Doc. Math. J. DMV 245

Lattice Point Problems

and the Central Limit Theorem

in Euclidean Spaces

F. Götze^1

Abstract. A number of problems in probability and statistics lead to questions about the actual error in the asymptotic approximation of nonlinear functions of the observations. Recently new methods have emerged which provide optimal bounds for statistics of quadratic type. These tools are adaptions of methods which provide sharp bounds in some high dimensional lattice point remainder problems and solve some problems concerning the distribution of values of quadratic forms.

1991 Mathematics Subject Classification: Primary 62E20, 11P21 Secondary 60F05 Keywords and Phrases: Edgeworth expansion, U-statistics, Central Limit Theorem, lattice point rest, ellipsoids, irrational quadratic forms

1. Introduction.

Let X_1, . . . , X_n denote independent and identically distributed random vectors in R^d, d ≥ 1. Example 1.1 Assume that X_1 takes values in the finite set {−1, 1}^d ⊂ R^d with equal probability 2^{−d}. Write

S_n = n^{−1/2}(X_1 + . . . + X_n).

By the Central Limit Theorem (CLT) the sequence of random vectors S_n converges in distribution to a multivariate Gaussian distribution with mean zero and identity covariance matrix. Let |m|^2 = ⟨m, m⟩ denote the d-dimensional Euclidean norm and scalar-product. A number of statistical problems require to determine asymptotic approximations for the distribution of test statistics of type

T_n = |S_n|^2.

It is well known that the distribution function (d.f.) P {T_n ≤ v} converges to the χ^2–distribution function with d degrees of freedom, say χ(v), for all v ∈ R. In order to measure the error of this approximation we shall use the Kolmogorov distance and would like to determine the optimal exponents α > 0 such that for a constant c > 0 independent of n (1.1) δ_n = sup_{v≥0} |P{T_n ≤ v} − χ(v)| ≤ cn^{−α}. 1Research supported by the SFB 343, ’Diskrete Strukturen in der Mathematik’, Bielefeld.

Here T_n ≤ v means that the sum √ n S_n is contained in a ball B_{vn} = {|x| ≤ √ v n}. General estimates in the multivariate CLT (Sazonov [Sa], Bhattacharya and Rao [BR]) established the rate α = 1/2 uniformly in the class of convex sets. Hence for balls and ellipsoids the achievable rate α should be at least 1/2.

In Example 1.1 the sum S_n takes values in a lattice. By the local limit theorem its discrete density may be approximated by a Gaussian density such that P { S_n = m √ n } = φ_n(m) ( 1 + O(n^{−1}) ) , φ_n(m) := 1 (2πn)^{d/2} exp { − |m|^2 2n } . Hence bounds in (1.1) can be derived from estimates of sup_v | ∑ m∈B_{vn}∩Z^d φ_n(m) − χ(v)|. Since the weights φ_n(m) are ’smoothly’ depending on m, the problem might be further reduced to the case of constant weights, which leads to a problem about counting the lattice points in B_{vn}. In this way Esseen [E] and Yarnold [Y] have proved Theorem 1.2. (1.2) P{T_n ≤ v} − χ(v) = exp{−v/2}Δ(B_{vn}) + O(n^{−1}). Here Δ(A) denotes the relative lattice point remainder given by

(1.3) Δ(A) :=

volZA − vol A

vol A , with volZA and vol A denoting the number of points of the standard lattice Z^d in A and the volume of A respectively.

The relation (1.2) obviously establishes for Example 1.1 an equivalence between bounds in the lattice point remainder problem for ellipsoids and bounds of type (1.1) in the multivariate CLT. Indeed, Landau [L1] and Esseen [E] proved

Δ(B_s) = O ( s^{−d/(d+1)} ) resp. δ_n = O ( n^{−d/(d+1)} ) . Note though that Esseen’s bound holds for balls and arbitrary i.i.d. random vectors X_j with finite fourth moment and identity covariance operator, where an equivalence of type (1.2) is not known.

Example 1.1 provides as well lower bounds for the error. Notice that nT_n assumes integer values in the interval [−dn, dn]. Distributing probability 1 among these values there exists an integer j such that P {T_n = j n^{−1}} ≥ c n^{−1}, c = 1/(2d + 1).

Comparing the piecewise constant function v → P {T_n ≤ v} with the smooth limit v → χ(v), we find the lower bound δ_n ≥ cn^{−1}. Hence the rates α in (1.1) are restricted to 1/2 ≤ α ≤ 1.

This lecture is organized as follows. Section 2 contains results in the CLT for quadratic statistics in Euclidean spaces. Corresponding results in lattice point problems are described in section 3. Section 4 contains applications to distributions of values of positive definite and indefinite forms. Finally, in Section 5 we describe inequalities for trigonometric sums which are essential for these results.

A major part of the results in this lecture represents joint work with V. Bentkus.

2. Approximations in the CLT for Quadratic Statistics.

The CLT in Euclidean Spaces. Let X, X_1, X_2, . . . be a sequence of i.i.d. random vectors taking values in the d-dimensional Euclidean space R^d including the case d = ∞ of infinite dimensional real Hilbert spaces. We assume that X has mean zero and |X| has a finite second moment. Then the sums S_n converge weakly to a mean zero Gaussian random vector, say G, with covariance equal to the covariance of X. Assume that G is not concentrated on a proper subspace of R^d . Let Q denote a bounded linear operator on R^d . Consider the quadratic form Q[x] = ⟨Qx, x⟩ and assume that Q is non-degenerated, that is ker Q = { 0 } . The distribution of the quadratic form Q[G] is determined by its distribution function, say χ(v), and may be represented up to a shift as the distribution of a finite (resp. infinite) weighted sum of squares of i.i.d. standard Gaussian variables.

Rates of approximation in (1.1) in the CLT for T_n = Q[S_n ] have been intensively studied especially in the infinite dimensional case in view of applications to non parametric goodness-of-fit statistics based on empirical distributions. Unfortunately the techniques of multivariate Fourier inversion of earlier results like that of Esseen [E] cannot be applied here. Several approaches have been developed for this problem.

A probabilistic approach is based on the Skorohod embedding resp. the KMT– method and provided bounds of order α = 1/4, Kiefer [Ki], resp. O(n^{−1/2} log n), Csörgö [Cs]. An analytic approach is based on a Weyl type inequality for characteristic functions, see (5.4). Using this technique, rates α = 1 − ε for any ε > 0 have been proved in (1.1), see [G1] and for refinements Bentkus and Zalesskii [BZ] and Nagaev and Chebotarev [NC]. Moreover, using methods like (5.4) the approximation χ(v) may be refined by asymptotic expansions in (1.1) up to an error of order O(n^{−k/2+ε}) for polynomials of S_n of degree k ≥ 2, see[G3].

Results providing optimal bounds of order α = 1 are based on techniques used in related bounds for the corresponding lattice point problems. For diagonal quadratic forms and vectors X with independent coordinates the rate α = 1 was proved for d ≥ 5 in [BG1]. Here the additive structure of Q[x] allows to apply a discretization of type (5.5) and a version of the Hardy-Littlewood method of analytic number theory.

New tools described in (5.5)–(5.6) lead to the following result.

Theorem 2.1. [BG2]. Let E X = 0 and β_4 = E |X|^4 < ∞. Assume that d ≥ 9 or d = ∞. Then

(2.4) sup_v | | P { Q[Sn ] ≤ v^} − P^{Q[G] ≤ v^{} |} = O^(n^{−1 )}.

The constant in this bound depends on β_4, the eigenvalues of Q and the covariance operator of G only.

Remark 2.2.

1) For d = 8 the bound O(n^{−1} ln^δ n) holds with some δ > 0. 2) Similar results like (2.4) hold for Q[x−a] involving an arbitrary center a ∈ R^d .

Here the approximation by the limit d.f. P { Q[G − a] ≤ v^} needs to be improved

by a further expansion term, say n^{−1/2}χ_1(v; a), which vanishes for a = 0.

3) For dimensions d > 9 including the case d = ∞ uniform bounds in (2.4), for Q = Id say, depend on moments of X and on lower bounds for a finite number, say m, of the largest eigenvalues of the covariance operator of X. For such bounds the minimal number m ≤ d of eigenvalues needed has recently been determined to be m = 12, see [GU].

These results can be extended as follows.

U-Statistics. Let X, X_1, . . . , X_n be i.i.d. random variables taking values in an arbitrary measurable space (X , B) and let g : X → R, h : X^2 → R denote realvalued measurable functions. Assume that h(x, y) = h(y, x), for all x, y ∈ X and E h(x, X) = 0 for almost all x ∈ X . Consider the so called degenerated U-statistic

(2.5) T_n = 1 n ∑ 1≤i<j≤n h(X_i, X_j ) + 1 √ n ∑ 1≤i≤n g(X_i), and write β_s = E | g(X) |_s and γ_s = E | h(X_1, X_2) |_s . Assuming that γ_2 is positive and β_2 + γ_2 is finite, the U-statistic T_n converges to a weighted χ^2–type distribution, say χ. Using a further expansion term, say χ_1, the problem is to derive explicit estimates for the error

(2.6) δ_n = sup_v |P{T_n ≤ v} − χ(v) − n^{−1/2}χ_1(v)|.

Rates of order δ_n = o(n^{−1/2}) have been proved by Korolyuk and Borovskich [KB]. Moreover, for degenerated U-statistics of any degree k ≥ 2 asymptotic approximations have been established up to errors δ_n = O(n^{−k/2+ϵ}) in [G2].

Using similar techniques as in Theorem 2.1 the following explicit bound with optimal rate α = 1 holds.

Theorem 2.3. [BG4]. Let q_j denote the eigenvalues (ordered by decreasing absolute value) of the Hilbert-Schmidt operator induced on L^2(X ) by the kernel h. Write γ_{s,r} = E ( E (| h(X_1, X_2) | |^s | | X_2 ))^r and σ2 := γ_2. If q_{13} ≠ 0,

(2.7) δ_n ≤^C_n ( β4 σ4 +^{β23}_{σ6} +^{γ3}_{σ3} +^{γ2,2}_{σ4} ) , where C ≤ exp { c σ |q13| } . Remark 2.4. 1) In cases where the expansion term χ_1 vanishes the condition q_9 ≠ 0 suffices to prove a similar bound.

2) The result can be extended to von Mises statistics, i.e. statistics including diagonal terms h(X_j , X_j ) := d(X_j ), where d(X) has mean zero. This allows to consider as well statistics like T_n := |S_n − a|^2.

It is likely that improvements in lattice point approximation problems (see the Conjecture in Section 3) allow to prove error bounds of order O(n^{−1}) in Theorems 2.1 and 2.3 for dimensions 5 ≤ d ≤ 8 as well.

3. Lattice Point Problems.

For a symmetric positive definite matrix Q consider the quadratic form

Q[x] = ⟨Qx, x⟩ on R^d and the corresponding ellipsoid

E_s := { x ∈ R^d : Q[x] ≤ s^}, for s ≥ 0.

Special Ellipsoids. Using similar arguments as for δ_n in Section 1 a corresponding lower bound can be shown for the lattice point remainder Δ(E_s) (for Q = Id), namely

(3.1) Δ(E_s) = Ω(s^{−1}), d ≥ 1.

For balls of dimensions 2 ≤ d ≤ 4, the lattice point remainder Δ(E_s) admits sharper lower bounds, e.g.

Ω(s^{−3/4} log^{1/4} s), d = 2, Ω(s^{−1} log^{1/2} s), d = 3, and Ω(s^{−1} log log s), d = 4,

due to Hardy [Ha], Szegö [Sz] and Walfisz [W2] respectively. The upper bound

(3.2) Δ(E_s) = O(s^{−1}), d ≥ 5

has been shown in a number of special cases. It holds for ellipsoids which are rational, that is the matrix Q is a multiple of a matrix with rational coefficients. Otherwise Q is called irrational. This result is due to Landau [L2] and Walfisz [W1] and depends on the rational coefficients in a non uniform way. For a detailed discussion see the monograph by Walfisz [W2].

For diagonal forms Q[x] = ∑_d j=1 q_j x^2_j with arbitrary q_j > 0, (3.2) is due to Jarnik [J1]. Moreover, if Q is irrational, Jarnik and Walfisz [JW] have shown that the bound

(3.3) Δ(E_s) = o(s^{−1}), d ≥ 5

holds and is best possible for general irrational numbers q_j .

General Ellipsoids. For this class Landau [L1] obtained Δ(E_s) = O(s^{−1+λ}) with λ = 1/(d + 1) for d ≥ 1, using Dirichlet series methods. His result has been extended by Hlawka [Hl] to convex bodies with smooth boundary and strictly positive Gaussian curvature, and improved to O(s^{−1+λ}), with some λ = λ(d) > 0, λ < 1/(d + 1), by Krätzel and Nowak [KN1, KN2].

Assume without loss of generality that the smallest eigenvalue of Q is 1 and denote the largest eigenvalue by q. Hence q ≥ 1. The following results provide optimal uniform bounds of type (3.2) resp. (3.3) for general ellipsoids.

Theorem 3.1. [BG3, BG5]. There is a constant c > 0 depending on d only and a function ρ(s) ∈ [0, 2], depending on Q, see (5.2), such that for all s ≥ 1

(3.5) sup_{a∈} R^{d Δ(Es + a) ≤ c qd s−1} ( s^{−λ} + ρ(s) ) , for d ≥ 9, where λ^{def}= 1 2 [_d − 1 2 ] − 1, and

lim_{s→∞} ρ(s) = 0 if and only if Q is irrational.

If d = 8 the bound sup_{a∈}Rd Δ(E_s + a) ≤ c q^8s^{−1} ln^2 (s + 1) still holds.

The error for generic forms Q[x] should be much smaller than for rational forms, which can be seen by the following heuristic argument. Let C(m) denote the cube of side length 1 centered at a lattice point m ∈ Z^d and let I_s denote the indicator function of E_s. Define ξ_m as function of a randomly chosen Q as ξ_m = I_s(m) − ∫ C(m) Is(x) dx. Then |ξm| ≤ 1 and we may assume that the ξm have mean

zero. Let D_s denote the set of lattice points m such that C(m) intersects ∂E_s. Note that ξ_m = 0 for m ∉ D_s. Then

(3.4) Δ(E_s) vol E_s = ∑ m∈Z^{d ξm =} ∑ m∈D_s ξ_m. Since E_s has diameter proportional to r = √ s, the sum in (3.4) extends over O(r^{d−1}) nonzero summands only. If the random variables ξ_m are approximately independent the CLT implies for r → ∞ with probability tending to 1 that (3.4) is smaller than r^{(d−1)/2} log r. Hence one would expect that Δ(E_s) = O(s^{−(d+1)/4} log s). Indeed, Jarnik [J2] proved for d ≥ 4 an upper bound of order O(s^{−d/4+ε}) for Lebesgue almost all diagonal forms. For generic forms Landau [L3] established Δ(E_s) = Ω(s^{−(d+1)/4}). The results described so far suggest the following hypothesis about worst and generic case errors. Conjecture. For any ϵ > 0 the relative lattice point remainder is of order

Δ(E_s + a) = O(s^{−1}), d ≥ 5, for all Q and a,

= o(s^{−1}), d ≥ 5, for irrational Q,

= O(s^{−(d+1)/4 +ϵ}), d ≥ 2, for Lebesgue almost all Q and a.

4. Distribution of Values of Quadratic Forms.

Positive Definite Forms. For fixed δ > 0 consider the shells E_{s+δ} \ E_s = {x ∈ R^s : s ≤ Q[x] ≤ s + δ}. Theorem 3.1 implies

Corollary 4.1. For d ≥ 9 and irrational Q we have

(4.1) lim_{s→∞} volZ^(Es+δ \ Es^) vol(E_{s+δ} \ E_s)

= 1.

This result may be applied as well to shrinking intervals of size δ = δ(s) → 0 as s tends to infinity. The quantity vol(E_{s+δ} \ E_s) measures the number of values of a positive quadratic form in an interval (s, s+δ], counting these values according to their multiplicities.

Let s and n(s) denote successive elements of the ordered set Q[Z^d] of values

of Q[m]. Davenport and Lewis [DL] conjectured that the distance between succes-

sive values, that is n(s) − s, converges to zero as s tends to infinity for irrational quadratic forms Q[x] and dimensions d ≥ 5. They proved in [DL] that there exists a dimension d_0 such that for all d ≥ d_0 and any given ε > 0 and any lattice point m with sufficiently large norm |m| there exist another lattice point m ∈ Z^d such that | |Q[m + m] − Q[m]^| < ε. This does not rule out the possibility of ar-

bitrary large gaps between possible clusters of values Q[m], m ∈ Z^d. This result has been improved by Cook and Raghavan [CR], providing the bound d_0 ≤ 995. Corollary 4.1 now solves this problem for d ≥ 9.

Define the maximal gap between the values Q[m − a], m ∈ Z^d in the interval [τ, ∞) as d(τ; Q, a) = sup_{s≥τ} ( n(s) − s ) . Then (4.1) implies

Corollary 4.2. [BG5]. Assume that d ≥ 9 and that Q[x] is positive definite. If Q is irrational then sup_{a∈}Rd d(τ; Q, a) → 0, as τ → ∞.

Indefinite Forms and the Oppenheim conjecture. Assume that Q is irrational and indefinite. Consider the infimum value of Q[m] for nonzero lattice points m ∈ Z^d M(Q) = inf {| |Q[m]^| : m ≠ 0, m ∈ Z^{d}}. Oppenheim [O1] conjectured that M(Q) = 0, for d ≥ 5 and irrational indefinite Q, and has shown that this implies that the set Q[Z^d] is dense in R for d ≥ 3, see [O2]. This conjecture has been proved, e.g. for diagonal forms and d ≥ 5 by Davenport and Heilbronn [DH] and for general forms and d ≥ 21 by Davenport [Da]. For a review, see Margulis [Mar2]. It has been finally established for all dimensions d ≥ 3 by Margulis [Mar1].

Let C_s denote a d–dimensional cube of side length √ s and center 0. The results of Theorem 3.1 are a consequence of more general asymptotic expansion of μ_s{Q[x] ≤ β} in powers of s^{−1} for certain ’smooth’ distributions μ_s on Z^d with support in C_s, see [BG5, Theorem 2.1]. For indefinite forms this result yields the following refinement of Oppenheim’s conjecture for dimensions d ≥ 9.

For a sufficiently small positive constant, say c_0 = c_0(d), let d(s) denote the maximal gap in the finite set of values Q[m] such that −c_0s ≤ Q[m] ≤ c_0s and m ∈ C_{s/c}2_0 ∩ Z^d. Then

Theorem 4.3. [BG5]. For d ≥ 9 the maximal gap satisfies d(s) ≪_d q^{3d/2} ( s^{−λ} + ρ(s) ) for s ≥ c^{−1}_0 q^{3d/2},

with ρ(s) ≤ 2 defined in (5.2) and λ given in Theorem 3.1.

The quantitative version of Oppenheim’s conjecture by Dani and Margulis [DM] describes the uniformity of the distribution of the set of values Q[Z^d ∩ C_s] for star-shaped sets like the cubes C_s introduced above. For a fixed interval [α, β] let V_{α,β} denote the set of x ∈ R^d such that Q[x] ∈ [α, β]. Eskin, Margulis and Mozes proved the following result using ergodic theory for unipotent groups.

Theorem 4.4. [EMM]. For any irrational indefinite form Q of signature (p, q) with q ≥ 3,

(4.3) volZ^{( V}α,β^{∩ C}s^) vol ( Vα,β ∩ Cs ) = 1 + o(1), as s → ∞.

In particular (4.3) holds for all indefinite irrational forms with d ≥ 5.

Using expansion results for arbitrary forms, the error term in this convergence result can be explicitly estimated for d ≥ 9, see [BG5, Theorem 2.6].

5. Inequalities for Characteristic Functions and Trigonometric Sums.

In order to prove the results of Sections 2–4, characteristic functions of Q[S_n ] and weighted trigonometric sums, say f(t), are used. In the latter case the weights are given by a uniform distribution on the lattice points in the cube C_{2s} smoothed at the boundary of C_{2s} by convolutions with uniform distributions on some sufficiently small cubes, retaining constant weights in the center part C_s ⊂ C_{2s}. A simplified version of these weighted trigonometric sums, used in the explicit bounds of Theorems 3.1 and 4.3, is defined as follows. Let

(5.1) φ_a(t; s) = | | | ( volZCs^{)−3 ∑}_{xj ∈} Z^d∩Cs^{exp} { itQ[x1 + x2 + x3 − a]^{}|}. Note that φ_a(t; s) is normalized so that |φ_a(t; s)| ≤ φ_a(0; s) = 1. Define γ ( s, T ) = sup_a sup s�1/2_{≤t≤T} φ_a(t; s).

It can be shown that lim_{s→∞} γ ( s, T ) = 0 iff Q is irrational. Finally, given d ≥ 9 and ε with 0 < ε < κ := 1 − 8/d, the characteristic ρ(s) of Theorem 3.1 and 4.3 is given by

(5.2) ρ(s) = inf_{T ≥1} ( T^{−1} + γ ( s, T )_{κ−ε} T^ε ) . The connections between the probability resp. counting problems and f(t) are made by means of Fourier inversion inequalities based on Beuerling type functions, see Prawitz [Pr], which bound δ_n resp. |Δ(E_s)| by

(5.3) 1∫ −1 |f(t) − g(t)| t^{−1} dt + 1∫ −1 (|f(t)| + |g(t)|) dt. Here g(t) is the continuous approximation to f(t) replacing the distribution of S_n by a Gaussian distribution resp. the counting measure by the Lebesgue measure.

In the CLT the following version of Weyl’s [We] difference scheme for sums of

R^d –valued, independent random vectors, say U, V (with identical distribution) and

Z, W is used. Let X̄ denote an independent copy of X and let ~X = X − X̄ be its symmetrization. The inequality

(5.4) | | E exp{i t Q[U + V + Z + W ]} | | 2 ≤ E exp{2 i t ⟨Q ~U, ~Z⟩}, now reduces the estimation of f(t) in (5.3) to bounds of order O(n^{−1+ε}) for conditional linear forms, but in a restricted domain |t| ≤ n^{−ϵ} only. This leads to rates a = 1 − ε in (1.1), see [G1].

In order bound the integral (5.3) by O(n^{−1}), this Weyl step is followed by a discretization step for positive definite functions H : R^d → R. For even n = 2 l and binomial weights p_n(k) = (_n l−k ) /2^n, bounds like

(5.5) E H(S_n) ≤ 1 n n∑ j=1 E ( ∑ |k|≤l p_n(k)H ( k n^{−1/2} ~X_j )) , reduce the support of X to Z^d and replace characteristic functions of S_n by weighted trigonometric sums.

Finally, for general Q, the desired bounds for weighted trigonometric sums, say f(t), of type (5.1), are based on the following ’correlation’ bound

(5.6) | |f(t)f(t + ε) | | ≤ c q^d ((εs)^{−d/2} + ε^{d/2} ) for all t ∈ R and ε ≥ 0. For t = 0 we have f(t) = 1 and (5.6) becomes a ’double large sieve’ estimate for distributions on the lattice, see e.g. Bombieri and Iwaniec [BI]. The inequality (5.6) implies for t_0 ≤ t_1 with 0 < δ ≤ |f(t_0)|, |f(t_1)| ≤ 2 δ that either

|t_0 − t_1| ≤ λ_r = c_1δ^{−4/d}s^{−1} or |t_0 − t_1| ≥ κ = c_2δ^{−4/d}.

Thus either the arguments t_0 and t_1, where the trigonometric sums are of the same (large) order δ, nearly coincide or their distance has to be ’large’ (dependent on δ and d). Hence the set of arguments t, where f(t) assumes values in an interval [δ, 2δ] like A_δ = {t ≥ v : δ ≤ |f(t)| ≤ 2δ} with v := s^{−2/d}, may be roughly described as a set of intervals of size at most δ_r separated by ’gaps’ of size at least κ. This allows to estimate part of (5.3) approximately as ∫ A_δ |f(t)| dt t ≪ L∑ l=0 δ λ_r 1 v + lκ ≪ s^{−1}δ^{1−8/d} log 1 δ ,

with some L such that Lκ ≤ 1. The sum of these parts for δ = 2^{−l}, l ∈ N is now of order O(s^{−1}), provided that d > 8, which explains the dimensional restriction of this method.

References

[BZ] Bentkus, V., and Zalesskiĭ, B., Asymptotic expansions with nonuniform remainders in the central limit theorem in Hilbert space, Lithuanian Math. J 25 (1985), 199–208.

[BG1] Bentkus, V. and Götze, F., Optimal rates of convergence in the CLT for quadratic forms, Ann. Prob. 24 (1996), 468-490.

[BG2] , Uniform rates of convergence in the CLT for quadratic forms in multidimensional spaces, Probab. Theory Relat. Fields 109 (1997), 367–416.

[BG3] , On the lattice point problem for ellipsoids, Acta Arithm. 80 (1997), 101–125.

[BG4] , Optimal bounds in non-Gaussian limit theorems for U-statistics, Preprint 97–077 SFB 343, Universität Bielefeld (1997) (to appear in Annals Probab. 1999).

[BG5] , Lattice Point Problems and Distribution of Values of Quadratic Forms, Preprint 97-125, SFB 343, University of Bielefeld (1997).

[BR] Bhattacharya, R. N. and Ranga Rao, R., Normal Approximation and Asymptotic Expansions, Wiley, New York, 1986.

[BI] Bombieri, E. and Iwaniec, H., On the order of ζ(1/2 + it), Annali Scuola Normale Superiore–Pisa (4) 13 (1986), 449–472.

[CR] Cook, R.J. and Raghavan, S., Indefinite quadratic polynomials of small signature, Monatsh. Math. 97 (1984), no. 3, 169–176.

[Cs] Csörgo, S., On an asymptotic expansion for the von Mises ω^2–statistics, Acta Sci. Math. 38 (1976), 45–67.

[DM] Dani, S. G. and Margulis, G. A., On orbits of unipotent flows on homogeneous spaces, Ergod. Theor. Dynam. Syst. 4 (1984), 25–34.

[Da] Davenport, H., Indefinite quadratic forms in many variables (II), Proc.

London Math. Soc. 8 (1958), no. 3, 109–126.

[DH] Davenport, H. and Heilbronn, H., On indefinite quadratic forms in five variables forms, Proc. London Math. Soc. 21 (1946), 185–193.

[DL] Davenport, H. and Lewis, D. J., Gaps between values of positive definite quadratic forms, Acta Arithmetica 22 (1972), 87–105.

[EMM] Eskin, A., Margulis, G. A. and Mozes, S., Upper bounds and asymptotics in a quantitative version of the Oppenheim conjecture, Ann. of Math. (2) 147 (1998), 93–141.

[Es] Esseen, C.G., Fourier analysis of distribution functions, Acta Math. 77 (1945), 1–125.

[G1] Götze, F., Asymptotic expansions for bivariate von Mises functionals, Z.

Wahrsch. verw. Geb. 50 (1979), 333–355.

[G2] , Expansions for von Mises functionals, Z. Wahrsch. verw. Geb.

65 (1984).

[G3] , Edgeworth expansions in functional limit theorems, Ann. Probab.

17 (1989).

[GU] Götze F. and Ulyanov, V. V., Uniform Approximations in the CLT for Balls in Euclidean Spaces (1998) (In preparation).

[Ha] Hardy, G. H., On Dirichlet’s divisor problem, Proc. London Math. Soc.

(1916), 1–25.

[Hl] Hlawka, E., Über Integrale auf konvexen Körpern I, II, Mh. für Math.

54 (1950), 1–36, 81–99.

[J1] Jarnik, V., Sur le points á coordonnees entiéres dans les ellipsoides á plusieurs dimensions, Bull. internat. de l’acad. des sciences de Bohême (1928).

[J2] , Über Gitterpunkte in Mehrdim. Ellipsoiden, Math. Ann. 100 (1928), 699–721.

[JW] Jarnik, V. and Walfisz, A., Über Gitterpunkte in Mehrdim. Ellipsoiden, Math. Z. 32 (1930), 152–160.

[Ki] Kiefer, J., Skorohod embeding of multivariate r. v. ’s and the sample d.

f., Z. Wahrsch. verw. Geb. 24 (1972), 1–35.

[KB] Koroljuk, V. S. and Borovskich, Yu.,V., Theory of U-statistics, Kluwer, Dordrecht, 1994.

[KN1] Krätzel, E. and Nowak, G., Lattice points in large convex bodies, Mh.

Math. 112 (1991), 61–72.

[KN2] , Lattice points in large convex bodies, II, Acta Arithmetica 62 (1992), 285–295.

[L1] Landau, E., Zur analytischen Zahlentheorie der definiten quadratischen Formen, see also [LW], p. 11-29, Sitzber. Preuss. Akad. Wiss. 31 (1915), 458–476.

[L2] , Über Gitterpunkte in mehrdim. Ellipsoiden, Math. Z. 21 (1924), 126–132.

[L3] , Über die Gitterpunkte in gewissen Bereichen (Vierte Abhandlung), see also [LW] , p. 71–84, Nachricht. Königl. Ges. Wiss. Göttingen (1924), 137–150.

[LW] Landau, E. –Walfisz, A., Ausgewählte Abhandlungen zur Gitterpunktlehre (A. Walfisz, ed.), Berlin, 1962.

[Mar1] Margulis, G. A., Discrete subgroups and ergodic theory, Number theory, trace formulas and discrete groups (Oslo, 1987), Academic Press, Boston, 1989, pp. 377–398.

[Mar2] Margulis, G. A., Oppenheim conjecture, Preprint (1997), 1–49. [NC] Nagaev, S. V. and Chebotarev, V. I., A refinement of the error estimate of the normal approximation in a Hilbert space, Siberian Math. J. 27 (1986), 434–450.

[O1] Oppenheim, A., The minima of indefinite quaternary quadratic forms, Proc. Nat. Acad. Sci. USA 15 (1929), 724–727.

[O2] , Values of quadratic forms II,III, Quart. J. Math. Oxford Ser. (2) 4 (1953), 54–59, 60 – 66.

[Pr] Prawitz, H., Limits for a distribution, if the characteristic function is given in a finite domain, Skand. AktuarTidskr (1972), 138–154.

[Sa] Sazonov, V. V., Normal approximation—some recent advances, Lecture Notes in Math., 879, Springer, Berlin, 1981.

[Sz] Szegö, G., Beiträge zur Theorie der Laguerreschen Polynome: Zahlentheoretische Anwendungen, Math. Z. 25 (1926), 388–404.

[W1] Walfisz, A., Über Gitterpunkte in mehrdim. Ellipsoiden, Math. Z. 19- (1924), 300–307.

[W2] , Gitterpunkte in mehrdim. Kugeln, Warszawa, 1957. [We] Weyl , H., Über die Gleichverteilung der Zahlen mod-Eins, Mathem. Ann.

77 (1915/16), 313–352.

[Y] Yarnold, J., Asymptotic approximations for the probability that a sum of lattice random vectors lies in a convex set, Ann. Math. Stat. 43 (1972), 1566–1580.

Friedrich Götze Fakultät für Mathematik Universität Bielefeld Postfach 100131 33501 Bielefeld Germany

goetze@mathematik.Uni-Bielefeld.DE

Documenta Mathematica · Extra Volume ICM 1998 · III ·