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Right-cancellability of a family of operations
on binary trees
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Weprovesomenew resultsona family of operationsonbinarytrees,someof whicharesimilar to addition,multipli-
cationandexponentiationfor naturalnumbers.Themainresultis thateachoperationin thefamily is right-cancellable.
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1 Introduction
Theproduct ����� , where � and � arepositive integers,canbeexpressedasthesumof � terms,eachbeing
equalto � . Similarly, ��� canbeexpressedastheproductof � factors,eachbeingequalto � . Thisbasically
workswell becausethesumandproductoperationsfor integersareassociative; to pushthis processone
level further (i.e. definea new operationby iteratingexponentiation),oneneedsto decideson how to
ordertheoperationsin theexpression ���	���
�������
�
(where� is theexponentiationoperation).

Onesolutionis to alwaysperformtheoperationsin afixedorder, usuallyright-to-left(seeBlackley and
Borosh[1] or Knuth [2]). Another, richersolutionis to usethestructureof a binarytreeto settheorder,
andusebinarytreesinsteadof integers.

Blondel[3, 4] definesa family of operationsonbinarytrees.Eachnew operationis definedin termsof
theprecedingone.Thefirst threeoperationsaregeneralizationsof addition,multiplicationandexponen-
tiation for positiveintegers,while theothershave nonaturalcounterpartamongpositiveintegers.

Thefirst operation,� � , is definedin thefollowing way: if � and � arebinarytrees,� � � � is thebinarytree
whoseleft subtreeis � , andwhoseright subtreeis � . Writing treesasparenthesessystems,this translates
to � � � ����������� .

Operation� � is definedrecursively using ������ :

- � � ��� ��� .
- if ��������� ��!"� , then � � � ������� � � ��� � ��� �� �#� � � �$!%� .
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Anotherway of defining � � is that theshapeof tree � indicatesanorderin which to computethe ��� �� -
productof ' copiesof � , ' beingthenumberof leavesof � . For example,

� � � �(� ��� ��� � � ��� �(�)�*���)��� ��� �� ��� ��� �� ��� ������ ��� ��� �� ���)�)�
Usingthenumberof leavesastheweight,operations� � , + � and , � actasthenaturaloperationsof addition,

multiplication, andexponentiation,respectively: - � � � � - � - � -/.�- � - , - � + � � - � - � - � - � - , and - � , � � - � - � -10 � 0 .
Ourmainresultis theproof of a conjecturegivenby Blondel,whichstatesthatall theoperations� � are

right-cancellable, i.e. for any integer 2 andtrees� , � and 3 , � � � �4� 3�� � � implies �
� 3 . This resultis easy
to prove for 2 ��5�6�786�9 ; weshow thatit holdsfor all 2
: 9 .

Sect.2 introducesa few notations,andrecallssomedefinitionsandresultson thefamily of operations.
In Sect.3, the conjectureis reducedto a particularcase.Thepartialorderingdefinedin Sect. 4 hasno
directusein theproof,but appearsto bethebestto obtaingrowth results.Sect.5 redefinestheoperations
usingthenotionof syntheticattributes,andSect.6 finally givestheproofof theconjecture.

2 Notation
Theweight(numberof leaves)of a tree � will bewritten - � - . Whendealingwith aword ; , - ;<- will denote
its length.

=?>A@�@�BCBCDE@/B @�BCBCD�D�D

=�F
>G@/B @�B @/B @�BCBCD�D�D�D

For any tree H , H�I J =K> H
I J =�F

Fig. 1: Two treeswith weight5.

Blondel[3] provesseveralalgebraicpropertiesof the � � operations,a few of whicharerecalledbelow.

�
Only operation+ � is associative.
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�
No � � is commutative.

� � , � � dependsonly on theweightof � , not on its shape,which justifiestheuseof notation� , � - � - .
�

All operations� � with 2ML 9 canbedefinedin termsof , � the following way : � � � �N�O� , � �#��P � �/� ,wherethenaturalnumber��P � � is definedinductivelyby:

– ��P , ��� - � -
– ��P �

� ��5
– ��P � �����C��!��*������P � ��� �8P ����� ��� �

� ��!"� if 2?: 9 .
�

Eachtreehasa uniquefactorizationinto anordered+ � -productof primebinarytrees,i.e. treesthat
cannotbefurtherfactorized.Any treewith aprimenumberof leavesis clearlyprime,but thereverse
is not true.

Sinceoperation+ � actssomewhat like multiplication,we will write �Q��� for � + � � . Similarly, since � , � �
doesnotdependupontheshapeof tree � but only onits weight,andis only theresultof ��� �R�����S� (with - � -
factors),wewill write � 0 � 0 for � , � � .

Using thesenotations,we have the familiar property ��TVU�WO�X��T�� ��W (this translatesinto � , � ��� � � 3 �Y���� , � ��� + � ��� , � 3 � , which followsfrom thedefinitionsof , � and � � ).
3 Preliminary Lemma
To provetheconjecture,wewill first reduceit to a simplerform usingthefollowing lemmas:

Lemma 1 Let � , � , 3 and Z befour binary trees,with �\[� �
and 3 [� �

, andlet 2 and 2�] beintegersno
smallerthan3.

If � � � ��� 3��E^� Z , thenthere is a binary tree _ andtwo integers ` and ' such that �
� _ T and 3 � _ W .

Proof. We can rewrite � � � �a�b��cQd/e�� and 3�� ^� Z � 3�f d e ^�g , so we only needto prove the lemmafor
2 � 2�] �h9 .

Considerthefactorizationof � and 3 into productsof primetrees,andwrite themaswords i and j on
the(infinite) alphabetof primetrees.Thefactorizationsof ��k and 3�l are,respectively, i repeatedm times,
and j repeatedn times(written i k and j
l , but bearin mind that - i k - � m8- io- ). - i
- , here,is thenumber
of (not necessarilydistinct)primetreesinvolvedin thefactorizationof � .

Since ��ko�X� l , thesameappliesto thewords: i kN� j
l . Let p bethegcdof - io- and - jq- , and r the
left factorof length p of both i and j . Since i , repeatedm times,is thesameas j , repeatedn times,it
followsthat i � r
0 s*0 t(u , and j � r
0 v*0 t(u .

Converting r back into a binary tree, we get exactly �h� _ T and �a� _ W with ' � - io- wxp and
` � - jq- w�p . y

Usingthis lemma,wecanreducetheconjectureto thecasewheretrees� and 3 arepowersof acommon

tree _ , whichmeansweonlyneedto provethat,when ' and ` aredifferentintegers,� _ T�� � � � and � _ W
� � � �
aredifferent. In fact, when '{zO` , � _ WY� � � � is a vastly larger tree(in mostsensiblesensesof ‘larger’,

includingtheonedefinedin thenext section)than � _ TQ� � � � , but we will only prove that � _ T8� � � � is a strict

subtreeof � _ W|� � � � .
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4 Partial Ordering of Binary Trees
Operation+ � canbedescribedgeometricallyin thefollowingway: � + � � is obtainedby changingevery leaf
of � into a copyof � . Thus,since _ TVU � � _ � _ T , wecanseethatsuccessive powersof a singletree _ are
prefixesof eachother, in thesensethatacopyof _ T with thesameroot is includedin _ TVU � . Thisproperty
is not limited to powersof a singletree(thesamerelationshipexistsbetween� and �Q��� ), but wewill only
considersucha situationwhendefininga partialorderingon thesetof binarytrees.

Definition 2 Two binary trees � and � are calledcomparable if there exist a tree _ and two integers '
and ` , such that �<� _ T and ��� _ W . Wewill thenwrite �K}~� if ' } ` .

Theabove definitionis correct:if morethanonetree _ canbechosen,' and ` will alwaysbein the
sameorderwhatever thechosentree.Thedefinedrelationis a partialorderingon thesetof binarytrees:
since - _ T - � - _�- T , therelationis theweightsemi-ordering,restrictedto pairsof treesthatarepowersof a
commontree.

�
�

�
�

�*�Leavesof � �

Fig. 2: Theidentity �����������8����� .

Using this partialordering,minimal elementsarethosetreesthatarenot a power of someothertree.
Eachminimal elementis comparableonly to its powers,andthe orderis exactly thatof the exponents.
Finally, eachtreeis comparableto exactly oneminimalelement.

Thispartialorderingis notexplicitly usedin theproofof theconjecture.It is only givenherebecauseit
is theunderlyingorderingthatis somewhatcompatiblewith the � � operationsandrelatedfunctions(in the
sensethat �?}�� implies ��� � � 3 �4}��#� � � 3 and � 3�� � �V��}�� 3�� � ��� , when 2�L 9 ). Obtainingsimilar properties
for more‘natural’ orderings(like thoseobtainedby consideringprefix trees,or prime factorizationsas
subwordsor factorsof eachother)hasprovedto bedifficult.
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Definition 3 Let 2�L 9 bean integer, and _ a binary tree. We define����� � asthe functionof two integer
variables' and ` definedby

� ��� � � ' 6 ` �"��� _ T �8P � � _
W �

or, equivalently, � _ T � � � � _ W �"��� _ T ������� e/� T � W�� � _ T�� ����� e$� T � W4�
When 2 ��9 , � ��� , is simple: � ��� , � ' 6 ` �
� - _ W - � - _*- W . This function is thusstrictly increasing

accordingto ` (aslong as _ [� �
), andincreasing(in fact, constant)accordingto ' . Theproof of the

conjectureis basedon proving that, for each 2�: 9 , � ��� � is strictly increasingaccordingto both its

variables.This translatesto the following: operationsP � and � � arecompatiblewith theorderingdefined
above aslongastheiroperandsarecomparable.

Surprisinglyenough,having � beaprefixof � is notsufficient,ascanbeseenby taking �
���)� � � ��� �(� � �
and �����)� � � � � ��� �(�)� � � : � is a prefixof � , but � , � � ��� � is nota prefixof � , � � ��� �(� .
5 Redefining Operations 2 �
Wenow show thatoperations� � andtherelated����� � functionscanbedefinedin termsof a very particular
caseof syntheticattributes.Attributesarenormallyassociatedto a context-freegrammar(seeKnuth [5]
for adetaileddefinition),whichis a formalrewriting systemusedto recursively definethestructureof the
combinatorialobjectsstudied.In thecaseof binarytrees,thesimplestthing to do is to saythata binary
treeis eitherthe singlenode

�
, eithercomposedof left andright subtreeswhich themselvesarebinary

trees.This translatesinto theformalgrammar� � � . � � � � � , which is theunderlyinggrammarin all the
attributesdefinedbelow.

A syntheticattributecanbedefinedon a binarytreeby choosinga two-variablefunction � (the‘com-
putingrule’) anda valueto begivento eachleaf in thetree( � shouldbedefinedon �¡ �� with values
in � , where � is somedomainincludingall valuesgivento leaves). This allows us to computea value
(attribute)for eachnodein thetree,usingthefollowingrecurrencerule: if theleft andright sons,respec-
tively, of aninternalnode,havevalues¢ and £ , thenthenodehasvalue � � ¢ 6 £ � . Theattributefor thetree
is thevalueof its root node.

Usingthiscontext, thedefinitionfor � � � � canbetranslatedinto asyntheticattributecomputedonbinary
tree � :�

eachleaf in � hasvalue � ;
�

the computingrule is ������ : if the left andright sonsof an internalnodehave respective values_
and ¤ , thisnodehasvalue _4��� �� ¤ .

This descriptionof � � correspondsto the fact that,whencomputing� � � � , theshapeof tree � indicates

exactlyhow to associatetermsin thecalculusof � ������ �¦¥�¥�¥§� ��� �� � (where� appears- � - times),sincethis

expressionis ambiguouswhenever 2 [��9 . For example,if � is thetreein Figure3 ( �4�X�)� ��� � � � ), � � � � is��� ������ �V� ������ � .
Whencomputing ����� � � ' 6 ` � , we get : ����� � � ' 6 ` � is the syntheticattribute value for tree _ W when

leaveshave value - _*- T andthecomputingrule is ����� ��� � .¨
Thereis a ‘left, right, right, left, right, right’ pathfrom theroot in ©�ª «­¬­®�®�¯ , but not in °Eª «±¬­®�®�¯
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Fig. 3: An exampleof syntheticattribute.

Proposition4 (Computing � ��� � � ' 6 `�. 5�� on _ W ) � ��� � � ' 6 `�. 5�� canbecomputedasan attributeon
_ W (insteadof _ W4U � ), still usingcomputingrule � ��� ��� � , by giving leavesa valueof � ��� � � ' 6�5�� insteadof
- _�- T .
Proof. Recall that _ W4U � is obtainedby replacingall leavesof _ W by copiesof _ , so while computing
� ��� � � ' 6 `�. 5�� asanattributeon _ W4U � , all internalnodesthatareleavesin theprefix tree _ W (theroots
of copiesof _ ) have value � ��� � � ' 6�5�� . Thus,thevalueof theroot nodeis not changedwhenthesenodes
areconsideredasleaveswith value � ��� � � ' 6�5�� . y

Givenabinarytreeof weight ' andacomputingrule � , wecannow definea functionof ' variablesas
follows: ¸ ��¹ � 6������)6�¹ T � is theattributecomputedwith rule � ontree � if theleaves(in prefixor symmetric
order)have respective values¹ � 6�������6·¹ T . We will usetwo verysimpleresults:

�
Initial valuesgrowth property: assumethecomputingrule � is weaklyincreasingwith respectto
both its variables;thentheresultingfunction ¸ is alsoweakly increasingwith respectto all of its
variables.If � is additionallystrictly increasingwith respectto its first variable,then ¸ is strictly
increasingwith respectto its first variable.If � is strictly increasingwith respectto all its variables,
thensois ¸ .

�
Treebranchesgrowth property: if � is weaklyincreasingwith respectto oneof its variablesand
strictly increasingwith respectto theother, andif for someinteger ` wehave � � ` 6 ` � :º` , then
¸ �#¹ � 6�������6�¹ T � :º»?¼±½ ��¹ � 6�������6�¹ T � providedtheminimumis at least̀ (which is alwaystrueif the
domainfor � is restrictedto pairsof positiveintegers).

Theseresultsareeasilyprovedby inductionontheheightof tree � .
We arenow readyto stateandprovethemainproperty:

Proposition5 Set 2�: 9 an integer, and _ a binary tree, _ [� �
. Thenthe ����� � function is strictly

increasingwith respectto each of its variables.

Proof. Theproof is by inductionon 2 .

�
Assume2 �¿¾ , andrecallthat ����� À � ' 6 ` � is obtainedby computingasyntheticattributeon tree _ W
with computingrule ����� , andleaf valuesall setto - _�- T . Now ����� , � ' 6 ` �R� - _�- W , so this function
is strictly increasingwith respectto variable ` (andconstantwith respectto variable ' ). By the
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initial valuesgrowth property, wecandeducethat ����� À is strictly increasingwith respectto variable
' (if ' increases,all leaf valuesincrease).

Now recall that � ��� À � ' 6 `X. 5�� canalsobeobtainedby computingthe syntheticattributeon tree
_ W , with leaf values � ��� À � ' 6�5�� . Using the treebranchesgrowth propertyon the computationfor
����� À � ' 6�5�� (which usestree _ and leaf values - _*- T ), we have ����� À � ' 6�5�� :Á- _*- T , which in turns
implies(by theinitial valuesgrowth property)that ����� À � ' 6 `�. 5�� :Â����� À � ' 6 ` � . This provesthat
����� À is strictly increasingwith respectto bothits variables.

�
Now set 2�: ¾ suchthat thestatedpropertyholdsfor 2KÃ 5 . Replacing����� À and ����� , by ����� � and
����� ��� � , respectively, in theabove proof,we prove that ����� � is itself strictly increasingwith respect
to bothits variables,thusendingtheproof.

y
6 Proof of the Conjecture
Wewill now prove thefollowing:

Theorem 6 (Right-cancellation) Set 2K: 9 an integer, and � , � , 3 threebinarytrees.If � � � ��� 3�� � � , then�
� 3 .
Proof. We have alreadyshown thatwe only needprove this theoremwhen � and 3 arepowersof some
commontree _ , i.e. if � _ TQ� � � �N��� _ W
� � � � , then ' � ` (this is only true if _ [� �

, but thecasewhen
_ � �

reducesto �
� 3 � �
anyway).

Wewill in factprovethat '?ÄÅ � _ TQ�8P � � is strictly increasing.Recallthat � _ T8�8P � � canbecomputedas
a syntheticattributeon tree � , using � ��� ��� � asthecomputingrule and - _*- T asleaf value.Now, we know
from Proposition5 that ����� ��� � is strictly increasingwith respectto bothits variables,which is enoughto
prove(thanksto theinitial valuesgrowth property)that � _ TÆ��P � � increasesstrictly with ' .

Now since - � _ T8� � � � - � - _�- T�� �­� ��Ç ��d�e��)� , this in turnsimpliesthat - � _ TQ� � � � - increasesstrictly with ' , thus� _ T8� � � � and � _ WY� � � � canonly beequalif ' � ` . y
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