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This paperpresentsa new systematicapproachfor the uniform randomgenerationof combinatorialobjects. The
methodisbasedonthenotionof objectgrammarswhichgiverecursivedescriptionsof objectsandgeneralizecontext-
freegrammars.Theapplicationof particularvaluationsto thesegrammarsleadsto enumerationandrandomgenera-
tion of objectsaccordingto nonalgebraicparameters.
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1 Introduction
An objectgrammardefinesclassesof objectsby meansof terminalobjectsandcertaintypesof operations
appliedto theobjects.It is mostoftendescribedwith pictures.For instance,thestandarddecomposition
of completebinary treesis an objectgrammar(Figure1). The formalismgiven herefor objectgram-
mars[6, 7] generalizestheonefor context-freegrammars.An importantapplicationof thesegrammarsis
asystematicapproachfor thespecificationof bijectionsbetweensetsof combinatorialobjects(see[7]).

Thepaperoutlinesanotherimportantapplicationof theobjectgrammars:a systematicmethodfor gen-
eratingcombinatorialobjectsuniformlyat random. Thework liesin therecursivemethodframework; this
methodis to generaterecursively randomobjectsby endowing a recurrenceformulawith a probabilistic
interpretation.Thisgenerationprocesshasbeenfirst formalizedby NijenhuisandWilf [11, 14,15]. They
have a generalapproach.They basetherecursive procedureon anacyclic directedrootedgraphwith a
terminalvertex andnumberededges,graphwhichdependsonthefamily of objects.Therecursivemethod
hasbeenalsoformalizedby Hickey andCohenin thespecialcaseof context-freelanguages[10], andby
Greenewithin theframework of thelabelledformal languages[9].

Recently, Flajolet, ZimmermannandVan Cutsemhave given a systematicapproachfor this method
with specificationsof structuresby grammarsinvolving set, sequenceandcycleconstructions[8]. The
methodsthatthey have examinedenableto startfrom any hight level specificationof decomposableclass
andcompileautomatically proceduresthat solve the correspondingrandomgenerationproblem. They
have presentedtwo closelyrelatedgroupsof methods:the sequentialalgorithms(linear search)which
have worst casetime complexity ���	��

� , when appliedto objectsof size � , and the boustrophedonic
algorithms(bidirectionalfashion)whichhave worstcasetimecomplexity ���	����������� .

The presentwork is a continuationof the researchof theseauthors. It is a systematizationof the
recursive methodbasedon the object grammars. It then extendsthe field of structureswhich can be

1365–8050 c
�
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Fig. 1: Completebinarytrees.

generatedusingsuchmethod. Another importantcontribution of this work is to considerthe random
generationof objectsaccordingto several parameterssimultaneously, andto considernot only algebraic
parameters(i.e. that leadto algebraicgeneratingfunctions),but alsoparametersthat leadto generating
functionssatisfying� -equations. Theothermethodshave rarelydealedwith theselatestparameters.

In section2, we review thenecessarydefinitionsfor objectgrammars.Wethenprovide in section3 the
notionof � -linear valuations. They formalizethebehaviour (onobjectsdefinedby anobjectgrammar)of
parametersthatleadautomaticallyto � -equationssatisfiedby thecorrespondinggeneratingfunctions.

Section4 introducesoursystematicrandomgenerationmethod.Givenanunambigousobjectgrammar
anda corresponding� -linearvaluation,it allows to constructautomaticallytheenumerationanduniform
generationproceduresaccordingto thevaluation.Theseproceduresusesequentialalgorithmsandhave
worstcasetimecomplexity ���	�����	�����	��� , whenappliedto objectsof valuation�! ��#" , assumingtheenumer-
ationtableshave beencomputedoncefor all in ���	�$
%�	
#� time (see[6] for thegeneralcaseof valuation).
If oneonly considersanalgebraicparameter( �$ ), thecomplexity is thesameasin [8], andtheboustro-
phedonicsearchcanbeused.Note that,asin [8], thecomplexity is relatedto thenumberof arithmetic
operations,unit costis takenfor themanipulationof a largeinteger.

The pathtakenhereis eminentlypraticableandthe methodhasbeenimplementedin theMaple lan-
guage(packagenamedqAlGO). Section5 givessomeresultsobtainedwith this programconcerningthe
uniform randomgenerationof convex polyominoesaccordingto the areaandplanartreesaccordingto
theinternalpathlength.ThepackageCombStruct, writtenby P. Zimmermann,cannotstudytheseobjects
andthis typeof parameter. ThepackagesqAlGOandCombStructcomplementeachothers.In section6,
wefinishby discussingsomeideasanddirectionsof research.

2 Object Grammars
Let & bea family of setsof objects.An objectoperation (in & ) is a mapping')(!*,+.-)/0/#/�-1*  3254 * ,
where *76)& and *98:6;& for < in = ��> �@? . It describestheway of building anobjectof * from � objects
belongingto *,+ > /0/#/ > *  , respectively.

Thedomainof ' is *A+B-1/#/#/�-C*  , denotedby D�EGF1�	'�� , thecodomainis * , denotedby H
EGD�EGF1�I'�� and
the imageis denotedby J�FK�	'�� . The < -th projection*:8 of D�EGF1�I'�� is calleda componentof ' .

Example2.1. A parallelogrampolyominocanbedefinedasthesurfacelying betweentwo North-East
pathsthataredisjoint,exceptat their commonendingpoints(seeFigure2) [5]. Let *�L%L betheset
of parallelogrampolyominoes.

The mappings'M+ , ' 
 and 'ON illustratedin Figure 3 areobject operationsin &QPSRT* L%L�U . The
operations' + and ' 
 areoperationsof arity

�
( *�L%L 254 *�L%L ). Theoperation' + gluesa new cell

at the left of the lowestcell of the first columnof a polyomino. The operation ' 
 addsa new
cell at the bottomof eachcolumnof a polyomino. The operation' N is an operationof arity

�
( *�L%L�-1*�L%L 254 *�L%L ) ; it takestwo polyominoesasargument,applies' 
 to thefirst oneandglues
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Fig. 2: A parallelogrampolyomino.
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φ X
,

Fig. 3: Objectoperationsonparallelogrampolyominoes.

themby onecell: thetop-cellof thelastcolumnof thefirst polyominofacingthebottom-cellof the
first columnof thesecond.

Definition 2.1 Anobjectgrammaris a Y -tuple Z[& >�\C>^]C>%_a` where:& PbRT* 8 U 8IcGd is a finite family of setsof objects.(I is a finite subsetof
IN).\ PbR0eOfMg U 8IcGd is a finite family of finite subsetsof setsof & , eOf�g9hi* 8 ,
whoseelementsare calledterminalobjects.]
is a setof objectoperations ' in & .

S is a fixedsetof & calledtheaxiomof thegrammar.

Thedimensionof anobjectgrammaris thecardinalityof & .
Remark. Sometimesa j -tuple Zk& >�\C>l]m` is calledalsoobjectgrammar. Theaxiomis chosenlater in& .
In the following, the termsgrammarandoperation will often be usedfor objectgrammarandobject
operation respectively.

Theconstructionof anobjectcanbedescribedby its derivationtree: internalnodesarelabelledwith
objectoperationsandleaveswith terminalobjects.Thesederivationtreesarecomparableto theabstract
treeswithin thetheoryof Compiling.

Let noP�Zm& >�\�>^]p`
be an objectgrammarand *q6k& a setof objects. An object E is saidto be

generatedin n by * , if thereis a derivationtreeof n on * (i.e. thecodomainof thelabelof theroot is* ) whoseevaluationis E .
Thesetof objectsgeneratedby * in n is denotedby rts:�	*t� . If

_
in & is chosenastheaxiomof n , thenrtsu� _ � is calledthesetof objectsgeneratedby n .
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φ v φ wφ wφ x

φ x φ w
Fig. 4: A derivationtreein y � .

Example2.2. Let’snote z theone-cellpolyomino.Herearetwo examplesof objectgrammars:n{+|P Z}RG* L%L$U > R�R�z U�U > RG'M+ > ' 
 U > * L%L `
and n 
 P Z}RG* L%L$U > R�R�z U�U > RG'M+ > ' 
 > 'ON U > * L~L ` .

Theparallelogrampolyominoof Figure2 belongsto r sM� �	* L%L � , its derivationtreein n 
 is given
in Figure4. Theset r s�� �	* L%L � is thesetof parallelogrampolyominoes.
Theset r s�� �	* L%L � is thesetof Ferrersdiagrams; it is apropersubsetof parallelogrampolyominoes.

By analogyto context-freegrammars,anobjectgrammarn is unambiguousif every objectin r s � _ �
hasexactly onederivationtree.Unambiguityis animportantpropertyfor building bijections.

Onecanalsodefineseveralnormalformsfor objectgrammars:reduced, 1-2or complete. Thereduced
and1-2 forms extendusualnormalforms of context-free grammars:the reducedandChomsky normal
form. A grammaris saidto be reducedif every setof objects * in & is accessiblefrom theaxiom andrtsu�	*t���P�� ; it is saidto be in 1-2 form if all its operationsareof arity

�
or
�
. Thecompleteform is

specificfor objectgrammars.A grammaris saidto becompleteif rts9�I*t��P�* for every setof objects*
in & (generallyr�s9�	*t�:�}* ). For example,thegrammarn 
 previously definedis completewhile n + is
not. Thedetailson transformationsof objectgrammarsinto normalformsaregivenin [6].

Another Definition
A complete,unambiguousobjectgrammarn}P�Z�& >�\�>^]C>%_)` canbedescribedasasystemof equations�

involving setsof objects,terminalobjectsandobjectoperations,or asa systemof graphicequations.
Theequationsdescribethedecompositionof a setof objectsinto a disjointunionof terminalobjectsand
imagesof operations:

� P �� � *:8�P �� g c0��� g�� 8m� ������%�^�����G��� f g '��I*98 �I�   > /0/#/ > *:8¢¡ �   ��£ ¤¥ 8 � +%¦¨§¨§¨§ ¦ © .

For example,theequationfor thegrammarn 
 generatingparallelogrampolyominoespreviouslydefined
is * L~L P�z;�['M+T�I* L%L ���ª' 
 �	* L%L ����'ON��	* L~L > * L%L �«/
A schematicrepresentationof thisgrammaris givenin Figure5.
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Fig. 5: Schematicobjectgrammarfor parallelogrampolyominoes.

Expanded 1-2 form
Theautomaticmethodof randomgenerationpresentedin thepaperis basedon theexpanded1-2form of
objectgrammars.

An objectgrammarn¬P�Zk& >�\�>^]­` is calledin expanded1-2 form if, for every * in & , theequation
thatdefinesit hasoneof theforms*¬P � ; *¬P�* + ��* 
 ; *¬P�'��	* + � ; *¬P�'��	* + > * 
 � .Proposition2.2 Everyobjectgrammarhasanequivalentexpanded1-2 form.

Proof. To transformanobjectgrammarinto anexpanded1-2 form, it sufficesto changeall thesumsand
domainsof theobjectoperationshaving arity

`k�
by addingsetsof objectsandidentityobjectoperations

of arity
�
. Thus,theequation*¬P�'��	*A+ > /#/0/ > *  � is replacedby thesetof equations*¬P�'Of � �	* + >%® f � � , ® f � P�'Of � �	* 
 >%® f�¯
� , . . . ,

® f°¡²± � Pk'Of�¡%± � �	*  @³ + > *  � . z
In thefollowing,wewill oftenusetheterm1-2 form for expanded1-2 form.

3 Enumeration
Let ´ bea ring and µpP¶RT�·+ > /#/0/ > �$© U a setof variables.Then ´)= µ3? (resp. ´)=�= µ3?�? ) denotesthesetof
polynomials(resp.formalpowerseries) in thevariables�·+ > /0/#/ > �$© having coefficientsin ´ .

Givenasetof objects* , anobjectvaluation(on * ) is a mappinģ f (�* 2°4 ´)= µ3? satisfying¹ �	�$+ > /#/#/ > �@©��u6 IN
©�º R � 61*t»�Z¼�·+  � /#/0/��!©  G½ > ¸ f � � � `t> �Pk¾ U is finite.

Consequently, thegeneratingfunctionassociatedwith * , �� c f ¸�f.� � � , is a formal power serieswhich lies

in ´)=�= µ3?�? . It will bedenotedby ¸ f �I*t� .
Theorem 3.1 Let n�P�Zk& >�\{>l]i` bea complete,unambiguousobjectgrammar, and ¿�P¬R@¸�f�(�* 254´)= µ3? > *�61& U a setof objectvaluations.For all * in & , fromits equationin n* P �� c#� � � � ������%�l�.���G�À� f '��	* 8 �I�   > /0/#/ > * 8 ¡ �   � , (1)

onecandirectlyobtainthefollowing equation:¸ f �	*t�ÁP ¸ f �Àe f �m� ������%�l�.���G�À� f ¸ f �I'��	*:8 �I�   > /0/#/ > *:8¢¡ �   ��� . (2)
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Proof. Theobjectgrammarn is unambiguousandcomplete,givenequation(1). Equation(2) is obvious,
sincewehave disjointunions. z

Theobjective is to obtainasystemof equationsfor thegeneratingfunctionsof thesetsof thegrammar.
Then,onehasto express ¸ f �	'��I*98 �	�   > /#/0/ > *98�¡ �   ��� in termsof ¸ f g �I�   �I*98 �I�   � , . . . , ¸ f g ¡ �   �	*:8¢¡ �   � . This
dependson thenatureof objectvaluationsconsidered.

Example3.1. Let * L%L bethesetof parallelogrampolyominoesandconsiderthefollowing valuation:¸�Â�ÃÄ(o*�L%L 2�4 IN =¨� > �«?
� Å 2�4 � Â 8 ��Æ	ÇÈ����� � Ã%É � Ã �����

It is well-known that the generatingfunction ¸�Â�Ã��I*�L%L�� , denotedhereby Ê#Â�Ã��I� > �G� , satisfiesthe� -equation(seefor example[3])Ê#Â�Ã��I� > �G��P}�O�B���O�GÊ#Â�Ã��I� > �G����Ê#Â�Ã��	�O� > �G���[Ê#Â�Ã��	�O� > �G��Ê#Â�Ã��	� > �G� .

Theobjectvaluation ¸ Â�Ã is called � -linear. Thegeneraldefinitionof sucha valuationis detailed
below.Ë -linear Object Valuations

Let µÌPbRT�·+ > /0/#/ > �$© U and Í¬PbRT�È+ > /#/0/ > � ÉÈU betwo disjointsetsof variables.

Notations. � denotesthe � -tuple �	� + > /#/#/ > � © � and � the Î -tuple �	� + > /0/#/ > �«É
� . If Ï is a matrix having
coefficientsin IN ( Ï�P¬�	Ð 8¨Ñ � , ��Ò < Ò � ,

��Ò[ÓÔÒ Î ), thenÕ �O�#Ö;P¬�I� + � + Ã#�I� /0/#/��«É Ã#�I× > /0/#/ > � © � + Ã ½ � /#/0/^�«É Ã ½ × � ,Õ for Ê��I� > �G�u61´)=�= µ > Í�?�? , ÊM�	� > �G�0Ø Ù�Ú�Ù0Û%ÜÝP�ÊM�	�O� Ö > �G� .
Let * > * + > /#/0/ > *  be setsof objects, ¸�f > ¸�f � > /#/0/ > ¸�f�¡ object valuationson * > * + > /#/#/ > *  respec-

tively, and ' anobjectoperationwith H«EGD�EGFK�	'��@PÝ* and D�EGFK�	'���P�* + -)/#/0/@-1*  .¸�f is called � -linear with respectto ' if it exists a polynomial Þ � in ´)= µ > Í�? andmatricesÏ 8 � for<M6ß= ��> �@? suchthat

¸�f��	'�� � + > /#/0/ > �  ����P�Þ �  à8 � + ¸�f�g%� � 8 �#Ø Ù�Ú.Ù#Û Ü g   , for every � � + > /#/0/ > �  �á6âD�EGF1�I'��
/
If ' is injective, then

¸ f �	'��I*A+ > /0/#/ > *  ����P�Þ �  à8 � + ¸ f g%�	*:8	�0Ø Ù@Ú.Ù0Û Ü g   /
Corollary 3.2 If all theobjectvaluationsof ¿ are � -linear, equation(2) of Theorem3.1becomes:

¸ f �	*t�ãP ¸ f ��e f �m� ������~�l�.���G��� f Þ �
8�¡ �  à8 � 8 �	�   ¸ f g~�I*98	�#Ø Ù@Ú.Ù#Û Ü g   . (3)



Objectgrammarsandrandomgeneration 55

This is a systemof � -equationsweretheunknownsarethegeneratingfunctions ¸�f.�I*t� for thesets* in& .

Example3.2. Theobjectvaluation ¸ Â�Ã is � -linearwith respectto theobjectoperations'M+ , ' 
 and 'ON .
Thentheequation¸ Â�Ã �I* L%L ��P¬¸ Â�Ã �^z9���¼¸ Â�Ã �I'M+T�I* L%L �����ä¸ Â�Ã �I' 
 �	* L~L �����ä¸ Â�Ã �I'ON��	* L~L > * L%L ���
becomesthe � -equationseenbefore( Ê#Â�Ã��	� > �G��Pb¸�Â�Ã��I*�L%L�� )Ê#Â�Ã��I� > �G��P}�O�B���O�GÊ#Â�Ã��I� > �G����Ê#Â�Ã��	�O� > �G���[Ê#Â�Ã��	�O� > �G��Ê#Â�Ã��	� > �G� .

Special Case: Linear Object Valuations

The linear objectvaluationsare � -linearobjectvaluationssuchthat, for every objectoperation' andall
i, Ï.8 � P­�	¾�� . Theselinearvaluationsareexactly in theDSV methodologyframework [2, 13], they yield
algebraicgeneratingfunctions(see[6]).

Object Valuations and 1-2 form

Theproof of Proposition2.2hasshown how to reduceobjectgrammarsin 1-2 form. The � -linearobject
valuationsareverywell preservedthroughthis transformation.

Proposition3.3 If ¿ is a setof � -linearobjectvaluationsassociatedwith anobjectgrammar, it is possible
to constructanequivalentsetof objectvaluationsassociatedwith its 1-2 form.

Proof. Recallthatanequation*}P�'��	* + > /0/#/ > *  � in thegrammaris replacedby thesetof equations*¬P�'Of � �	* + >%® f � � , ® f � P�'Of � �	* 
 >%® f�¯
� , . . . ,
® f°¡²± � Pk'Of�¡%± � �	*  @³ + > *  � .

Concerningtheobjectvaluations,if wehave

¸�f.�I'��	* + > /0/#/ > *  ����P}Þ �  à8 � + ¸�fMg~�I* 8 �0Ø Ù�Ú�Ù0Û Ü   g >
thenwedefine�åååååååååå� åååååååååå�

¸�f.�	'Of � �	* + >~® f � ��� P Þ � ¸�f � �	* + �GØ Ù@Ú.Ù0Û Ü   � /�¸�æ � � � ® f � �ÊOEGÎ�<�P � /#/#/ç� 2 �!>¸ æ � g � ® f g^� P ¸ æ � g �I' f g��I*98 >~® f g è � ���P ¸ f g~�I*98^�0Ø Ù@Ú.Ù0Û Ü   g /�¸ æ � g è � � ® f g è � �
¸ æ � ¡%± � � ® f ¡%± � � P ¸ æ � ¡²± � �I' f ¡²± � �	*  �³ + > *  ���P ¸ f ¡%± � �I*  @³ +~�Èéé Ù@Ú.Ù#Û Ü  ¡%± � /á¸ f ¡��I*  �#Ø Ù@Ú.Ù#Û Ü  ¡ z
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4 Enumeration and Random Generation Procedures
Not all objectgrammarsn andpossiblecorrespondingsetsof functions ¿ leadto randomgeneration.
Thecouples �	n > ¿5� consideredherearewell-founded, i.e. eachsetof objectsgeneratesat leastoneob-
ject, and it generatesa finite numberof objectshaving the samevaluation’s value(it is the definition
of anobjectvaluation). An algorithmperformingthis taskis detailedin [6]. It is inspiredby worksof
Zimmermann[16].

In the following, thestudyis limited to thecaseof � -linearobjectvaluationshaving valuesin theset
of monomialsdenotedby ê1EG��= µ > Í�? . Moreover, µ and Í containonly onevariable: µëPìRG� U andÍ}PbRT� U . Thecompletecaseis detailedin [6].

4.1 Enumeration Procedures

Let n}P�Z�& >�\C>l]i` beanobjectgrammarin expanded1-2form and ¿�P¬R@¸ f (�* 254 êKEG��= � > �«? > *ä6& U a setof � -linearvaluationssuchthatthecouple �	n > ¿5� is well-founded.
Thegeneratingfunctionof a setof objects* is denotedby

¸�f.�I*t��P í�î ¦ ï ��ð H%f��	´ >%ñ �M� î � ï /
Theorem 4.1 (i) Thecoefficients H%f.�	´ >~ñ � are givenby thefollowingformulas:Õ *¬P � , then

if ¸ f � � ��P�� î � ï then H f �	´ >~ñ ��P � else ¾ >Õ *¬P�*A+���* 
 , then H f �I´ >%ñ ��P�H fM� �	´ >~ñ ����H f�� �I´ >%ñ � >Õ *¬P�'��	*A+%� with ¸ f �	'��	*,+²����Pk�$ 0ò
�#"óò·¸ fM� �	*A+%�0Ø Ù�Ú�Ù0Û%ô � , then

H%f.�	´ >~ñ �õP�H%f � �I´ 2 � ð >%ñ 2 � ð 2 �	´ 2 � ð �«/¨Ð + � >Õ *¬P�'��	*A+ > * 
 � with ¸ f �	'��I*A+ > * 
 ����P��! ò �#" ò ¸ fM� �	*A+
�0Ø Ù�Ú�Ù0Û ô � ¸ f�� �	* 
 �#Ø Ù@Ú.Ù#Û ô � , then

H%f.�I´ >%ñ ��P î� 8 ��ð
ï�Ñ ��ð H%f � �I< >lÓ �
/¨H%f � �	´ 2 � ð 2 < >~ñ 2 � ð 2 <�/¨Ð + 2 �	´ 2 � ð 2 <I�
/¨Ð 
 2 Ó �
/

(ii) Thecomputationof all thecoefficientsup to thevalue �$ ��#" needs���	�$

�	
#� arithmeticoperations.

Proof. Thedetailsof thealgorithmcomputingthecoefficientsin ���	�!
²�	
0� timearegivenin [6]. z
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4.2 Generation Procedures
With eachsetof objects* of thegrammaris associateda procedureö�f having parameters� and � , and
generating(uniformly atrandom)anobjectof * having thevaluation�$ ��#" . Moreprecisely, thisprocedure
constructsthederivationtreein thegrammar. It dependson theform of theequationwhichdefines* in
theobjectgrammar:Õ *¬P � . Theprocedureö f is trivial :ö�fk(¨P Proc(k,l)

If ¸�f÷� � ��P��$ ��#" Then Returne
End ProcÕ *7Pm*A+B�k* 
 . Theprocedureö f mustgenerateanobjectbelongingeitherto *,+ or to * 
 . The

probabilitythatthisobjectbelongsto *A+ is equalto H f�� �I� > �	��»@H f �	� > �	� :ö f (¨P Proc(k,l)ø
:= Uniform( =¨¾ >#� ? );

If
ø ZkH f�� �	� > �	��»@H f �I� > �I� Then Returnö fM� �I� > �I�

ElseReturnö f�� �	� > �	�
End ProcÕ *¬P�'��	*A+%� , with ¸ f �I'��	*A+%����P��! #ò~�#"óò·¸ f�� �	*,+~�GØ Ù@Ú.Ù0Û%ô � . Thentheprocedureö f is verysimple.It

returnsanobjectof * obtainedby ' fromanobjectof *A+ having thevaluation�$ @³5 0ò%�#"�³5"óò«³ �  �³O 0ò � § Ã#� :ö f (¨P Proc(k,l)�!� := � 2 � ð ; ��� := � 2 � ð ;
Return'��Oö�f � �I�!� > ��� 2 �$��/¨Ð + �õ�

End ProcÕ *ùPp'��	*,+ > * 
 � , with ¸ f �	'��I*A+ > * 
 ���úPp�$ ò �#" ò ¸ fM� �I*A+~�#Ø Ù�Ú.Ù#Û ô � ¸ f�� �	* 
 �TØ Ù�Ú�Ù0Û ô � . The proce-
dure ö f must generatean object of * obtainedby ' from an object of *A+ and an object of* 
 which respectthe definition of the valuations. The probability for the object of * + having
the valuation � î � ï andthoseof * 
 having thevaluation �$ �³O 0ò�³ î �#"�³O"óò
³ î § Ã#� ³ �  @³5 0ò�³ î � § Ã
� ³ ï isH%f � �I´ >%ñ �
/¨H%f � �I� 2 � ð 2 ´ > � 2 � ð 2 ´1/¨Ð + 2 �I� 2 � ð 2 ´1�«/¨Ð 
 2 ñ ��»�H%fA�	� > �	� . Theprocedureis:ö f (¨P Proc(k,l)�!� := � 2 � ð ; ��� := � 2 � ð ;_

:= H f�� �	¾ > ¾��«/¨H f°� �	�!� > ��� 2 �$��/¨Ð 
 ��»�H f �	� > �	� ;´ := ¾ ;ø
:= Uniform( =¨¾ >#� ? );

While
ø¬`k_

Do´ := ´m� � ;e := ��� 2 ´1/¨Ð + 2 �I�!� 2 ´K�
/¨Ð 
 ;ñ
:= ¾ ;
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Randomgenerationalgorithm:
Input: a couple �	n > ¿O� .
Output:proceduresfor generatingtheobjectsgeneratedby n at random.û Transformn into 1-2 form P�üù�	n ð > ¿ ð � .û Verify that �	n ð > ¿ ð � is well-founded,elseerror.û For eachsetof objects* in n ð , createtheenumerationprocedureH f ,

thencomputeall thecoefficientsup to rank �I� > �	� .û For eachsetof objects* in n ð , createthegenerationproceduresö f
asindicatedabove.

Fig. 6: A randomgenerationprocedure.

While
ø�`¼_

And
ñ[Ò � Doñ

:=
ñ � � ;_

:=
_ �ßH%f � �I� > �	�
/¨H%f � �	�$� 2 ´ > e 2 ñ ��»�H%f��	� > �	� ;

End While
End While
Return'��Oö fM� �I� > �I� > ö f�� �	�!� 2 ´ > e 2 ñ ���

End Proc

Theorem 4.2 Theworstcasetimecomplexity of thegenerationproceduresis of ���I�����I�t�)�	��� arithmetic
operations.

Proof. A randomgenerationprocedureconsistsin constructingrecursively a derivationtreein n . This
treeis binarybecausen is in 1-2 form. Thesizeof thederivationtreeof anobjecthaving thevaluation�! ��#" is proportionalto �Ô�ä� . The generationof a vertex of the treehasa maximalcostof ���I���	� (the
loopsof theprocedure).Thus,thecomplexity of thegenerationof thederivationtreein theworstcaseis���	�ý���	�A�)�I��� . z
4.3 Algorithm for Uniform random generation

Onecannow describean uniform randomgenerationprocedurefor the objectsof an objectgrammar
accordingto a setof � -linearobjectvaluations(Figure6).

Theobtainedgenerationproceduresgive thederivationtreesof objectsin n ð , but not directly in n . A
simpletransformation(linearcostin ���I�t�[�	� ) givesthederivationtreesin n . This postprocessingdoes
not affect theconclusionsof the complexity studies.Futhermore,at theexpenseof someprogramming
effort, it canbeeffected‘on thefly’.

5 Maple package qAlGO
TheprogramqAlGO(in Maplelanguage)implementsthemethoddevelopedin theprevioussections.The
packageqAlGO builds automaticallythe enumerationandgenerationproceduresfrom a unambiguous
objectgrammaranda setof corresponding� -linearvaluations(seetheannex of [6] for syntaxanduse).
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Fig. 7: A parallelogrampolyominoof area10.

Theautomaticnatureof thesoftwareqAlGOgivesaveryusefultool whichmakeseasytheexperimental
studyof variousstatisticson combinatorialobjects. In the following, we presentrelevant examplesof
randomgeneration.

Convex Polyominoes According to the Area
Hereis anexampleof experimentalstudiesusingqAlGO. It concernstherandomgeneration,according
to the area,of differentclassesof convex polyominoes:parallelogrampolyominoes,convex directed
polyominoesandconvex polyominoes.

First, theexampleof parallelogrampolyominoes.It sufficesto giveasinput to qAlGOanobjectgram-
marthatgeneratesthemandthecorrespondingobjectvaluations:thegrammarin Figure5 andthevalua-
tion ¸ Â�Ã definedin example3.1.Thusoneobtainstheenumerationandtheuniformgenerationaccording
to thewidth (in � ) andthearea(in � ).
> with(qalgo);

[compile, countgo, drawgo, drawgoall]
# definition of the object grammar and valuations

> paralgo := { P = cell + phi1(P) + phi2(P) + phi3(P,P) }:
> paralval := [[cell, 1, 1], [phi1, 1, 1, [0]],

[phi2, 0, 0, [1]], [phi3, 0, 0, [1, 0]]]:
# construction of the procedures

> compile( paralgo, paralval, qlinear, Identity):

Wearethenableto generatetheseobjectsatrandom.Moreprecisely, qAlGOreturnsthederivationtree
of a randomparallelogrampolyomino.For example,

# generation of a polyomino having area 10
> drawgo( paralgo, paralval, qlinear, P, 10);

phi3(phi1(phi2(phi2(phi2(cellp)))), phi1(phi2(cellp)))

It thensufficesto evaluatethis derivationtreeaccordingto the objectoperations,andto write thepoly-
omino undera form understoodby the interfaceXAnimalof CalICoþ [4, 12]; so we canvisualizethe
polyominoFigure7.

For the convex polyominoes,we usea muchmorecomplicatedobjectgrammar(of dimension9 and
with 34objectoperations!), but theprincipleis exactly thesameasbeforefor theparallelogrampolyomi-
noes.ÿ

CalICo offersasoftwareenvironmentfor manipulationsandvisualizationsof combinatorialobjects;it allows thecommunication
of graphicalinterfacesandcomputeralgebrasoftwaresuchasMaple.
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Fig. 8: Randomparallelogramandconvex polyominoesof perimeter����� .

Fig. 9: Randomparallelogramandconvex polyominoesof area ����� .

Suchexperimentsshowedushow thin therandomconvex polyominoesaccordingto theareais. Ac-
cordingto theperimeter, they look morethick. Examplesof suchpolyominoesaregivenFigures8 and
9. We alsofind out thatconvex polyominoes,randomaccordingto thearea,have eithera north-east,or
north-westorientation(asFigure9), with sameprobabilityonehalf.

To understandthe thin look of suchrandompolyominoesaccordingto the area,we computedexper-
imentally the averagevalueof two parameters:the heightof a columnandthe gluing numberbetween
two adjacentcolumns, which is the numberof cellsby which two adjacentcolumnsarein contact.Af-
ter generating

� ¾�¾�¾ convex polyominoeshaving area
� ¾�¾ and

� ¾�¾�¾ parallelogrampolyominoeshaving
area

� ¾�¾ , we obtainthe following averagevalues:
�$> j�� for the heightof the columns,and

��> j�� for the
gluingnumberbetweentwo adjacentcolumns.
Remark. Theresultfor theaverageheightof acolumn(

�!> j�� ) coincidesexactlywith whatBender[1] has
obtainedusingasymptoticanalysismethods.

Thedifferenceof
�

betweenthesetwo averageparameterscanbeexplainedsimplyby noticingthatthis
differencehasfor limit the quotientbetweenthe heightandthe width of the polyomino,which is

�
by

symmetry.

Planar Trees According to the Internal Path Length
A simple unambiguousobject grammarfor the planartreesis given in Figure 10. The internal path
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Fig. 10: An objectgrammarfor planartrees.

Fig. 11: A randomplanartreeof size100.

length(ipl) of a tree is the sum of the distancesof all its nodesfrom its root. The q-linear valuation¸ 8 L " ( �.Å 254 � © ���%���%����� � 8 L " ����� leadsto thefollowing q-equationfor thegeneratingfunctionet�I� > �G��P}���ßet�I�5� > �G�^et�I� > �G� .

Setting� to
�
, weobtainthelinearvaluationfor thesizeof thetrees(thenumberof nodes).

Using qAlGO with the above grammarandthesetwo valuations,we areable to generateat random
planartreesaccordingto the size (seeFigure 11), andalso, accordingto the internalpath length (see
Figure12). Thelatterhave aremarkablelook: they have a very smallheight.

6 Conclusions and Perspectives
Theinterestof our approachlies in its generalityandsimplicity. Time complexity are‘computable’and,
at thesametime, onegainsaccessto therandomgenerationof arbitrarily complex objectsaccordingto

Fig. 12: A randomplanartreeof internalpathlength100.
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several parameters,algebraicor not. In the previous section,we showed how it is possibleto usethe
packageqAlGO in orderto getconjectureson someparametersof objects.A lot of studiescanbedone
for otherobjectsaspaths(accordingto thearea),differentclassesof trees(accordingto theinternalpath
length),.. . Theautomaticnatureof qAlGOmakessuchstudieseasy.

Concerningthedecomposablestructures,Flajolet,ZimmermannandVanCutsem[8] have shown that
the generationof a structureof size � is in ���	����������� by usinga boustrophedonicalgorithminstead
of ���	��
#� by using a sequentialone. It would be interestingto makea similar analysisto seeif the
boustrophedonicprinciplecanimprove thecomplexity of our algorithmsof generationin thesameway.
But wehaveheremorethanoneparameter, thenthestrategy is notobviousto determine(andto analyse).
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