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ThelatticeS,, of all permutation®nan-elemensethasbeenshavn to bebounded5], whichis astrongconstructie
propertycharacterizedby the factthat S,, admitswhatwe call aninterval doublingsdheme In this paperwe char
acterizeall interval doublingscheme®f thelattice S,,, aresultthatgivesa nice precisionon the boundedhatureof
thelattice of permutationsThis theoremis adirectcorollary of two strongpropertiegProposition3 and Theorem3)
thatarealsogivenwith their proofs.

Keywords: Permutations)attice, boundedlattice, intenal doubling schemesarrow relations, linear extension,
tableaux.

1 Introduction

Permutation®n an-elementsetplay a fundamentalole in numeroudields, especiallyin computersci-
enceandpure or appliedmathematics.The main reasonfor the importanceof permutationsn applied
mathematicss thatthey appeailik e a fundamentabrdinalmodelsincethe setS,, of all permutation®n
an-elementsetis clearlyin a bijective correspondenceith the setof all linear orderson a setwith the
samecardinality GuilbaudandRosenstiehhave provedin 1963thatthe setof all permutation®n afinite
setis alattice[15]: indeedthetranspositionsvhich reverseneighbourdn a permutation(andwhich give
rise,asageneratingystemto thesymmetricgroupsS,,) definethecoverrelationof anorderrelation<s,_,
theso-calledweakBruhatorderon S,,, whichis alattice (Bjorner[4]). Thelattice(S,,, <s,,) of permuta-
tions, alsocalled Permutoedon, hasbeenstudiedby severalauthors(seee.g. Barbut andMonjardet[1],
Chameni-Nemba[6], Le Contede Poly-Bartut [16, 17], Edelmanand Greeng[11], Markowsky [19]).
Recently Duguenneand Cherfouh[10] (and,independentlyandin a moregeneralcontext, Le Contede
Poly-Bartut[18]) have provedthatthislatticeis semidistrilutive. This propertyhasbeenreinforcedin [5]
whereit is provedthatthe lattice of permutationss boundedseeDay [8] for the origins of this concept
andfor anumberof characterizationsyyhich meanghatthe Permutoedroganbeobtainedrom thetwo-
elementattice © = ({0,1}, <) by a(finite) sequencef doublingsof corvex sets(the definition of this
constructve operationcanbe found for instancein [2] or in [14]). Anothercharacterizatiomf bounded
latticesis expressedn termsof A-table, a (particularlyrich lattice encoding)conceptdefinedfrom the
arrow relations A latticeis boundedf andonly if its A-tableadmitswhatwe call aninterval doubling

1365-80500) 1999Maisondel’Informatique et desMathematiqueDiscretes(MIMD), Paris,France



178 NathalieCaspad

schemg[14]. In [2], theauthorshave shovn how all interval doublingscheme®f aboundedattice L are
in a 1-1 correspondenceith all differentwaysto constructL from the two-elementattice by the dou-
bling operatiormentionedabove. Theseinterval doublingschemesrealsoin a 1-1 correspondenceith
all linearextensionf the posetof join-irreduciblecongruenceandwith all linearextensionof the poset
Jr, with respecto the D — rank definedin [12] (seethis referenceandalso[9] for moredefinitionsand
detailson this subject). The aim of this paperis to provide a simple characterizatiowf all interval dou-
bling scheme®f thelatticeof permutationgCorollary2). This characterizatios obtainedasacorollary
of two results:Proposition3 which characterizethe orderrelationbetweerall join-irreduciblepermuta-
tions (anddually betweerall meet-irreduciblgpermutations)n termsof arrow relations,and Theorem3
thatgeneralize®ur characterizatiomesultto a largerclassof lattices.

In thefollowing sectionwe giveall necessarpotionsonlatticesandonthearrow relations andprovide
someusefulpreliminariesaboutpermutationsSection3 presentsheresultswith their proofs.

2 Preliminaries

A partially orderedset(or poset)(L, <) is alattice if ary pair {z,y} of elementof L hasaleastupper
bound(alsocalledjoin) denotedby z V y anda greatestower bound(alsocalledmee} denotedoy = A y.
Theorderrelation< on L is thetransitive closureof thecoverrelation < of L, whichis definedby z < y
if z < y andthereexistsno z € L suchthatz < z < y. We thensaythatz is covered by y (or y
coversz). An elementj (resp.m) of L is ajoin- (resp.meet) irr educibleof L if it cannotbe obtainedas
thejoin (resp. meet)of elementof L distinctfrom j (resp.from m). Equivalently, anelementj (resp.
m) of L is anon-zero(resp. non-unit)join- (resp. meet-)irreducibleif it covers(resp.is coveredby) a
uniqueelementin L, whichis thendenotedby j~ (resp.m™). The setof non-zergjoin- (resp.non-unit
meet-)irreduciblesof alattice L is denotedy .J;, — or J if no confusionarises— (resp.My or M). We
will alsoidentify ary lattice (L, <) with its underlyingsetL andall latticeswill be representedy their
diagram, i.e. by thetransitive reductionof their cover relation,directedfrom bottomto top.

For otherdefinitionsaboutlatticesnot recalledhere,seefor instancethe booksby Bartut and Mon-
jardet[1], Birkhoff [3] or Davey andPriestley [7].

Let N = {1,2,...,n} beasetwith n elements.A permutationon N is a bijectiona on N thatwe
denotea = ay...q4...a,. FOri = 1,...,n — 1, a; anda;; aresaidadjacentin the permutationn.. We
denoteby S,, the setof all permutationson N. It is clearthatS,, is in a bijective correspondenceith
the setof all linear orders on a setwith cardinalityn. Accordingto this bijection, we will freely mix
thesetwo notions,consideringa permutatiorn asthelinearordera = {(a;, ;) : 1 <i < j <n}and
applyingall ordinal notationsand conceptso permutations.In the following, an orderedpair (;, «;)
will ratherbewritten a; ;.

For apermutatiorny, we noteA(«) thesetof all agreementsf o, i.e. thesetof all orderedpairs(a;, o)
of a satisfyinga; < a;. ThesetD(a) of all disagreement®f «a is definedasthe setof all orderedpairs
(e, a) of a satisfyinga; < «;. An orderrelationbetweerthe permutation®f S,, is definedby a < 3
if A(8) C A(a) (or equivalentlyif D(a) C D(B)). For this orderrelation (which equalsthe weak
Bruhatorderon the setof permutations)the setS,, of permutationss a lattice with the naturalorder
0s, = 1...k(k+1)...n asleastelement@andthedualorderls, = n...k(k—1)...1 asgreateselement.The
coverrelation< on S, is definedby a < § if thereexistsa uniqueorderedpair (a;, a;+1) of elements
of N thatareadjacentn « and$ andthatsatisfys = [a \ (@i, @it1)] U (@iy1,04). If apermutation
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a admitsan agreemenimadeof two adjacenelementsy; anda; 1 (i.e. @ = a1 ... ;0441 . . . o, With
a; < aiy1), We saythata hasaincreasing(in ¢) anddually, if « admitsa disagreemeninadeof two
adjacentelementsy; anda;y (i.e. o = ag ... ;0441 - .. an With a1 < «;), we saythata hasan
decreasing(in i).

Theirreduciblepermutationgrecharacterizethy meanof theincreasinggnddecreasingasfollows:
apermutatioris join-irreducible(resp.meet-irreduciblelf andonly if it admitsauniquedecreasingresp.
increasing).

Remark 1 Anyjoin-irr educiblepermutationy canbedenotedoyy = A|A = Bv|uB (u,v € N), whee
A = BvandA = uB aretheleftandright factorsof ¥ compatiblewith theorder s, , andwheevu is the
uniquedecieasingof . Dually, any meet-ireduciblepermutationy will bewritten = D|D = Cl|pC,
with D = Cl and D = pC theleft andright factors of ;. compatiblewith the order 1s, andwhee Ip
is the uniqueincreasingof p. It is clear that a join-irr educible(resp. meet-ireducible)permutationis
completelydeterminedy A or by A (resp.by D or by D).

Remark 2 Theuniquelower cover of a join-irr educiblepermutationy = A|A = Buv|uB is the permu-
tationy~ = BuvB, obtainedby changingthe uniquedeceasingvu of y into theincreasinguv. Dually,
the unique upper cover of the meet-ineduciblepermutationy = D|D = Cl|pC is the permutation
ut = CplC, obtainedoby changingthe uniqueincreasinglp of x into the deceasingpl.

Thefollowing factis well known:
Remark 3 |J| = |M| (=2" — (n + 1)).

The original definition of boundedatticescanbe found for instancein [12]. Thereexists a simple
characterizatiorof theselatticesdue to Day [8] and expressedn [14] in termsof arrow relationsor
equialently, in termsof A-table avery usefultool for thedescriptionof numerougropertieson lattices.
We startwith the definition of thesenotions,introducedby Wille andthe "DarmstadtSchool” (see[13]
and[20]).

Definition 1 Letj beajoin-irr educibleandm ameet-ireducibleof a lattice L. Thethreearrowrelations
1, } and] are definedasfollows:

(@ jtmifmismaximalin {t € L:j £ t}.
() j i mif jisminimalin {t € L:t £ m}.
(€) jImifj tmandj | m.

Equivalently, 7 + m if andonlyif 5 £ m andj < m™ and,dually, j | m if andonlyif 5 £ m and
Jjm <m.
Moreoverit is usefulto definethe following "strict” arrow relations:

Definition 2 LetL, j andm beasabove
(d) j1t. mifjtmandj Ym.
e)jd mifjlmandj ¥m.

It is obviousthatrelations<, {, 1. and|.. donotintersect.This allows usto defineafundamentatoncept
of latticetheory the A-table (A for Arrow) of alattice (Wille andthe”DarmstadtSchool”,1983).
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Definition 3 Let(L, <) = L bealatticeandJ and M its setsof join-irr educiblesandof meet-ireducibles
respectivelyThe A-tableof L —denotedby A, —is equalto thetuple A, = (J, M, <,3,1.,1.).

Accordingto its definition, the A-table of a lattice L canalwaysbe describedby a two-dimensional
table,whoserows areindexedby thejoin-irreduciblesof L, andwhosecolumnsareindexedby its meet-
irreducibles. Eachcell (j,m) in the A-table containsa crossx if j < m, andanarrov 1, |}, or
accordingo theadequatease.Thecell (j, m) containghesymbolo if (j, m) doesnotsatisfyary of the
previousconditions.

Obviously thereexists mary waysto presenthe A-tableof alattice L, accordingto the orderschosen
on J and M for theindexing of rows andcolumnsof the A-table. This naturallyleadsto the simpleand
fundamentahotion of tableay thatwe definebelow:

Definition 4 Atableaul of lattice Lisatriple T = (Ar, L, Lar) wher Ay, isthe A-tableof L and L ;
and Ls two linear orders respectivelyefinedon J and M anddefining(fromthetop to the bottomand
fromtheleft to theright) thetwo orders of the’r ows” andof the”columns” of tableauT".

Sothe A-tableof L canbedescribeddy (|J|! x |M|!) equivalentsuchtableauxanda tableauis com-
pletelydeterminedy thetwo ordersC ; and L. Figurel shavs (thediagramof) thelattice of permuta-
tionsS, andits A-table,givenby atableau.

Remark 4 Eadh row andead columnof thistableaucontainsat leastone$.

In theintroduction,we have recalledthatthe Permutoedroiis semidistrilutive. Let usrecallthata lattice
L is saidsemidistrilutiveif for all elementse,y,z € L,z Ay = ¢ A zimplieszt Ay =2 A (y V z) and
xVy =zVzimplieszVy = zV (y Az)). Thefollowing characterizationf thesdatticesis well known:

Proposition1 Afinitelattice L is semidistrilutiveif andonlyif thetwo following conditionsare satisfied:
1. Foranyj € J, ther existsa uniquem € M sucthatj { m.
2. Foranym € M, there existsa uniquej € J sucthatj { m.

Thisresultmeanghat L is semidistritutiveif andonly if the A-tableof L containsauniquef oneachine
andon eachcolumn. Accordingto Remark4, this factimpliesthatJ and M have the samecardinality
andthatthesetwo setsarein abijective correspondencmducedby therelation]. Theorem2 givesthe
expressiorof this bijectionin the caseof the semidistritutive lattice of permutations.

The characterizatiorof boundedlattices given in Theorem1l clearly showvs that a boundedlattice is
semidistrilutive. We begin with onedefinition.

Definition 5 Let L bea semidistritutivelatticeandT = (Ay, L;, L) a tableauof its A-table We say
thatT is aninterval doublingschemeof L if it satisfieghetwo following conditions:

1. The|J| doublearrows] are ontheprincipal diagonalof 7.
2. All arrows?. are belowthis diagonalandall arrows| . are above

For anillustration of thatdefinitionseeFigure2.

Theorem1 (Geyer, 1994)A lattice L is boundedf and only if its A-table admitsat leastoneinterval
doublingscheme
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J\M | 3421 4231 3241 2431 4312 4213 3214 2413 4132 3142 1432
1243 X X X
1324
1342
1423
2134
2314
2341
2413
3124
3412
4123

X
X
X

0T X 0 X X X 04X ¥+
0 0 X 04>X X 0 ¥ X &

X XTFPX X X TP X X<
X 7> X X X X X >
> o0 0 X X X X<4>o0 &
X X X >4 X X X
X 0 0 X 7> X X 0 & X
0 0 0430 & X & 0o &
X ™>4>0 0 0 & X X X
04> X 0 0 0¥ 0 X X &
>0 ¥ 0 0 0 & X X X

Fig. 1: Thelattice S, of permutationgnd(atableauwof) its A-table.

J\M

T]  not
1]

noJ

7]

Fig. 2: An intenal doublingscheme
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Clearly, the tableauin Figure 1 is an interval doubling schemeof the lattice S;. It is completely
determinedy thechoserlinearorderon J (whichis thelexicographicalorderon J) sincefor thislinear
order thereexistsauniquelinearorderon M allowing to getall  of the A-tableonits principaldiagonal.
In [5], theauthorhasshovn the boundedhatureof the Permutoedroty shaoving thatthe uniquetableau
givenby thelexicographicabrderon .J andallowing thealignmentof the] onthediagonalis aninterval
doublingschemef S,,. Ouraimhereis to characterizall interval doublingschemesf thePermutoedron.
To do so,we usethefollowing characterizatioof thearrow relationsin thelattice S,, (whoseproof, easy
is left to thereader):

Proposition2 Lety = Bv|uB beajoin-irreducibleand . = Cl|pC a meet-ireducibleof thelattice S,,.

Ap) € A(y)-

1. y<p <= D(y) CDk) <~
) andD(y) C D(u*

2. ~vtp < pleD(y )-
3. ylu <= wve A(p)andA(p) C A(y7).
-

4. ylp < ple D(y), w € A(n), D(v) C D(p*) andA(p) C A(v7).

3 The results

We have seerthatasemidistrilutive latticeis characterizedby theexistenceof auniquef oneachline and
on eachcolumnof its A-table,this relation] inducingin thelattice a bijective correspondencketween
thesetsJ and M. Without proof, we give thefollowing theoremandcorollarywhich make this bijection
explicit in the caseof the Permutoedronkor the proof seg[5].

Theorem2 1. Lety = Bv|uB beajoin-irr educibleand z a meet-ireducibleof lattice S,,. Then

=({zeB:u<z}U{zeB:v<az},>)

v1p <= p=CulC wzth{ =({zeB:z<ulu{zeB:z<v},>)

2. Letu = Cl|pC bea meet-ireducibleand-y a join-irr educibleof lattice S,,. Then

=({zeC:z<plU{zeC:z<l}, <)

viu < v=DBp|iB Wth{ =({zeC:p<alu{zeC:l<a}, <)

Corollary 1 Therelation] inducesa bijectionbetweerhesetsof join-irr educiblesindmeet-ireducibles
of S, (semidistritutivity of S,,).

Definition 6 In a semidistrilutive lattice, the meet-ireducibleimage of thejoin-irr educibleelementj in
the bijection § will be denotedby m; and corversely the join-irr educibleimage of the meet-ireducible
elementn will bedenotedoy j,, .

We shallnow prove a strongpropertyof the arrow relationsin thelattice of permutationsthatwill be
usedto characterizall interval doublingscheme®f S,,.

Proposition3 Let~y bea join-irreducibleof S,, and p., its image in thebijection]. Thefollowing asser
tionsare satisfied:
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LYY ed (Y1 puy < 7<s.7)
2.Vp' € M, (yu b p' = p' <s, W)

Proof: To provepoint1, we set:

v = Bv|uB

py = CuloC
pt = CvuC
' = B's|rB'

We thenconsiderthefollowing conditions:

{ (a) vu € D(v')

b)VeeB, (u<z=z€B
()Vz € B, (t<v=12€B)

andwe prove theequivalenceof thethreefollowing conditions:

{ (i) v <s, '

(4t) conditions (a), (b) and (c) are satis fied
(#dd) v 1. iy

(1) = (i1) : v <s, 7' impliesvu € D(v'). Condition(a) s satisfiedandimpliesv € B's andu € 5:
Letz € B besuchthatu < xz. Sowe have xu € D(v), hencexu € D(v'). Thenif z € rB, we
haveux € A(v'), whichisimpossiblelf z = s, thenv € B'simpliesv < s, andsoz = s € vuB,
which contradictse € B. Finally, z € B’ andcondition(b) is satisfied.Now for condition(c), let
usconsiderz € B suchthatz < v. We havevz € D(y) andsovz € D(v'). If z € B's then
zv € A(v'), whichis impossible.If z = r thenu € rB' impliesr < u, hencez = r € Buu,
which contradictss € B. Finally, z € B’ andcondition(c) is satisfied.

(i9) = (4i7) : Letussupposehatall conditions(a), (b) and(c) aresatisfied.We prove thatthisimplies
(B'slrB' =)y 1 p,(= CulvC), i.e. (Proposition2) thatwe have vu € D(v") and A(ut) C
A(v"). Condition(a) givesvu € D(v'). It remaingto provethat A(ut) C A(y'). Letuscompute
thesetA(u) of all agreementsf ut = CvuC:

Ap?) ={av: z e Candz < v}U{uz: z € Candu < z}U{ay: z € C, y e Cand
z < y}. Wenow provethatA(ut) C A(y').

e {zv:z € C andz < v}: wehaveu < z sincez € C andontheotherhand,z € C and
z < v imply (Theorem2) zz € B. Thuscondition(b) impliesz € B'. Sincev € B's (by
condition(a)) andz < v, we obtainzv € A(y').

e {ur :z € C andu < z}: wehavex < v sincexr € C andontheotherhand,z € C and
u < z imply z € B (Theorem2). Thuscondition(c) givesz € B and,sinceu € rB by
condition(a), we haveuz € A(').
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e{zy:ze€eC,yecCandr <yl zeC,yecCandr <yimplyu <z <y < v SO
we have ononehandz € C andz < v thatleadto z € B (Theorem2) andsinceu < =z,
we obtainz € B’ accordingto (b). Ontheotherhand,we havey € C andu < y thatlead
toy € B andsincey < v, we obtainy € B by condition(c). Finally, z € B', y € B' and
z < y andsoxy € A(Y).

(711) = (@) : Thisfacttrivially holdsin ary semidistrilutive lattice.
We have just giventhe proof of point 1. of the proposition.The proof of point 2. is dual. ]

Beforewe establishthe characterizatiomesultfor all interval doublingscheme®f the Permutoedron
(Corollary 2) describingall possibleconstructionof S,, by doublingsof corvex setsstartingfrom the
two-elementattice (detailson this subjectare givenin [2]), we first prove the more generaltheorem
below.

For a semidistritutive lattice L anda linearorder £; on J, we denoteby £%, the uniquelinear order
on M suchthatthetableaul’ = (A, L;, £3%,) hasall { ontheprincipaldiagonal.

Theorem 3 Let L bea semidistrilutive lattice satisfyingconditionsl. and 2. of Proposition3 andlet £ ;
bealinear order onthejoin-irr educibleelement®f L. Thefollowing conditionsare equivalent:

1. T = (AL, Ly, L%) isaninterval doublingschemeof lattice L.

2. L;isalinear extensiorof (J, <;,) and L3, is alinear extensionof (M, >p,).

Proof: 1. = 2: Let L; bealinearorderon J. Thetableaul' = (A, £, L},) satisfieghealignment
of the$ onthe principaldiagonal.If £ is notalinearextensionof (J, <r), thereexistsj, j' € J such
thatj£,j' andj’ <p j. Butj’ < jimpliesj 1. m; (Proposition3). Thus,j and;’ satisfy;jL;j' and
J 1. mj, andT is notaninterval doublingscheme.

Dually, we would shawv thata tableaul’ = (AL, Ly, £%,) is notaninterval doublingschemeassoon
asL%, is notalinearextensionof (M, >,,).

2. = 1: Let L; bealinearextensionof (J, <r). Let usassumehatthetableaul’ = (A, Ly, L},)
is notaninterval doublingscheme Sothereexists j, j' € J suchthatj£;j' and(j 1. mj orj' | m;).
In this case,L%, is notalinearextensionof (M, >). IndeedjLsj' impliesj’ £, j by hypothesisBut
this lastconditionimplies j . m; (Proposition3). Sowe have j' |. m;, which, accordingto the same
proposition,impliesm; <z m; and,sincejL;j’ impliesm;L3,mj, L3, iS not alinear extensionof
(M7 ZL) u

Theannouncedesultis now adirectcorollary of Proposition3 andTheorem3.

Corollary 2 (Characterization) Let £; be a linear order on the join-irr educiblepermutationsof the
Permutoedon. Thefollowing conditionsare equivalent:

1. T = (As,, Ly, L3) isaninterval doublingscdhemeof lattice S,, .

2. L, isalinear extensiorof (J, <s,) and L%, is alinear extensionof (M, >s, ).
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2341 3412 4123
2314 3124 2413 1342 (8) 1423

(1) 2134 (2) 1324 (3) 1243

(D) 4312 (2) 4231 (3) 3421

4132 4213 3142 2431 3241

NN

1432 2143 3214

N

Fig. 3: A linearextensionl s of (J, <s,) for whichthelinearorder(}, on M is notalinearextensionof (M, >s,).

Figure3 shavsthatfor agivenlinearextension y of thejoin-irreduciblesof lattice S, thelinearorder
L%, onthemeet-irreducibless not necessarilya linearextensionof (M, >, ) andsothetheoremis not
trivial. Indeed,if we numeratethe join-irreduciblepermutationdrom 1 to 11 asshown on thefigure,a
linear extensionof (J,<s,)isthen:1 < 2<3<4<5<6<7<8<9<10< 11, whereaghe
correspondindinearorder £}, on M is notalinearextensionof (M, >s, ) (obsere permutation$ and
8).

4 Conclusion

We haverecalledthatall interval doublingschemesf aboundedattice L arein bijectionwith all different
waysto constructL startingfrom the two-elementiattice by doublingsof convex sets. The result of

characterizatiownf all interval doublingscheme®f the Permutoedromppeargherefordik e a significant
steptowardsa betterunderstandingf the constructve propertiesof this lattice. Moreover, in [5], the
authorhasconjecturedhatall (finite) Coxeterlattices(containingtheinfinite family of lattices(Sy, ), >2)

could themseles be boundediattices. In this case,the questionwould ariseto know if thereexists a
similar characterizatiomesultabouttheinterval doublingscheme®f theseattices.

At last,we have provedPropositior3 in aparticularclassof lattices(semidistritutive latticessatisfying
both conditionsof Proposition3) andwe are interestedto determineif this classis maximal for this
propertyonthearrow relations.
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