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On Continuous Maps in Closure Spaces!
C. Boonpok

Abstract

The aim of this paper is to study some properties of continuous

maps in closure spaces.
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1 Introduction

A map u : P(X) — P(X) defined on the power set P(X) of a set X is
called a closure operator on X and the pair (X, u) is called a closure space

if the following axioms are satisfied :
(N1) wd =0,
(N2) A C uA for every A C X,

(N3) ACB=uACuBforal A BC X.
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A closure operator u on a set X is called additive ( respectively,idempotent
)it A, B C X = u(AUB) = uAUuB ( respectively, A C X = uuA = uA).
A subset A C X is closed in the closure space (X, u) if uA = A and it is
open if its complement is closed. The empty set and the whole space are
both open and closed.

A closure space (Y, v) is said to be a subspace of (X, u) if Y C X and
vA = uANY for each subset A CY . If YV is closed in (X, u), then the
subspace (Y, v) of (X, u) is said to be closed too.

2 Continuous Maps

Definition 2.1. Let (X, u) and (Y, v) be closure spaces. Amap f: (X,u) —
(Y,v) is said to be continuous if f(uA) C vf(A) for every subset A C X.

Proposition 2.2. Let (X,u) and (Y,v) be closure spaces. If f : (X,u) —
(Y,v) is continuous, then uf~*(B) C f~Y(vB) for every subset B CY.
Proof. Let B C Y. Then f~'(B) C X. Since f is continuous, we have
fluf='(B)) S vf(f1(B)) € vB. Therefore, f~(f(uf~"(B))) € f~'(vB).
Hence, uf~'(B) C f~!(vB).

Clearly, if f : (X,u) — (Y,v) is continuous, then f~(F) is a closed
subset of (X, u) for every closed subset F' of (Y, v).

The following statement is evident:

Proposition 2.3. Let (X,u) and (Y,v) be closure spaces. If f: (X, u) —
(Y, v) is continuous, then f~1(G) is an open subset of (X, u) for every open
subset G of (Y,v).

Proposition 2.4. Let (X, u), (Y,v) and (Z,w) be closure spaces. If f :
(X,u) — (Y,v) and g : (Y,v) — (Z,w) are continuous, then go f : (X, u) —
((Z,w) 1s continuous.

Proof. Let A C X. Since go f(uA) = g(f(uA)) and f is continuous,

g(f(uA)) C g(vf(A)). As g is continuous, we get g(vf(A)) C wg(f(A)).
Consequently, g o f(uA) Cwgo f(A) . Hence, go f is continuous.
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Proposition 2.5. Let (X,u) and (Y,v) be closure spaces and let (A, uy)
be a closed subspace of (X,u). If f : (X,u) — (Y,v) is continuous, then
fIA: (A ua) — (Y,v) is continuous.

Proof. If B C A, then

f|A(uaB) = f|A(uB N A)
— f|A(uB) = f(uB) C vf(B) = vf| A(B).

Hence, f ‘A is continuous.

Definition 2.6. Let (X, u) and (Y, v) be closure spaces. Amap f: (X, u) —
(Y,v) is said to be closed ( resp. open ) if f(F) is a closed ( resp. open )
subset of (Y, v) whenever F' is a closed ( resp. open ) subset of (X, u).

Proposition 2.7. A map f : (X,u) — (Y,v) is closed if and only if, for
each subset B of Y and each open subset G of (X,u) containing f~1(B),
there is an open subset U of (Y,v) such that B C U and f~1(U) C G.

Proof. Suppose that f is closed. Let B be a subset of Y and G be an open
subset of (X,u) such that f~'(B) C G. Then f(X — G) is a closed subset
of (Y,v). Let U =Y — f(X — G). Then U is an open subset of (Y,v) and
FU) = f Y~ f(X—G) = X — [ (X~ G)) C X — (X~ G) = G.
Therefore, U is an open subset of (Y, v) containing B such that f~1(U) C G.

Conversely, suppose that F is a closed subset of (X, u). Then f~1(Y —
f(F)) € X—F and X — F is an open subset of (X, u). By hypothesis, there
is an open subset U of (Y, v) such that Y — f(F) C U and f~(U) C X - F.
Therefore, F C X — f~1(U). Consequently, Y — U C f(F) C f(X —
f~YU)) € Y — U, which implies that f(F) =Y — U. Thus, f(F) is a
closed subset of (Y,v). Hence, f is closed.

The following statement is obvious :

Proposition 2.8. Let (X,u), (Y,v) and (Z,w) be closure spaces, let f :
(X,u) = (Y,v) and g : (Y,v) — (Z,w) be maps. Then
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(i) If f and g are closed, then so is go f.
(i1) If go f is closed and f is continuous and surjection, then g is closed.

(iii) If go f is closed and g is continuous and injection, then f is closed.

The product of a family {(X,,us) : a € I} of closure spaces, denoted
by [T (Xa,ua), is the closure space ([ Xa,u) where J] X, denotes the

acl ael acl
cartesian product of sets X, a € I, and wu is the closure operator generated
by the projections 7, : [[ (Xa,u) — (Xa,u), a € I, ie., is defined by
ael
uA = [] uama(A) for each A C [] X,.
acl acl
The following statement is evident :

Proposition 2.9. Let {(X,,uq) : « € I} be a family of closure spaces and

let 5 € I. Then the projection map mg : [[ (Xa,ua) — (Xg,ug) is closed
acl
and continuous.

Proposition 2.10. Let {(X,,us) : a € I} be a family of closure spaces and

let B € 1. Then F is a closed subset of (Xg,ug) if and only if FF x [] X,

a#B
acl

is a closed subset of [](Xa, ua).

acl
Proof. Let 3 € I and let F' be a closed subset of (Xg,ug). Since 73
is continuous, Wﬁ_l(F) is a closed subset of [](Xa,u,). But Wﬁ_l(F) =

acl
F x [] Xa, hence F' x [] X, is a closed subset of [] (Xa, ta).
=2 o ol
Conversely, let F' x [[ X, be a closed subset of [](X,,u,). Since ms
a#pB acl

acl

is closed, mg (F x ] Xa> = F' is a closed subset of (Xg, ug).

a#
acl

Proposition 2.11. Let {(X,, us) : a € I} be a family of closure spaces and

let 3 € I. Then G is an open subset of (Xg,ug) if and only if G x [[ X,

a#p
acl

is an open subset of [ (Xa, ta)-

acl
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Proof. Let § € I and let G be an open subset of (Xg,ug). Since ms
is continuous, m5'(G) is an open subset of [](Xa,us). But m3'(G) =

ael
G x |] Xa, therefore G x [[ X, is an open subset of [] (X, uq).
a#B a#p acl
acl acl
Conversely, let G x [] (Xa, ua) be an open subset of [ (Xa,ta). Then
a3 ael
acl
I Xo — G x ] Xa is a closed subset of [[(Xa,uq). But [[ Xo — G X
a€el ié? acl a€cl
[ Xo = (X5—G) x [[ Xa, hence (X5 — G) x [[ X, is a closed subset
a#s a#i a0
acl acl ael

of J](Xa,ua). By Proposition 2.10, Xg — G is a closed subset of (X, ug).
ael
Consequently, G is an open subset of (Xg, ug).

Proposition 2.12. Let (X, u) be a closure space, {(Ya,vs) : o € 1} be a

family of closure spaces and f: (X, u) — [ (Ya,va) be a map. Then [ is
acl
closed if and only if mo o f is closed for each o € I.

Proof. Let f be closed. Since m, is closed for each a € I, also 7, o f is
closed for each a € I.
Conversely, let 7, o f be closed for each o € I. Suppose that f is not
closed. Then there exists a closed subset F' of (X, u) such that [[ vama(f(F)) €
a€l

f(F). Therefore, there exists § € I such that vgms(f(F)) € mgf(F). But
mg o f is closed, hence mg(f(F)) is a closed subset of (Ys,vg). This is a

contradiction.

Proposition 2.13. Let {(Xo,ua) @ a € I} and {(Ya,va) @ o € I} be
families of closure spaces. For each o € I, let fo : (X, ta) = (Yo, va) be a
surjection and let f: [[ (Xa,ta) — [] (Ya,va) be defined by f((x4)acs) =

a€el ael

(fa(xa))acr.- Then f is closed if and only if f, is closed for each o € 1.

Proof.Let § € I and let F' be a closed subset of (X3, ug). Then F' x [[ X,
a#f
ael

is a closed subset of [](Xa,ua). Since f is closed, f(F x ] Xa> is a

acl a#B
acl
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closed subset of [](Ya,v,). But f(F x [] Xa) = f3(F) x ][ Ya, hence

ael a#f3 a3
acl acl
fs(F) x [] Ya is a closed subset of [](Ya,vs). By Proposition fs(F)
a#f3 acl

acl

is a closed subset of (Y3, v5). Hence, fj is closed.

Conversely, let f3 be closed for each 3 € I. Suppose that f is not closed.
Then there exists a closed subset F' of [] (Xa, uq) such that [ vsmg(f(F)) €
Bel

acl

f(F). Therefore, there exists 3 € I such that vgfa(ms(F)) € fs(ms(F)).
But 73(F) is a closed subset of (Xg,ug) and fz is closed, fa(ms(F)) is a

closed subset of (Yj,vg). This is a contradiction.

Proposition 2.14. Let (X, u) be a closure space, {(Ya,vs) : o € 1} be a

family of closure spaces and f : (X, u) — [ (Ya,va) be a map. Then f is
a€el
continuous if and only if m, o f is continuous for each o € 1.

Proof. Let f be continuous. Since 7, is continuous for each o € I, m, o f

is continuous for each o € I.

Conversely, let 7, o f be continuous for each o € I. Suppose that f is
not continuous. Then there exists a subset A of X such that f(uA) ¢
[T vama(f(A4)). Therefore, there exists 3 € I such that m5(f(ud)) ¢

a€el
vama(f(A)). This is contradicts the continuity of 75 o f. Consequently,

f is continuous.

Proposition 2.15. Let {(X,,u0) @ a € I} and {(Ya,va) : « € I} be
families of closure spaces. For each o € I, let fo @ (Xao,tua) — (Ya, Vo)
be a map and let f : T] (Xavtta) — T] (Yasva) be defined by f((za)acr) =

ael a€cl
(fa(xa))acr- Then f is continuous if and only if fo is continuous for each

a€ .
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Proof. Let f be continuous, let 3 € I and let A C X3. Then

fa(ugA) =g (fﬁ(uﬁA) < I fa(uaXoc)>

Hence, fg is continuous.

Conversely, let f, be
Then

a#f
acl

I
=)
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continuous for each a € I and let A C [] X,.

fud) =[] fa(] ] wama(4))

Therefore f is continuous.

acl

acl

= H Ja(uama(A))

ael

C [T vatalma(a))

ael

= H Uoﬂra(f(A))

ael

=vf(A).

acl
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