated to β, the β-twisted Chern character, and β-twisted Mukai vectors from [38]. For a Brauer class β ∈_2Br(T ) we choose the rational B-field β/2 ∈ H^2(T, Q). The β-twisted Mukai vector of a β-twisted sheaf V is

v^B (V ) = ch^B (V ) � Td_T = � rk V , c^B_1 (V ), rk V + 1 2 c^B_1 (V ) − c^B_2 (V ) � ∈ H^∗(T, Q)

where H^∗(T, Q) =

�_2 i=0 H^{2i}(T, Q). As in [47], one introduces the Mukai pair- ing (v, w) = v_2 ∪ w_2 − v_0 ∪ w_4 − v_4 ∪ w_0 ∈ H^4(T, Q) ∼= Q

for Mukai vectors v = (v_0, v_2, v_4) and w = (w_0, w_2, w_4).

By [63, Thm. 3.16], the moduli space of stable β-twisted sheaves V with Mukai vector v = v^B (V ) satisfying (v, v) = 2n is isomorphic to the Hilbert scheme Hilb^{n+1}_T . In particular, when (v, v) = −2, this moduli space consists of one point; we give a direct proof of this fact inspired by [47, Cor. 3.6].

Lemma 7.6. Let T be a K3 surface and β ∈_2Br(T ) with chosen B-field. Let v ∈ H^∗(T, Q) with (v, v) = −2. If V and V^′ are stable β-twisted sheaves with v^B (V ) = v^B (V^′) = v then V ∼= V^′.

Proof. Assume that β-twisted sheaves V and V^′ have the same Mukai vector v ∈ H^2(T, Q). Since −2 = (v, v) = χ(V , V ) = χ(V , V^′), a Riemann–Roch calculation shows that either Hom(V , V^′) ≠ 0 or Hom(V , V^′) ≠ 0. Without loss of generality, assume Hom(V , V^′) ≠ 0. Since V is stable, a nonzero map V → V^′ must be injective. Since V^′ is stable, the map is an isomorphism.

Lemma 7.7. Let T be a K3 surface of degree 2 and β ∈_2Br(T ) with chosen Bfield. Let Y be a smooth cubic fourfold containing a plane whose even Clifford algebra C_0 represents β ∈_2Br(T ). If V_0 is a β-twisted sheaf associated to C_0 then (v^B (V_0), v^B (V_0)) = −2. Furthermore, if T is general then V_0 is stable.

Proof. By the β-twisted Riemann–Roch theorem, we have

−(v^B (V_0), v^B (V_0)) = χ(V_0, V_0) = 2� i=0 Ext^i_T (V_0, V_0).

Then v^B (V_0) = 2 results from the fact that V_0 is a spherical object, i.e., Ext^i_T (V_0, V_0) = C for i = 0, 2 and Ext^1(V_0, V_0) = 0. Indeed, as in [45, Rem. 2.1], we have Ext^i_T (V_0, V_0) = H^i(P^2, C_0), which can be calculated directly using the fact that, as O_P2 -algebras,

C_0 ∼= O_P2 ⊕ O_P2 (−3) ⊕ O_P2 (−1)^3 ⊕ O_P2 (−2)^3 (10)

If T is general, stability follows from [47, Prop. 3.14], cf. [63, Prop. 3.12].

66 Auel, Parimala, and Suresh

Lemma 7.8. Let T be a K3 surface of degree 2. Let Y and Y^′ be smooth cubic fourfolds containing a plane whose respective even Clifford algebras C_0 and C^′_0 represent the same β ∈_2Br(T ). If T is general then C_0 ∼= C^′_0.

Proof. Let V_0 and V^′_0 be β-twisted sheaves associated to C_0 and C_0, respectively. A consequence of [45, Lemma 3.1] and (10) is that v = v^B (V_0) = v^B (V^′_0 ⊗ N ) for some line bundle N on T . Replacing V^′_0 by V^′_0 ⊗ N^∨, we can assume that v^B (V_0) = v^B (V^′_0 ). By Lemma 7.7, we have (v, v) = −2 and that V_0 and V^′_0 are stable. Hence by Lemma 7.6, we have V_0 ∼= V^′_0 as β-twisted sheaves, hence C_0 ∼= End(V_0) ∼= End(V^′_0 ) ∼= C^′_0.

Proof of Theorem 7.3. Suppose that Y and Y^′ are smooth cubic fourfolds containing a plane whose associated even Clifford algebras C_0 and C^′_0 represent the same class β ∈ B(T, F ) ⊂ H^2_{ét}(T, μ_2)/⟨c_1(F )⟩ ∼=_2Br(T ). By Lemma 7.8, we have C_0 ∼= C^′_0. By Theorem 1, the quadric surface bundles π : ~Y → P^2 and π^′ : ~Y^′ → P^2 are P^2-isomorphic. Finally, by Lemma 7.5, we have Y ∼= Y^′.

References

[1] M. Artin, Brauer-Severi varieties, Brauer groups in ring theory and algebraic geometry (Wilrijk, 1981), Lecture Notes in Math., vol. 917, Springer, Berlin, 1982, pp. 194–210.

[2] Séminaire de Géométrie Algébrique du Bois-Marie, 1963–1964, Théorie des topos et cohomologie étale des schémas (SGA 4), dirigé par M. Artin, A. Grothendieck, J.-L. Verdier, Lecture Notes in Mathematics, Vol. 269, 270, 305, Springer-Verlag, Berlin, 1972–1973.

[3] A. Auel, Clifford invariants of line bundle-valued quadratic forms, MPIM series 33, 2011.

[4] A. Auel, M. Bernardara, and M. Bolognesi, Fibrations in complete intersections of quadrics, Clifford algebras, derived categories, and rationality problems, J. Math. Pures Appl. 102 (2014), 249–291.

[5] A. Auel, M. Bernardara, M. Bolognesi, and A. Várilly-Alvarado, Rational cubic fourfolds containing a plane with nontrivial Clifford invariant, Compositio Algebraic Geometry 2 (2014), 181–193.

[6] M. Auslander and O. Goldman, The Brauer group of a commutative ring, Trans. Amer. Math. Soc. 97 (1960), 367–409.

[7] , Maximal orders, Trans. Amer. Math. Soc. 97 (1960), 1–24.

[8] R. Baeza, Quadratic forms over semilocal rings, Lecture Notes in Mathematics, Vol. 655, Springer-Verlag, Berlin, 1978.

[9] V. Balaji, Line-bundle valued ternary quadratic forms over schemes, J.

Pure Appl. Algebra 208 (2007), 237–259.

Quadric Surface Bundles over Surfaces 67

[10] P. Balmer and B. Calmès, Bases of total Witt groups and lax-similitude, J. Algebra Appl. 11, no. 3 (2012), 24 pages.

[11] A. Beauville, Variétés de Prym et jacobiennes intermédiaires, Ann. Scient.

ENS 10 (1977), 309–391.

[12] M. Bernardara, E. Macrì, S. Mehrotra, and P. Stellari, A categorical invariant for cubic threefolds, Adv. Math. 229 (2012), 770–803.

[13] M. Bhargava, Higher composition laws and applications, International Congress of Mathematicians. Vol. II, Eur. Math. Soc., Zürich, 2006, pp. 271–294.

[14] W. Bichsel, Quadratische Räume mit Werten in invertierbaren Moduln, Ph.D. thesis, ETH Zürich, 1985.

[15] W. Bichsel and M.-A. Knus, Quadratic forms with values in line bundles, Contemp. Math. 155 (1994), 293–306.

[16] S. Caenepeel and F. van Oystaeyen, Quadratic forms with values in invertible modules, K-Theory 7 (1993), 23–40.

[17] J.-L. Colliot-Thélène, Formes quadratiques sur les anneaux semi-locaux réguliers, Bull. Soc. Math. France Mém. (1979), no. 59, 13–31, Colloque sur les Formes Quadratiques, 2 (Montpellier, 1977).

[18] , Exposant et indice d’algèbres simples centrales non ramifiées, Enseign. Math. (2) 48 (2002), 127–146.

[19] J.-L. Colliot-Thélène and J.-J. Sansuc, Fibrés quadratiques et composantes connexes réelles, Math. Ann. 244 (1979), no. 2, 105–134.

[20] J.-L. Colliot-Thélène and A. N. Skorobogatov, Groupe de Chow des zérocycles sur les fibrés en quadriques, K-Theory 7 (1993), no. 5, 477–500.

[21] B. Conrad, O. Gabber, and G. Prasad, Pseudo-reductive groups, New Mathematical Monographs, vol. 17, Cambridge University Press, Cambridge, 2010.

[22] A. J. de Jong, A result of Gabber, preprint, 2003.

[23] P. Deligne, Relèvement des surfaces K3 en caractéristique nulle, Algebraic surfaces (Orsay, 1976–78), Lecture Notes in Math. 868, pp. 58–79, 1981, Springer, Berlin.

[24] P. Deligne and L. Illusie, Relèvements modulo p^2 et décomposition du complexe de de Rham, Invent. Math. 89 (1987), no. 2, 247–270.

[25] B. N. Delone and D. K. Faddeev, The theory of irrationalities of the third degree, Translations of Mathematical Monographs, Vol. 10, American Mathematical Society, Providence, R.I., 1964.

68 Auel, Parimala, and Suresh

[26] M. Demazure and P. Gabriel, Groupes algébriques. Tome I: Géométrie algébrique, généralités, groupes commutatifs. Avec un appendice, Corps de classes local, par Michiel Hazewinkel, Masson & Cie, Éditeur, Paris; North-Holland Publishing Company, Amsterdam, 1970.

[27] M. Eichler, Quadratische Formen und orthogonale Gruppen, Die Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen mit besonderer Berücksichtigung der Anwendungsgebiete. Band LXIII, Springer-Verlag, Berlin, 1952.

[28] R. Elman, N. Karpenko, and A. Merkurjev, The algebraic and geometric theory of quadratic forms, American Mathematical Society Colloquium Publications, vol. 56, American Mathematical Society, Providence, RI, 2008.

[29] D. Ferrand, Un foncteur norme, Bull. Soc. math. France, 126 (1998), 1–49.

[30] W. Fulton, Intersection theory, Ergebnisse der Mathematik und ihrer Grenzgebiete (3), vol. 2, Springer-Verlag, Berlin, 1984.

[31] B. H. Gross and M. W. Lucianovic, On cubic rings and quaternion rings, J. Number Theory 129 (2009), no. 6, 1468–1478.

[32] A. Grothendieck, Éléments de géométrie algébrique. IV. Étude locale des schémas et des morphismes de schémas. I, II, III, IV, Inst. Hautes Études Sci. Publ. Math. (1964, 1965, 1966, 1967), no. 20, 24, 28, 32.

[33] , Le groupe de Brauer. II. Théorie cohomologique, Dix Exposés sur la Cohomologie des Schémas, North-Holland, Amsterdam, 1968, pp. 67– 87. [34] R. Hartshorne, Algebraic geometry, Graduate Texts Math., vol. 52, Springer-Verlag, New York, 1977.

[35] B. Hassett, Special cubic fourfolds, Compositio Math. 120 (2000), no. 1, 1–23.

[36] B. Hassett and Y. Tschinkel, Spaces of sections of quadric surface fibrations over curves, Compact Moduli and Vector Bundles (University of Georgia 2010), V. Alexeev et al. eds., Contemporary Mathematics 564 (2012), 227–249.

[37] B. Hassett, A. Várilly-Alvarado, and P. Varilly, Transcendental obstructions to weak approximation on general K3 surfaces, Adv. Math. 228 (2011), no. 3, 1377–1404.

[38] D. Huybrechts and P. Stellari, Equivalences of twisted K3 surfaces, Math.

Ann. 332 (2005), no. 4, 901–936.

Quadric Surface Bundles over Surfaces 69

[39] M. M. Kapranov, On the derived categories of coherent sheaves on some homogeneous spaces, Invent. Math. 92 (1988), 479–508.

[40] M.-A. Knus, Quadratic and hermitian forms over rings, Springer-Verlag, Berlin, 1991.

[41] M.-A. Knus, A. Merkurjev, M. Rost, and J.-P. Tignol, The book of involutions, Colloquium Publications, vol. 44, AMS, 1998.

[42] M.-A. Knus, R. Parimala, and R. Sridharan, On rank 4 quadratic spaces with given Arf and Witt invariants, Math. Ann. 274 (1986), no. 2, 181– 198.

[43] , A classification of rank 6 quadratic spaces via pfaffians, J. reine angew. Math. 398 (1989), 187–218.

[44] A. Kuznetsov, Derived categories of quadric fibrations and intersections of quadrics, Adv. Math. 218 (2008), no. 5, 1340–1369.

[45] E. Macrì and P. Stellari, Fano varieties of cubic fourfolds containing a plane, Math. Ann. 354 (2012), 1147–1176.

[46] H. Matsumura, Commutative ring theory, second ed., Cambridge Studies in Advanced Mathematics, vol. 8, Cambridge University Press, Cambridge, 1989, Translated from the Japanese by M. Reid.

[47] S. Mukai, On the moduli space of bundles on K3 surfaces. I, Vector bundles on algebraic varieties (Bombay, 1984), Tata Inst. Fund. Res. Stud. Math., vol. 11, Tata Inst. Fund. Res., Bombay, 1987, pp. 341–413.

[48] M. Ojanguren, Formes quadratiques sur les algèbres de polynomes, C. R.

Acad. Sci. Paris Sér. A-B 287 (1978), no. 9, A695–A698.

[49] M. Ojanguren and R. Parimala, Quadratic forms over complete local rings, Advances in algebra and geometry (Hyderabad, 2001), Hindustan Book Agency, New Delhi, 2003, pp. 53–55.

[50] R. Parimala, Quadratic forms over polynomial rings over Dedekind domains, Amer. J. Math. 103 (1981), no. 2, 289–296.

[51] R. Parimala and R. Sridharan, Reduced norms and pfaffians via Brauer- Severi schemes, Contemp. Math. 155 (1994), 351–363.

[52] R. Parimala and V. Srinivas, Analogues of the Brauer group for algebras with involution, Duke Math. J. 66 (1992), no. 2, 207–237.

[53] I. I. Pjateckiĭ-Šapiro and I. R. Šafarevič, Torelli’s theorem for algebraic surfaces of type K3, Izv. Akad. Nauk SSSR Ser. Mat. 35 (1971), 530–572.

[54] A. Roy, Cancellation of quadratic form over commutative rings, J. Algebra 10 (1968), 286–298.

70 Auel, Parimala, and Suresh

[55] W. Scharlau, Quadratic and Hermitian forms, Grundlehren der Mathematischen Wissenschaften, vol. 270, Springer-Verlag, Berlin, 1985.

[56] V. Suresh, Linear relations in Eichler orthogonal transformations, J. Algebra 168 (1994), no. 3, 804–809.

[57] R. G. Swan, K-theory of quadric hypersurfaces, Ann. of Math. (2) 122 (1985), no. 1, 113–153.

[58] B. van Geemen, Some remarks on Brauer groups of K3 surfaces, Adv.

Math. 197 (2005), no. 1, 222–247.

[59] J. Voight, Characterizing quaternion rings over an arbitrary base, J. Reine Angew. Math. 657 (2011), 113–134.

[60] C. Voisin, Théorème de Torelli pour les cubiques de P^5, Invent. Math. 86 (1986), no. 3, 577–601.

[61] C. T. C. Wall, On the orthogonal groups of unimodular quadratic forms.

II, J. Reine Angew. Math. 213 (1963/1964), 122–136.

[62] M. M. Wood, Gauss composition over an arbitrary base, Adv. Math. 226 (2011), no. 2, 1756–1771.

[63] K. Yoshioka, Moduli spaces of twisted sheaves on a projective variety, Moduli spaces and arithmetic geometry, Adv. Stud. Pure Math., vol. 45, Math. Soc. Japan, Tokyo, 2006, pp. 1–30.

Department of Mathematics Yale University 10 Hillhouse Avenue New Haven, CT 06511 asher.auel@yale.edu

Department of Mathematics & Computer Science Emory University 400 Dowman Drive NE Atlanta, GA 30322 parimala@mathcs.emory.edu suresh@mathcs.emory.edu