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On Certain Subclasses of Meromorphic
Functions With Positive Coefficients '

M. K. Aouf

Abstract

In this paper, we obtain coefficient estimates, distortion theorem, radii
of starlikeness and convexity for the class E;(A,B,B) of meromorphic
functions with positive coefficients. Several interesting results involving
Hadamard product of functions belonging to the classes Z;(a, B) and
> (A, B, ) are also derived.
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1 Introduction

Let }_ denote the class of functions of the form

(1.1) f(z)zé—i—ianz” (peN*={2i—1:ie N={1,2,3,....})
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which are analytic in the punctured disc U* = {z : 0 < |2| < 1} with a
simple pole at the origin with residue one there.
A function f(2) € >_ is said to be meromorphically starlike of order «

if it satisfies

(1.2) Re {—Z;(S)} >a

for some a(0 < o < 1) and for all z € U*.
Further a function f(z) € >_ is said to be meromorphically convex of

order «v if it satisfies

2 1'(2)
(1.3) Re {—(1 + ) )} >«
for some (0 < a < 1) and for all z € U*.

Some subclasses of > |, when p = 1 were recently introduced and studied
by Pommerenke [8], Miller [6], Mogra. et al. [7], Cho [3], Cho et al. [4] and
Aouf ([1] and [2]).

Let > be the subclass of 3~ consisting of functions of the form

(1.4) f(z)zi—i—Zan 2" (a, >0,pe N™).

We denote by 7 (A, B) the class of functions f(z) € }_, that satisfy

the condition

'1+Az

L5 e A !
(1.5) SR <P RS

(z€U"),

where < denotes subordination, -1 < A< B<land —1<A<O0.
It is easy to see that (1.5) is equivalent to
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Zp+1f(p) (Z) + p'
Bzrt1f®)(2) +pl A

(1.6) ‘ <1 (zeU").

Definition 1 A function f(z) € Y7 is said to be a member of the class
> (A, B, B) if it satisfies

(1.7)

Zp+1f(p) (Z) + p'
‘Bﬁﬂf@@)+¢A'<ﬁ

for some f(0 < <1),-1<A<B<1,-1<A<0andforall zeU".
We note that:
(i) 22,(=1,1,8) = T,(8)(Kim et al. [5]);
(i) X1 (A, =B, 1) = 3-,(A, B)(Cho [3]);

(i) 37207 — 1,27~ 1,8) = Y@, 8,7)(0 < a < 1,0 < 7 <
0< 3 <1)(Choetal [4]);

(iv) 32,38 —1.1,8) = 32, (a, B)

.| PPFO(2) 4 pl
- { J(2) €2, P (2) + 20 — p!

W5 (3 -111) =T

= {f(z) €y, Re {—2pT ()} >a,0<a<pl, z € U*}.

In this paper, we obtain coefficient estimates, distortion theorem and

DN | —

<ﬁ,0§a<p!,0<ﬁ§1};

radii of starlikeness and convexity for the class Z;(A, B, 3) of meromor-
phic functions with positive coefficients. Several interesting results involv-
ing Hadamard product of functions belonging to the classes 3 (a, 3) and
> (A, B, ) are also derived.

2 Coeflicient estimates

The following theorem gives a necessary and sufficient condition for a func-
tion to be in the class 37 (A, B, B).
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Theorem 1 A function f(z) € 3 is in the class >~ (A, B, B)if and only

if

) (B—A)S
(2.1) ;p(p)anﬁm7
where

n n!
(p ) “ Pl —p)

Proof. Suppose (2.1) holds for all admissible values of A, B and (3. Then

we have

(2.2) ‘zpﬂf(p)(z) +p!‘ - p ‘B szf(p)(z) + p! A!
> n! 4 > n! 1
= —a, 2" | =G |p(B—A) —B ——a, 2"
nzp(n—p)! ( ) nzp(n—p)!
= n!
< — (14 8B)ay |2|"™ —pl(B — A)j .
S G 9B o (B )
Since the above inequality holds for all » = |z],0 < r < 1, letting r — 1, we
have
> !
(23) 3 ﬁ(l + B)a, — pli(B — A)B < 0,
n=p

which shows that f(2) € > (A, B, B).
Conversely, if f(2) € 37 (A, B, ), then
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Zerlf(p) (Z) _|_ p'

24
(24) Bzptlf)(z) +pl A

g gy G 2

= AR <pB (zeU".
p'(B — A) — an::p (717_1—'10), Qp, Zntl

Since Re(z) < |z]| for all z, (2.4) gives

2 i an 2
(2.5) Re = < B (zeU".

n=p

Choose values of z on the real axis so that 2P+! f()(z) is real. Upon clearing

the denominator in (2.5) and letting z — 17, we have

o0

n! pl(B — A)j
2 o™ < iipB)

n=p

(2.6)

Hence the result follows.

Corollary 1 If the function f(z) = 2+ Y a,2"(a, > 0) is in the class
n=p
>_o(A, B, 3), then

(B—A)3

(”>u+@m
P

The result is sharp for the function

(2.7) a, < (n>p;pe N").
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fo) = 2 + 2P
<”> 1+ BB)
p

Putting p = 1 in Theorem 1, we have

(2.8)

2" (n>p;peNY).

Corollary 2 f(z) € >.1(4, B, ) if and only if

(B—A)pj
(2.9) Znan_ 1+ﬁ;) .

2
Putting A = —('I —1(0 < a < p!) and B =1 in Theorem 1, we obtain
p!

the following necessary and sufficient condition for functions in > («, 3).

Corollary 3 Let a function f(z) defined by (1.4). Then f(z) € > (a, )
if and only if

= (n 26(1 =)
(2.10) Z( ) anSW.

n=p p
3 Distortion Theorem

Theorem 2 If the function f(z) = — —i— Z Qp 2 s in the class

>_o(A, B, 3), then

)5 -
(3.1) [f()] = 12+ (p— (1 + BB) d
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and

) J! PB-AB oy
82 N < g G i+ aB)

J'(p —J)!
B —A)—jl(p—7)'B
Equalities in (3.1) and (3.2) are attained for the function f(z) given by

for € U*, where 0 < j < pand 0 < 8 <

(3.3) F() = % + % # (pe N .

Proof. It follows from Theorem 1, that

(3.4)
(p—4)'(1+BB) i

p!

n! s n
CEED <p><1+ﬁ3>ans<B—Am.

Therefore, we have

= nl pl(B — A)j
39 2 " G B
Thus we have
. i > ! ‘
(3.6) 196 2 e - > eyl
| (B — A .
I )3 2P

Z T (- )1+ 8B)
and
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~zptt o (p— )N+ BB)
Hence we have Theorem 2.

Putting 7 = 0 in Theorem 2, we have

Corollary 4 If f(2) € 3 (A, B, B), then

1 B-AF, 1
(3.8) o 1438 2P < f(2)] < 2] +—1+5B

for z € U*. Equalities in (3.8) are attained for the function f(z) given by
(3.3).

Putting 7 = 1 in Theorem 2, we have

Corollary 5 If f(2) € > (A, B, ), then

1 p(B—AB, : 1 p(B=A)B -

for z € U*, where 0 < § <

WB—A) —B Equalities in (3.9) are attained
for the function f(z) given by (3.3).

Putting (i) p=1landj=0 (ii))p=j =1 in Theorem 2, we obtain
Corollary 6 If f(z) € > 1(A, B, 3), then
1 (B=A)p 1 (B-A)p

(3.10) ol 1488 \Z!§|f(2)!§m+w 2]
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and

1 (B-A)p ) 1 (B-A)p
(3.11) W_Wé‘f(ZHSW_'—W

for z € U*. Equalities in (3.10)and (3.11) are attained for the function f(z)
given by

(3.12) ﬂa—§+f?f§¥

4 Radii of starlikeness and convexity

Theorem 3 Let the function f(z) defined by (1.4) be in the class 3~ (A, B, 3),
then f(z) is meromorphically starlike of order §(0 < § < 1) in |z| < ry,
where

1

( " ) avsm-s|
(4.1) ry = inf P
Y (B-ABn+2-9)

The result is sharp for the function f(z) given by (2.8).
Proof. Let f(z) € > (A, B,3). Then, by Theorem 1

(4.2) Z(TL)%%SI.

n=p p

It is sufficient to show that

(4.3)




32 M. K. Aouf

for |z| < 1. We note that

Y (n+ 1ayz" ST (n+ 1)ay, |z
n=p =

2 f(2)

(1.4) | = [P | s
f(Z) % + E Ap 2" 1 — Z ap ‘Z’nJrl
n=p n=p
This will be bounded by 1 — 4 if
— (n+2-9) +1
4. - LR
(4.5) ;; =) ap 2] <
In view of (4.3), it follows that (4.5) is true if
(M+2-0) n\ (1+8B)
4.6 — 2" <L ———F= (n>Dp),
or
(*Yassmns
p
(4.7) 2| < (n>p;p € N7).

(B—A)B(n+2-9)
Setting |z| = 71 in (4.7), the result follows.
Theorem 4 Let the function f(z) defined by (1.4) be in the class 3 (A, B, 3),

then f(z) is meromorphically convex of order § in |z| < ro, where

_1
n+1

(”)u+ﬁmu—&
(4.9) ro = inf P
nep | (B—A)B n(n+2—9)

The result is sharp for the function f(z) defined by (2.8).
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5 Convolution properties

For functions

JR— . . .
(5.1) fiz) =<+ > an;z" (an; 20,5 =1,2p€ N*)
n=p

belonging to the class 7 we denote by (fi * f2)(2) the convolution (or
Hadamard product) of the functions fi(z) and fo(z), that is,

(5:2) (e ()= 2+ D tng 2"

Theorem 5 Let the functions f;j(z) (j = 1,2) defined by (5.1)be in the class
Z;(a,ﬁ); then (fl * f2)(2> < Z;(’%ﬂ); where

28(p! — @)?

(5:3) Y= A )

The result is sharp for the functions

(5.4) fj(z):;ij 2 (j=1,2,pe N¥).

Proof. Employing the technique used earlier Schild and Silverman [9] , we

need to find the largest v such that

(5.5) Z ( " ) %an,l anay <1.

for f;(2) € > (e, B)(j = 1,2). Since f;(2) € > (o, 8)(j = 1,2), we readily
see that
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(5.6) }:(Z)Z%Egé%dg1(yan

n=p

Therefore, by the Cauchy-Schwarz inequality, we obtain

(5.7) }:(n)%(_%¢%7£5<1

n=p

this implies that, we need only show that

/a1 Gn
(5.8) i < Y 2 (nzp)
! P!

or , equivalently, that

1-2
(59) Van1 An2 S 1 ]i'

«
p!

(n > p).

Hence, by the inequality (5.7), it is sufficient to prove that

2050 slj (n > p).
<n>ﬂ+ﬂ) :

p

(5.10)

It follows from (5.10) that

(5.11) Y <pl -

Now, defining the function ¢(n) b

M. K. Aouf
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o) —pl— —LBE s
w(”)u+m

(5.12)

p

We see that ¢(n) is an increasing function of n. Therefore, we conclude
that

28(p! — «)?
pl(1+3) 7

which evidently completes the proof of Theorem 5.

(5.13) < o(p) =pl -

Using similar arguments as in the proof of Theorem 5, we can obtain

the following result.

SR - 1
Theorem 6 If f(z) = 2 + Z any 2" € Z(@aﬁ) and fo(z) = > +
n=p p

Z Ano 2" € Z(%ﬁ), then (fi1 fo) € Z;(S,ﬂ), where
P

n=p

26(p! — a)(p! =)
p(1+ )

The result is possible for the functions f;(2)(j = 1,2) given by

(5.14) S =pl—

. 1 25(]?' B Oé) P *
(5.15) A =2+ 2 e
and
(5.16) fozy = L B ey,

z  pl(1+P)
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Theorem 7 Let the functions f;(2)(j = 1,2) defined by (5.1) be in the class
> (@, 3). Then the function h(z) defined by

1 o0
(5.17) h(z) = Z + Z (afm + aig) 2"
n=p

also belongs to the class Z;((S, 3), where

4B(p! — a)?
pl(1+3)

The result is sharp for the functions f;(z)(j = 1,2) defined by (5.4).
Proof. Noting that

(5.18) §=pl—

(5.19) i

|
S —
[~]¢
< S
=N —
[\
®
| =
| +
@
I}
S
3
<
1
o
AN
—
(W
I
=
S

o

1 n 1+05
(5.20) 25 [(p) BI—1)

n=p

(ai,l + @721,2) <1l.

Therefore, we have to find the largest § such that

<2)0+m
SA iy S

1
2

n\ (145
(3) o g =)
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that is, that

(5.22) §<pl— B! — a)” (n>p)
<n>ﬂﬂ+@
p
Now, defining a function ¥(n) by
(5.29 W =t R )

<n>ﬂﬂ+®
p

We observe that W(n) is an increasing function of n. Thus, we conclude
that

48(p! — a)®
pl1+p)

which completes the proof of Theorem 7.

(5.24) d<U(p)=p —

In the remaining theorems, we consider the functions in the class Z;(A, B, 5).
Theorem 8 If f(z) = 1 4+ 3 a,; 2" € > (A, B,3) and g(z) = 14
n=p
> ana 2" with |an | < 1(n > p), then (f1* fo)(2) € X2 (A, B, B).

n=p

Proof. Since

= n 1+ 6B B = n 1+ 6B
Z < » > m |(ln,1 an,2| - Z ( D > m@n,lkln,ﬂ

n=p n=p
> ([ n 1+ 3B
< P2 <
<=(;) e

by Theorem 1, it follows that (fi * fo)(2) € > (A, B, 3).
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1 oo *
Corollary 7 If fi(z) = 2 + Z any 2" € Z(A,B,ﬁ) and fo(z) = * +
n= p

> ang 2" with 0 < ang < 1,n > p, then (fi* f2)(2) € 37 (A, B, B).

n=p

Theorem 9 Let the functions f;(z)(j = 1,2) defined by (5.1) be in the class
> (A, B,3) and 1—BB+2BA > 0, then the function h(z) defined by (5.17)
also belongs to Y- (A, B, 3).

Proof. Since fi(2) € 37 (A, B, ), we have

= n 1+ 6B
Z(Jm%“

n=p

and so

= B

Z [( ) +0 )é 2 <1
Similarly, since fa(z) € Z (A, B, 3), we have

= (1 B

S [()2]

Hence

(ai,l + ai,z) <1.

=1 n 1+ 3B ’
2_25 [<p> (B—A)B

In view of Theorem 1, it is sufficient to show that

(5.25) > ( ! ) i (G ESS

n=p

Thus the inequality (5.25) will be satisfied if for n > p,
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n\ (+8B) _1(n\ (+5B?
ow (1) () pemr
or if
(5.27) <Z>u+5m+amA—Byzo

for n > p (p € N*). The left hand side of (5.27) is an increasing function
of n, hence (5.27) is satisfied for all n if

1—BB+28A>0,

which is true by our assumption . Hence the theorem.
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