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There are 18 (and possibly 19) integers that are not of the form
xy+yz+xz with positive integers x, y, z. The same 18 integers
appear as exceptional discriminants for which no indecompos-
able positive definite binary quadratic form exists. We show that
the two problems are equivalent.

Recently Borwein and Choi [Borwein and Choi 00], and
independently Le [Le 98], have shown that the Diophan-
tine equation xy + yz + zx = n has solutions x, y, z with
x, y, z ≥ 1 for all natural numbers n with the excep-
tion of 1, 2, 4, 6, 10, 18, 22, 30, 42, 58, 70, 78, 102,
130, 190, 210, 330, 462 and possibly one further number
> 2 · 1011. The same numbers appear as exceptional dis-
criminants for which no indecomposable positive definite
binary quadratic form exists, as shown in [Zhu and Shao
88] and [Peters 91]. We show the equivalence of the two
problems.

An indecomposable binary positive definite quadratic
form with discrimant d (in the terminology of O’Meara
[O’Meara 63]) exists iff d = ac− b2 with positive integers
a, b, c with the reduction conditions 2b ≤ a ≤ c. In other
words: d is represented by the ternary quadratic form
xy − z2 with positive integers x, y, z with 2z ≤ x ≤ y.
We show that this is equivalent to a representation of d

by xy + yz + zx with positive integers. The matrices of
the ternary forms

⎛
⎝

0 1 0
1 0 0
0 0 −2

⎞
⎠ and

⎛
⎝

0 1 1
1 0 1
1 1 0

⎞
⎠

are equivalent by means of the transformation matrix
⎛
⎝

1 0 0
0 1 0
1 1 1

⎞
⎠ .

Explicitly we have the following: if xy + yz + xz = d

with 1 ≤ z ≤ x ≤ y, then (x+z)(y+z)−z2 = d with 1 ≤
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2z ≤ x+z ≤ y+z. On the other hand: if xy−z2 = d with
1 ≤ 2z ≤ x ≤ y, then (x−z)(y−z)+(y−z)z+(x−z)z = d

with x − z ≥ 1, y − z ≥ 1.
Thus, we have seen the equivalence of both problems

and it remains the open question of the possible further
exception > 2 · 1011. The numbers in question are—if
we exclude 1, 4, and 18—the disjoint discriminants of
the second type; see [Borwein and Borwein 87] and N. J.
A. Sloane’s On-Line Encyclopedia of Integer Sequences:
www.research.att.com/∼njas/sequences/index.html, se-
quence A034168.
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