EuroComb 2005 DMTCS proc. AE, 2005, 375–378

Local chromatic number and topological properties of graphs

Gábor Simonyi^{1†} and Gábor Tardos^{1‡}

1Alfréd Rényi Institute of Mathematics Hungarian Academy of Sciences 1364 Budapest, POB 127 Hungary e-mail address: simonyi@renyi.hu, tardos@renyi.hu

The local chromatic number of a graph, introduced by Erdős et al. in [3], is the minimum number of colors that must appear in the closed neighborhood of some vertex in any proper coloring of the graph. This talk, based on the papers [13, 14, 15], would like to survey some of our recent results on this parameter. We give a lower bound for the local chromatic number in terms of the lower bound of the chromatic number provided by the topological method introduced by Lovász. We show that this bound is tight in many cases. In particular, we determine the local chromatic number of certain odd chromatic Schrijver graphs and generalized Mycielski graphs. We further elaborate on the case of 4-chromatic graphs and, in particular, on surface quadrangulations.

Keywords: graph coloring, topological method, Schrijver graphs, Mycielski graphs, surface quadrangulation

1 Introduction

In 1978, proving the conjecture of Kneser, Lovász [6] introduced a topological technique to bound the chromatic number χ(G) of a graph G from below. In the same year, Bárány [2] found another short proof of Kneser’s conjecture, also using topology. Still in 1978 this latter proof was generalized by Schrijver [12] showing that the same lower bound is true for the chromatic number of a family of induced subgraphs of Kneser graphs, that not only have their chromatic number equal to the so obtained lower bound, but are also vertex color-critical. Recall that Kneser graphs KG(n, k) are defined on the k-element sets of an n-set as vertices and two vertices form an edge if the corresponding k-subsets are disjoint. The family of vertex color-critical induced subgraphs discovered by Schrijver is the following.

Definition 1 ([12]) The Schrijver graph SG(n, k) is defined as follows. Its vertices are those k-element subsets of the set [n] = {1, . . . , n} that do not contain cyclically consecutive elements i, i + 1 or n, 1. Two such vertices are adjacent if they represent disjoint k-subsets.

†Research is partially supported by the Hungarian Foundation for Scientific Research Grant (OTKA) Nos. T037846, T046376, and AT048826.

‡Research is partially supported by the Hungarian Foundation for Scientific Research Grant (OTKA) Nos. T037846, T046234, and AT048826.

1365–8050 © 2005 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France

The above mentioned results state that χ(SG(n, k)) = χ(KG(n, k)) = n − 2k + 2. Later the chromatic number of other families of graphs were also determined by this topological method. Two examples are generalized Mycielski graphs in [16], [4] and some finite subgraphs of Borsuk graphs in [7]. (For the definition of Borsuk graphs we also refer to [7], while the definition of generalized Mycielski graphs can be found in [4], [8], or [17].)

By now the topological method for bounding the chromatic number from below has several variations. Many of them can be described via introducing a so-called box complex assigned to the graph and express the lower bound on the chromatic number in terms of topological invariants of this complex. The paper [9] analyzes several of the possible box complexes and establishes a hierarchy of the bounds one can obtain by their use. All these bounds give the same sharp estimation of the chromatic number for the graphs mentioned above. We single out two of these possible topological bounds that we now simply denote by b_0(G) and b_s(G) for graph G. They satisfy b_s(G) ≤ b_0(G) ≤ χ(G). We call a graph topologically t-chromatic if b_0(G) ≥ t and strongly topologically t-chromatic if b_s(G) ≥ t. (By b_s(G) ≤ b_0(G) strong topological t-chromaticity implies topological t-chromaticity.)

Our results show that if a graph is topologically t-chromatic then this implies a lower bound on another graph coloring parameter, its local chromatic number, and this bound is also sharp in many cases. In fact, the results of [13] also have implications on yet another coloring parameter, the circular chromatic number (cf. [19]) that we do not discuss here. The talk is based on the upcoming papers [13, 14, 15].

2 Local chromatic number

In short, the local chromatic number is the fewest number of colors that can appear in the most colorful closed neighborhood of a vertex in a proper coloring of the graph. Introduced by Erdős, Füredi, Hajnal, Komjáth, Rödl, and Seress [3], the formal definition is as follows.

Definition 2 ([3]) The local chromatic number ψ(G) of a graph G is

ψ(G) := min_c max_{v∈V (G)} |{c(u) : u ∈ N(v)}| + 1,

where N(v) = {u : uv ∈ E(G)} and the minimum is taken over all proper colorings c of G.

It is obvious that the chromatic number χ(G) is an upper bound on ψ(G). It is less obvious, that ψ(G) < χ(G) is possible, moreover, there exist graphs G with ψ(G) = 3 and χ(G) arbitrarily large, cf. [3].

It was observed in [5] that the fractional chromatic number χ_f (G) (see [11] for definitions) bounds the local chromatic number from below, that is, χ_f (G) ≤ ψ(G) is always true. This motivates the study of the local chromatic number of graphs that have a large gap between their fractional and ordinary chromatic numbers. Standard examples of such graphs are Kneser graphs and Mycielski graphs (see [11]), and one easily sees that their variants, Schrijver graphs and generalized Mycielski graphs also have this property. These are all graphs the chromatic number of which can be determined by the topological method discussed above.

This is how we were led to investigate the relevance of topological lower bounds of the chromatic number for the local chromatic number. It turned out that if G is a topologically χ(G)-chromatic graph, that is one for which the topological method gives the chromatic number exactly, then its local chromatic number should be at least about the half of its chromatic number, and this lower bound is tight in many cases. In particular, we have the following result for Schrijver graphs.

Local chromatic number and topology 377

Theorem 3 ([13]) If t = n − 2k + 2 > 2 is odd and n ≥ 4t^2 − 7t then

ψ(SG(n, k)) = ⌈ t 2 ⌉ + 1.

This theorem easily implies that for even t = n − 2k + 2 > 2 and large enough n the value of ψ(SG(n, k)) is one of t/2 + 1 and t/2 + 2.

The following proposition shows that some lower bound on n is really needed in Theorem 3.

Proposition 4 ([13]) ψ(SG(n, 2)) = n − 2 = χ(SG(n, 2)) for every n ≥ 4.

While the lower bound part of Theorem 3 is topological, the matching upper bound is obtained via combinatorial methods. Both the upper and the lower estimation work in a more general setting resulting in similar results for generalized Mycielski graphs and Borsuk graphs of certain parameters. We refer to [13] for further details, as well as, for some topological consequences.

3 4-chromatic graphs and surface quadrangulations

Theorem 3 leaves open the question whether (large enough) 4-chromatic Schrijver graphs have local chromatic number 3 or 4. In other words, Theorem 3 does not decide whether the smallest chromatic number t for which a t-chromatic Schrijver graph with smaller local than ordinary chromatic number exists is 4 or 5. In [14] we have shown that this smallest number is 5, thus the following holds.

Theorem 5 ([14]) ψ(SG(2k + 2, k)) = 4.

This theorem is again true in a more general setting. In fact, we show that all strongly topologically 4-chromatic graphs have local chromatic number 4. The same implication does not hold if G is only topologically 4-chromatic. For further details we refer to [14].

It is known that generalized Mycielski graphs of chromatic number 4 quadrangulate the projective plane. It turns out that 4-chromatic Schrijver graphs are closely related to quadrangulations of the Klein bottle. The chromatic number of surface quadrangulations is a widely investigated topic, see [1, 10, 18], and the above mentioned connections suggest that analogs of Theorem 5 may be true for certain quadrangulations of non-orientable surfaces. Indeed, one can show that non-bipartite quadrangulations of the projective plane have local chromatic number 4, generalizing a celebrated result of Youngs [18] stating that such graphs are never 3-chromatic. In [15] we also prove that certain quadrangulations of the Klein bottle that are shown to be 4-chromatic in [1] and [10] have local chromatic number 4. Surprisingly, however, quadrangulations of other non-orientable surfaces exist that are 4-chromatic by the same results but their local chromatic number is 3.

References

[1] D. Archdeacon, J. Hutchinson, A. Nakamoto, S. Negami, K. Ota, Chromatic numbers of quadrangulations on closed surfaces, J. Graph Theory, 37 (2001), no. 2, 100–114.

[2] I. Bárány, A short proof of Kneser’s conjecture J. Combin. Theory Ser. A, 25 (1978), no. 3, 325–326.

[3] P. Erdős, Z. Füredi, A. Hajnal, P. Komjáth, V. Rödl, Á. Seress, Coloring graphs with locally few colors, Discrete Math., 59 (1986), 21–34.

[4] A. Gyárfás, T. Jensen, M. Stiebitz, On graphs with strongly independent colour-classes, J. Graph Theory, 46 (2004), 1–14.

[5] J. Körner, C. Pilotto, G. Simonyi, Local chromatic number and Sperner capacity, to appear in J.

Combin. Theory Ser. B.

[6] L. Lovász, Kneser’s conjecture, chromatic number, and homotopy, J. Combin. Theory Ser. A, 25 (1978), no. 3, 319–324.

[7] L. Lovász, Self-dual polytopes and the chromatic number of distance graphs on the sphere, Acta Sci.

Math. (Szeged), 45 (1983), 317–323.

[8] J. Matoušek, Using the Borsuk-Ulam Theorem, Lectures on Topological Methods in Combinatorics and Geometry, Springer-Verlag, Berlin etc., 2003.

[9] J. Matoušek, G. M. Ziegler, Topological lower bounds for the chromatic number: A hierarchy, Jahresber. Deutsch. Math.-Verein., 106 (2004), no. 2, 71–90, arXiv:math.CO/0208072.

[10] B. Mohar, P. D. Seymour, Coloring locally bipartite graphs on surfaces, J. Combin. Theory Ser. B, 84 (2002), no. 2, 301–310.

[11] E. R. Scheinerman, D. H. Ullman, Fractional Graph Theory, Wiley-Interscience Series in Discrete Mathematics and Optimization, John Wiley and Sons, Chichester, 1997.

[12] A. Schrijver, Vertex-critical subgraphs of Kneser graphs, Nieuw Arch. Wisk. (3), 26 (1978), no. 3, 454–461.

[13] G. Simonyi, G. Tardos, Local chromatic number, Ky Fan’s theorem, and circular colorings, to appear in Combinatorica, arXiv:math.CO/0407075.

[14] G. Simonyi, G. Tardos, Local chromatic number and distinguishing the strength of topological obstructions, submitted, arXiv:math.CO/0502452.

[15] G. Simonyi, G. Tardos, On the local chromatic number of quadrangulations of surfaces, manuscript in preparation.

[16] M. Stiebitz, Beiträge zur Theorie der färbungskritischen Graphen, Habilitation, TH Ilmenau, 1985. [17] C. Tardif, Fractional chromatic numbers of cones over graphs, J. Graph Theory, 38 (2001), 87–94. [18] D. A. Youngs, 4-chromatic projective graphs, J. Graph Theory 21 (1996), 219–227. [19] X. Zhu, Circular chromatic number: a survey, Discrete Math., 229 (2001), no. 1–3, 371–410.