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Right-cancellability of a family of operations
on binary trees
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We prove somenew resultson a family of operationon binarytrees someof which aresimilarto addition,multipli-
cationandexponentiatiorfor naturaihumbers Themainresultis thateachoperatiorin thefamily is right-cancellable.
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1 Introduction

The producta.b, wherea andb arepositive integers,canbe expressedasthe sumof b terms,eachbeing
equalto a. Similarly, «® canbeexpressedstheproductof 4 factors,eachbeingequalto a. Thisbasically
workswell becausehe sumandproductoperationdor integersareassociatie; to pushthis procesone
level further (i.e. definea new operationby iterating exponentiation),one needsto decideson how to
orderthe operationsn theexpression

atat...ta

(wheret is theexponentiatioroperation).

Onesolutionis to alwaysperformthe operationsn afixedorder usuallyright-to-left (seeBlackley and
Borosh[1] or Knuth [2]). Another richersolutionis to usethe structureof a binarytreeto setthe order
andusebinarytreesinsteadof integers.

Blondel[3, 4] definesafamily of operation®n binarytrees.Eachnew operationis definedin termsof
theprecedingone. Thefirst threeoperationsaregeneralizationsf addition,multiplicationandexponen-
tiation for positive integers,while the othershave no naturalcounterparamongpositive integers.

Thefirst operation}, is definedin thefollowing way: if & andb arebinarytreesa Ybisthe binarytree
whoseleft subtreds a, andwhoseright subtreds 5. Writing treesasparenthesesystemsthis translates
toa'bh= (ab).

Operatiorf: is definedrecursiely using”~":

k
-a-e=4d.

- if b= (brbr), thena®b = (a®b) " "(a"bR).
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Anotherway of defining’? is thatthe shapeof treeb indicatesan orderin which to computethele-
productof n copiesof a, n beingthe numberof leavesof 4. For example,

a((e0)(o(e0))) = ((a""'a)" "} (a" (a1 a)))

Usingthenumberof leavesastheweight,operations, ? and” actasthe naturaloperation®f addition,
multiplication, andexponentiationrespectiely: |a * b| = |a| + |b], |a *b| = |a|.|6], and]a ? b = |a]l®!.
Ourmainresultis the proof of a conjecturegivenby Blondel,which stateghatall the operationf are

right-cancellablei.e. for ary integerk andtreesa, b ande, a Fh=ckb impliesa = ¢. Thisresultis easy
to provefor k = 1,2, 3; we shaw thatit holdsfor all £ > 3.

Sect.2 introducesa few notationsandrecallssomedefinitionsandresultson thefamily of operations.
In Sect. 3, the conjectureis reducedo a particularcase.The partial orderingdefinedin Sect. 4 hasno
directusein theproof, but appearso bethebestto obtaingrowth results.Sect.5 redefineghe operations
usingthenotionof syntheticattributes,andSect.6 finally givesthe proof of the conjecture.

2 Notation

Theweight(numberof leaves)of atreed will bewritten |b|. Whendealingwith awordw, |w| will denote
its length.

b= ((e0)(e(09)))
bi = (o(e(e(v9))))

Forary treea, a®b = a?by

Fig. 1: Two treeswith weight5.

Blondel[3] provesseveralalgebraigropertieof the* operationsa few of which arerecalledbelow.

o Only operation? is associatie.
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e No” is commutatie.

o a’b depend®nly ontheweightof 4, notonits shapewhich justifiesthe useof notationa 3 b].

« All operations’ with k > 3 canbe definedin termsof * thefollowingway : a*b = a*(a oy b),
wherethe naturalnumbera ¢, b is definedinductively by:

bl [103b:|b|
—aope—=1

- aok(bLbR) = ((1 Ok bL) Ok_l((ll?bR) if &> 3.

¢ Eachtreehasa uniquefactorizationinto an ordered?-productof primebinarytrees,i.e. treesthat
cannotbefurtherfactorized Any treewith aprimenumberof leavesis clearlyprime,but thereverse
is nottrue.

Sinceoperation? actssomavhatlike multiplication, we will write a.b for a . Similarly, sincea b
doesnotdependupontheshapeof treeb but only onits weight,andis only theresultof a.a . . . a (with ||
factors)wewill write al®! for a”b.

Using thesenotations we have the familiar propertya™*™ = a”.a™ (this translatesnto o *(b ' ¢) =
(a?b)*(a” ¢), whichfollowsfrom thedefinitionsof * and*).

3 Preliminary Lemma
To prove theconjecturewe will first reduceit to a simplerform usingthefollowing lemmas:

Lemmal Leta, b, c andd befour binarytrees,witha # e andc # e, andlet k and %’ beintegersno
smallerthan3,
Ifa®b=c" d, thentheris a binary treeu andtwo integersm andrn sud thata = ™ ande = u™.

Proof. We canrewrite a*b = a®°** andc® d = cco 4, sowe only needto prove the lemmafor
k=Fk =3.

Considetthefactorizationof ¢ ande into productsof primetreesandwrite themaswords A andC' on
the(infinite) alphabetf primetrees.Thefactorization®f «” andc® are,respectiely, A repeated times,
andC repeated times(written A” andC*, but bearin mindthat|A”| = r|Al). |A|, here,is thenumber
of (not necessarilylistinct) primetreesinvolvedin thefactorizationof a.

Sincea” = b*, the sameappliesto thewords: A™ = C*. Letg bethegcdof |A| and|C|, andU the
left factorof lengthg of both A andC'. SinceA, repeated- times,is thesameasC, repeated; times, it
followsthat A = U141/9, andC = U/1¢1/9,

Corverting U backinto a binary tree, we getexactly « = u™ andb = u™ with n = |A|/g and
m = |C|/g. 0

Usingthislemma,we canreducetheconjecturdo the casevheretreese ande arepowersof acommon
treeu, whichmeanswve only needo prove that,whenn andm aredifferentintegers,(u™) b and(u™) b
aredifferent. In fact, whenn < m, (u™) *b is a vastly larger tree (in mostsensiblesensef ‘larger,
includingthe onedefinedin thenext section)than(u™) * b, but we will only prove that (u™) * b is astrict
subtreeof (u™) " b.
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4 Partial Ordering of Binary Trees

Operatior? canbedescribedyeometricallyin thefollowingway: a * b is obtainecby changingevery leaf
of b into acopyof a. Thus,sinceu™t! = u.u", we canseethatsuccessie powersof asingletreeu are
prefixesof eachother in thesenseahata copyof ™ with thesamerootis includedin »™+!. This property
is notlimited to powersof asingletree(the samerelationshipexists betweerb anda.b), but we will only
considersucha situationwhendefininga partialorderingon the setof binarytrees.

Definition 2 Two binary treesa and b are called compaableif there exist a treeu andtwo integersn
andm, sud thata = v™ andb = «™. Wewill thenwritea < bif n < m.

Theabove definitionis correct:if morethanonetreeu canbechosenyn andm will alwaysbein the
sameorderwhatever the chosertree. Thedefinedrelationis a partial orderingon the setof binarytrees:
since|u™| = |u|™, therelationis theweightsemi-orderingrestrictedo pairsof treesthatarepowersof a
commoritree.

Leavesof u”

Fig. 2: Theidentityu™*! = u.u™.

Usingthis partial ordering,minimal elementsarethosetreesthatare not a power of someothertree.
Eachminimal elementis comparablenly to its powers,andthe orderis exactly thatof the exponents.
Finally, eachtreeis comparableéo exactly oneminimal element.

This partialorderingis notexplicitly usedin theproofof theconjecturelt is only givenherebecausét
is theunderlyingorderingthatis soma&vhatcompatiblewith the” operationandrelatedfunctions(in the
sensehata < b implies(a®¢) < (b* cand(c* a) < (¢ b), whenk > 3). Obtainingsimilar properties
for more‘natural’ orderings(like thoseobtainedby consideringprefix trees,or prime factorizationsas
subword=or factorsof eachother)hasprovedto be difficult.
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Definition 3 Letk > 3 beaninteger andu a binary tree We definef,, , asthefunctionof two integer
variablesn andm definedby
fuk(n,m) = (u") og (u™)
or, equivalently
(u™) B (u™) = (u?) ur(mm) = gy fur(nm)

Whenk = 3, fu s is simple: f, 3(n,m) = |u™| = |u|™. This functionis thusstrictly increasing
accordingto m (aslongasu # e), andincreasing(in fact, constantjaccordingto n. The proof of the
conjectureis basedon proving that, for eachk > 3, f, x is strictly increasingaccordingto both its

variables.This translatedo the following: operationss and” arecompatiblewith the orderingdefined
above aslong astheiroperandsarecomparable.

Surprisinglyenoughhaving a beaprefixof b is not sufficient,ascanbeseerby takinga = ((e(ee))e)
andb = ((e(e(ee)))e): a isaprefixof b, but a *(ee) is nota prefixof b *(ee)!.

5 Redefining Operations *

We now shaw thatoperations andthe relatedf, , functionscanbedefinedin termsof a very particular
caseof syntheticattributes. Attributesarenormally associatedo a context-free grammar(seeKnuth [5]
for adetaileddefinition),whichis aformalrewriting systenusedto recursvely definethestructureof the
combinatorialobjectsstudied.In the caseof binarytrees,the simplestthing to dois to saythata binary
treeis eitherthe singlenodee, eithercomposedf left andright subtreesvhich themselesare binary
trees.Thistranslatesnto theformalgrammarT” = e + (7.7'), whichis theunderlyinggrammaiin all the
attributesdefinedoelow.

A syntheticattribute canbe definedon a binarytreeby choosinga two-variablefunction f (the‘com-
putingrule’) anda valueto be givento eachleaf in thetree(f shouldbe definedon £ x FE with values
in £, whereFE' is somedomainincludingall valuesgivento leaves). This allows usto computea value
(attribute)for eachnodein thetree,usingthefollowing recurrenceule: if theleft andright sonsrespec-
tively, of aninternalnode have valuesa andg, thenthenodehasvalue f («, 3). Theattributefor thetree
is thevalueof its root node.

Usingthis contet, thedefinitionfor a ¥ b canbetranslatednto asyntheticattributecomputednbinary
treeb:

e eachleafin b hasvalueg;

o the computingruleis *~' : if theleft andright sonsof aninternalnodehave respectie valuesu
andv, thisnodehasvalueu * =" v.

This descriptionof’? correspondso the fact that,whencomputinga’?b, the shapeof treeb indicates
exactly how to associatéermsin thecalculusof a*='a - - -a*~' a (wherea appearsb| times),sincethis
expressioris ambiguousvheneer k£ # 3. For example,if b is thetreein Figure3 (b = ((ee)e)), a®bis
(akﬂa) k1o

When computing f, x(n, m), we get: f, x(n, m) is the syntheticattribute value for tree v™ when
leaveshave value|u|” andthecomputingruleis f, x—_1.

T Thereis aleft, right, right, left, right, right’ pathfrom therootin « “?’(u), but notin b“of(u)
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Fig. 3: An exampleof syntheticattribute.

Proposition4 (Computing f, x (n, m + 1) onu™) f, x(n, m + 1) canbe computedas an attributeon
u™ (insteadof u™+1), still usingcomputingule f, x_1, by giving leavesa valueof f, x(n, 1) insteadof
|ul™.

Proof. Recallthatu™*! is obtainedby replacingall leaves of u™ by copiesof u, sowhile computing
fuk(n, m + 1) asanattributeon w1 all internalnodesthatareleavesin the prefix treeu™ (theroots
of copiesof u) have value f, (n,1). Thus,thevalueof theroot nodeis not changedvhenthesenodes
areconsideredisleaveswith value f, x(n, 1). ]

Givenabinarytreeof weightn andacomputingrule f, we cannow definea functionof »n variablesas
follows: F'(z1, ..., z,) is theattributecomputedwith rule f ontreeq if theleaves(in prefixor symmetric
order)have respectie valueszy, . . ., z,,. We will usetwo very simpleresults:

¢ Initial valuesgrowth property: assumeahe computingrule f is weaklyincreasingwith respecto
bothits variables;thentheresultingfunction F' is alsoweakly increasingwith respecto all of its
variables.If f is additionallystrictly increasingwith respecto its first variable,then F is strictly
increasingwith respecto its first variable.If f is strictly increasingwith respecto all its variables,
thensois F'.

e Treebranchesgrowth property: if f is weaklyincreasingwith respecto oneof its variablesand
strictly increasingwith respecto the other andif for someintegerm we have f(m, m) > m, then
F(z1,...,2,) > min(zy, ..., z,) providedtheminimumis atleastn (whichis alwaystrueif the
domainfor f is restrictecto pairsof positive integers).

Theseresultsareeasilyprovedby inductiononthe heightof treea.
We arenow readyto stateandprove the mainproperty:

Proposition5 Setk > 3 aninteger and u a binary tree, u # o. Thenthe f, , functionis strictly
increasingwith respecto ead of its variables.

Proof. Theproofis by inductionon .

¢ Assumek = 4, andrecallthat f,, 4(n, m) is obtainedby computinga syntheticattributeon treeu™
with computingrule £, 3 andleafvaluesall setto |u|”. Now f, s(n, m) = |u|™, sothis function
is strictly increasingwith respecto variablem (andconstanwith respecto variabler). By the
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initial valuesgrowth property we candeducehat f,, 4 is strictly increasingwith respecto variable
n (if n increasesall leafvaluesincrease).

Now recallthat f,, +(n, m 4+ 1) canalsobe obtainedby computingthe syntheticattribute on tree
u™, with leaf valuesf, 4(n, 1). Usingthe treebranchegyrowth propertyon the computatiorfor
fu,a(n, 1) (which usestree v andleaf values|u|"), we have f, 4(n,1) > |u|?, which in turns
implies (by theinitial valuesgrowth property)that f,, 4(n, m + 1) > f, 4(n, m). This provesthat
fu,4 is strictly increasingwith respecto bothits variables.

e Now setk > 4 suchthatthe statedpropertyholdsfor £ — 1. Replacingf, 4+ andf, 3 by f. » and
fuk—1, respectrely, in the above proof, we prove that f,, ;. is itself strictly increasingwith respect
to bothits variablesthusendingthe proof.

6 Proof of the Conjecture
Wewill now prove thefollowing:
Theorem 6 (Right-cancellation) Setk > 3 aninteger anda, b, ¢ threebinarytrees.If a®b=c"b, then
a = cC.
Proof. We have alreadyshavn that we only needprove this theorenwhena ande are powersof some
commontreeu, i.e. if (u“)’?b = (um)’?b, thenn = m (thisis only trueif u # e, but the casewhen
u = e reduceso a = ¢ = ¢ aryway).

Wewill in factprovethatn — (u”) o b is strictly increasing Recallthat (u") o5 b canbecomputedas
asyntheticattributeon treeb, using f., x—1 asthecomputingrule and|u|" asleafvalue. Now, we know

from Propositiorb that f,, ;1 is strictly increasingwith respecto bothits variableswhichis enoughto
prove (thanksto theinitial valuesgrowth property)that (u™) o5 b increasestrictly with n.

Now since|(u™)* b| = |u|™ (") °x?) thisin turnsimpliesthat|(u™) * b| increasestrictly with n, thus
(u™) ¥ b and(u™)* b canonly beequalif n = m. ]
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